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Motivation

Computer science and mathematics are deeply related to each other when it

comes to machine language, artificial intelligence and statistics but this closeness can

be observed in the way a program works. The ability to solve a problem by an effective

procedure [4] or computability is very important when it comes to analyzing the inner

workings of a program and it can lead us to a concrete, mathematical way to prove the

complexity of problems, or it can explain the properties of different programming lan-

guages and their difference when it comes to evaluation (an example is the lazy versus

eager evaluation debate).

As such, by using computational models like Turing Machines and Lambda Cal-

culus, we can reach deep conclusions about the programming languages that we use

and the algorithms that we rely on for making our applications.

Still, using mathematical theory alone may not be enough for some people, so to

bring theory and practice back together, I used the verification aware programming

language, Dafny, to better understand the computational models and its properties

and to raise the level of trust in the results.
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Introduction

In this chapter I will go lightly into the definition and elements of the two main

computational models that I am working with: Turing machines and Lambda Calcu-

lus, as well as explain my reasoning behind choosing Dafny for the formalization of

those two models.

Theoretical Sources

Before that, I need to clarify my main sources, the formalization of the Turing Ma-

chine is mainly based on the Mathematical Foundations of Computing course offered

by Stanford University [5] with very light inspiration from the Computability, Decid-

ability and Complexity course offered by the Faculty of Computer Science Ias, i [1]. As

for Lambda Calculus, its formalization as well as the Church encoding are a recreation

of the Haskell the implementation of the Lambda Calculus and Beta Reduction from

the Functional Programming course offered by the Faculty of Science Ias, i [6] with some

major differences that I will touch later on.

Turing Machine

In mathematical terms, a Turing machine is a tuple M = (Q,Σ,Γ, δ, q0, _, F ) where[1]:

• Q is a finite non-empty set of states

• Σ is a finite non-empty set of input symbols named the input alphabet of M

• Γ is a finite non-empty set of symbols that can be found in the tape, with Σ ⊂ Γ

• δ : Q× Γ → 2Q×Γ×{L,R} is the transition function of M

• q0 ∈ Q is a state called the initial state of M
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• _ ∈ Γ − Σ is the symbol that represents the empty cell in the tape, called blank

symbol

• F ⊆ Q is a set of final states

A Turing machine is a finite automation that has an infinite tape as its memory

[5]. The initial tape consists of the input to the machine written on it with an infinite

amount blank cells on the right and left of the input (the interpretation given in CDC

course[1] is slightly different as the tape on there has a leftmost cell) . The machine has

a tape head that can read and write a single memory cell at a time. [5].

A Turing machine consists of three main components [5]:

• A finite-state control that issues commands

• An infinite tape for input and empty cells

• a tape head that can read and write a single tape cell at a time.

In a step, the Turing machine :

• Changes the symbol on the cell that the tape head is pointed to

• Changes the state that it is in

• Moves the tape head to the nearest cell to the right or left

based on the transition function of it. The machine will stop when it reaches a state q

that is a final state (is included in the set F ). When a Turing machine is given an input,

it can :

• accept it

• reject it

• loop or fail

The last part makes the formalization of the Turing machine in Dafny rather tricky but

we will talk about it later. A Turing machine has these properties [1]:

• can be described in finite terms

• the procedure consists of discrete steps, each of which are being carried out me-

chanically
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and, as The Church-Turing Thesis states: "Every effective method of computation is

either equivalent to or weaker than a Turing machine." [5] (this is not a fact but a hy-

pothesis about the nature of computation) so it became the standard model for com-

putational models [1].

A Turing Machine can be:

• Nondeterministic, where there can be more than one possible actions for a given

combination of state and symbol (or a key)

• Deterministic, where can be only one action for a key

Because I wanted to give a general definition of the TM in the beginning, I used the

mathematical definition of the Nondeterministic variant (NTM), as it can fit for the

deterministic variant (DTM). From now, the transition function for the DTM will now

be defined as : δ : Q × Γ → Q × Γ × {L,R}. As a last note, a decider is a DTM that

always halts, this will become relevant later on.

Lambda Calculus

Another computational model that is widely used is Lambda Calculus, a com-

putational model that is very simple as it only has three syntactic elements but it is

complete, like the Turing machine.

First thing to consider when working with Lambda Calculus is the infinite set

of variables that we working with : Id = {x, y, z, x′, y′, z′, q1, ....}. The programs of

Lambda Calculus are called lambda-terms and the set of lambda-terms, LT , has these

properties:

• x ∈ Id → xLT , any variable is a lambda-term

• x ∈ Id ∧ l ∈ LT → λx.l ∈ LT , if x is a variable and l is a lambda-term, then λx.l

is a lambda-term (this type of term is called lambda-abstraction).

• t1 ∈ LT ∧ t2 ∈ LT → (t1t2) ∈ LT , if t1 and t2 are lambda-term, then (t1t2) is a

lambda-term (this type of term is called lambda-application)[6]

A lambda-term can be bounded by a λ symbol or free (a term can be both free

and bounded, for example (x(λx.x)) .

The concept of bounded and free variables is very important in Lambda Calculus

as we can tell if two lambda-terms do more or less the same thing with different names:
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Two terms are alpha-equivalent if you can get one from only renaming the bounded

variables from the other, without changing its meaning.

For example : (x(λz.(zy)) =α (x(λx.(xy)) as we can change the bounded term z

and its appearances inside the lambda-abstraction. So, in mathematical proofs, we can

change willingly all the names of the bounded terms without changing the semantics

of it, this process is called alpha-conversion and it will become a very important topic

later on.

Another essential topic in Lambda Calculus is the substitutions of variables : sub-

stitution and capture avoiding substitution.

The definition of the substitution t[x/t′], t, t′ ∈ LT ∧ x ∈ Id is as such [6]:

• x[x/t′] = t′

• y[x/t′] = y, y ∈ Id, x ̸= y

• (t1t2)[x/t
′] = (t1[x/t

′])(t2[x/t
′])

• (λx.t)[x/t′] = λx.t

• (λy.t)[x/t′] = λy.(t[x/t′]), y ̸= x

The substitution is also called the capturing substitution as it has an the possi-

bility of making formerly free variables bounded by changing the variable to one that

was already bounded by an abstraction, for example:

(λx.y)[y/x] = λx.x.

That is why we usually use the capture avoiding substitution, x[[x/t′]] , as it

works mostly the same as the capturing substitution, with the exception of the last

rule: (λy.t)[[x/t′]] = λy′.((t[y/y′])[x/t′]), y ̸= x, with y′ being a new variable that is not

found in t nor t′. The renaming of the bounded term y in the new y′ term to avoid

capturing is (indeed) the alpha-conversion of y. We can go further and only make the

alpha-conversion only if y is a free variable in t′ and use the capturing variant if it isn’t

(as there are not any free variable to capture).

In Lambda Calculus, there is only one rule for a step, that rule is called Beta-

reduction [6]:

(λx.t)t′ →β t[[x/t′]]

In other terms, if we find a β-redex (an application where the first term is an abstrac-

tion), we apply a function (the abstraction) on an argument (the other term). There are
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many nuances about Lambda Calculus and Turing machines but we will explore them

further in their own chapters.

Dafny

I decided to use Dafny as it is the perfect middle ground between classic program-

ming languages like Java, Python, Rust and Haskell and interactive theorem provers

like Rocq and Lean. Dafny’s way of proving that the code works in a mathematical

way by using preconditions, post-conditions and lemmas while maintaining the main

code it in a practical state (like any other code one may find in an imperative or func-

tional programming language) makes Dafny the perfect candidate to formalize the

computational models.

To give a little introduction to Dafny, it is a multi-paradigm programming lan-

guages that is used to formalize a program. It has two type of code: Implementation

where you write imperative programs (like any object oriented language) and specifi-

cation where you write programs in the functional programming style. There is a clear

separation between those two parts to be able to keep the specification pure, similar to

how Haskell keeps pure and impure code separate [6].

As I wanted to formalize and prove some properties of Turing machine and

Lambda calculus, I have only used the specification aspect of Dafny.

The main way to make sure that a function/method behaves properly is to put

preconditions and postconditions into it:

• Preconditions are logical expressions that include input of that function, those are

guaranteed to be true in the beginning of and if you call that function, the input

given to that function must comply to the preconditions in it

• Postconditions are logical expressions that are confirmed to be true at the end of

the function about the output, you need to prove inside the main function that

it is indeed to that the output that is returned respects the requirements that the

postconditions impose.

A thing that specifications have over many other programming languages when

in comes to logical expressions is the forall and exists expression that functions the

same as their counterpart in first order logic. They allow us to make sure that:
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• for all values or objects that have a certain property, they respect another property

or

• there is a value or object that has some respect some requirements

Still, you can use most of the functions in the specification for implementation

and for the most part you should try to avoid the main case where you can’t : ghost

functions. Ghost functions are used when you can not calculate mechanically some

values but you extract/use them nonetheless. They are reserved only for proofs and

you can not actually print the output, only use it for verification and validation pur-

poses.

A clear example is if you extract a variable that you know that exists because of

the exists expression, in theory you can get it but you have not actually calculated the

value itself, just an incomplete idea of it, enough of it to help you prove something

further.

They are a great tool because you can prove some thing by theory alone but still,

you should avoid using them as much as possible because every function that uses a

ghost function must become ghost functions as well. Another useful concept to con-

sider when proving or formalizing something is the lemma. A lemma is a set of imper-

ative instructions that is used to prove a postcondition based on preconditions.

It is used like lemmas in Mathematics to assist with proofs and also to assist

functions. You can use ghost functions here because lemmas are intended to be used

only to assist the verification aspect.

The greatest perk of Dafny is its verifier: it ensures that the code that you wrote

is valid and mathematically correct. It not only checks the preconditions and postcon-

ditions and that they are proved or respected, it checks that the code works correctly:

things like the natural number is higher than 0, the index of a vector is not out of

bounds and the fact that the functions have a clear finish and it terminates (does not

loop infinitely) are verified and if there are any issues with the code or the verifier

can not figure out if the code is correct, the verifier assumes/tells you that the code is

wrong and it will not be compiled.

This is a double edge sword as you must guide the verifier by using assertion or

lemmas but if the code is verified, it is mathematically impossible for that code to not

to behave in unexpected ways.

For this project, I have used the vscode extension of Dafny where the functions or
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lemmas are marked with a green check mark if they are successfully verified and a red

x mark is the prover could not prove the function, you have done something wrong,

or an assertion might not hold.

This is an example of a function and lemma that is correct and verified:

1 predicate isStringAValidNumber (s:string)

2 {

3 |s| > 0 && (|s| > 1 ==> s[0] != ’0’) &&

4 forall i | 0 <= i < |s| :: s[i] in "0123456789"

5 }

6 function natToString(n: nat): string

7 ensures isStringAValidNumber(natToString(n))

8 {

9 match n

10 case 0 => "0" case 1 => "1" case 2 => "2"

11 case 3 => "3" case 4 => "4" case 5 => "5"

12 case 6 => "6" case 7 => "7" case 8 => "8"

13 case 9 => "9"

14 case _ => natToString(n / 10) + natToString(n % 10)

15 }

16

17 function stringToNat(s: string): nat

18 decreases |s|

19 requires isStringAValidNumber(s)

20 {

21 if |s| == 1 then

22 match s[0]

23 case ’0’ => 0 case ’1’ => 1 case ’2’ => 2

24 case ’3’ => 3 case ’4’ => 4 case ’5’ => 5

25 case ’6’ => 6 case ’7’ => 7 case ’8’ => 8

26 case ’9’ => 9

27 else

28 stringToNat(s[..|s|-1])*10 + stringToNat(s[|s|-1..|s|])

29 }

30 lemma natToStringThenStringToNatIdem(n: nat)

31 ensures stringToNat(natToString(n)) == n
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32 {

33 }

34 lemma stringToNatThenNatToStringIdem(n: string)

35 requires isStringAValidNumber(n)

36 ensures natToString(stringToNat(n)) == n

37 {

38 }

39

40

You can clearly see that the verifier deemed the functions and lemmas as correct.

You can safely assume that any piece of code that I write in this project is verified and

correct (if it isn’t mentioned directly as otherwise).
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Chapter 1

The formalization of Turing Machine in

Dafny

This chapter describes the Turing machine part of my project, I will cover the

majority but not all the code in the project related to Turing machine. There are 4 files

(without counting the scrapped files) related to this part with suggestive names about

what they cover.

1.1 Structures used and instantaneous description

In Dafny and most functional programming languages, we use algebraic data

types to represent data structure. It permits us to make truly unique types like Op-

tion<T> that returns a value of type T (indicated by Some) , or nothing (indicated by

None) The data structures for both NTM and DTM are mostly the same:

1 datatype Option<T> = Some(t:T) |None

2 datatype Symbol = NonBlankSymbol (s : string) | Blank

3 type InputSymbols = set<Symbol>

4 type AdditionalTapeSymbols = set<Symbol>

5 datatype Conclusion = Accept | Reject

6 datatype State = State (s:string, c:Option<Conclusion>)

7 type iseq<T> = int -> T

8 type Tape = iseq<Symbol>

9 type Language=set<seq<string>>

In Dafny and most functional programming languages, we use algebraic data types
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(noted as datatype) to represent data structure. It permits us to make truly unique

types like Option<T> that returns or a value of type T (indicated by Some) , or nothing

(indicated by None). type is used for structures that we want to use under different

names. For the rest of the data structures:

• A Symbol can be a string or the blank symbol. Because I decided to make the

Blank symbol universal for every set of input symbols or Σ, I represent it as

such, with non blank symbols having a string that is the symbol itself, it works

rather similarly to Option.

• InputSymbols represents of Σ from the definition, a set of symbols.

• AdditionalTapeSymbols represents Γ − Σ, because we know that Σ ⊂ Γ, we only

need to to consider what tape symbols are not in the input symbols set

• Conclusion tells us if a final states is one that accepts or rejects the input.

• State represents a state that can be final or not, it being indicated by it having or

not a Conclusion; this difference can be observed by using an Option.

• In the formalization, we don’t need to define the sets F and Q as it is clear what

state is final what isn’t

Because we know that Σ ⊂ Γ then we only need to to consider what tape symbols

are not in the input symbols set. We can simulate the infinite tape by defining it as a

function that you give a number and it returns a symbol, that is iseq < T > and the

type Tape from the code above. A language is a subset of Γ (represented in the code

above as Language), we can use a language to represent a problem and prove that it is

accepted by a TM.

1 datatype Configuration = Configuration(s : State, tape : iseq<Symbol

>,head:int)

Something that was omitted in the introduction is the Instantaneous Description or

Configuration: The configuration of a TM is a way to represent the overall state ( the

tape, the position of the tape head and the state of the TM) of it, it has different struc-

tural definitions in both sources so I chose a more literal interpretation of it to imitate

the TM more closely.
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1 datatype Key = Key(state : State, symbol : Symbol)

2 datatype Direction = Left | Right

3 datatype Action = Action(state : State, symbol : Symbol, direction :

Direction)

4 function moveLeft(con:Configuration) : Configuration

5 {

6 match con

7 case Configuration(s,tape,head) => Configuration(s,tape,head-1)

8 }

9 function moveRight(con : Configuration) : Configuration

10 {

11 match con

12 case Configuration(s,tape,head) => Configuration(s,tape,head+1)

13 }

14 function changeSymbol(tape: Tape, head:int,newSymbol:Symbol) : Tape

15 {

16 i =>

17 if i!=head then tape(i)

18 else newSymbol

19 }

The last common type of both NTM and DTM are the combination of state and

symbol, the direction and the way the head moves to the left or right.

• Key is the combination of a state and a symbol or a element from Q× Γ

• Direction indicates the direction in which the head of a turing machine moves , it

is also the representation of {L,R}

• Action represents what the Turing machine does in a step and is a element from

Q× Γ× {L,R}

• moveLeft and moveRight simulates the last part of a step (moves the tape head to

the nearest cell to the right or left)

• changeSymbol simulates the first part of a step, where the tape function is changed

only where the tape head is pointed at to correspond with the new symbol.
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Because of the difference of the definitions between NTM’s and DTM’s δ , they

need different data structures to resemble them more closely to the definition of DTM

in [1], you can certainly represent a DTM by using a NTM’s δ but we will talk about

that later on.

Because the change is only at δ level, we can define the initial tape and configu-

ration the same way for both:

1 function initialTape(input : seq<string>) : iseq<Symbol>

2 {

3 i =>

4 if 0<=i<|input| then NonBlankSymbol(input[i])

5 else Blank

6 }

7

8 function initialConfiguration (input: seq<string>, q:State, inputS:InputSymbols)

9 :Configuration

10

11 requires isInputValid(input,inputS)

12 {

13 Configuration(q,initialTape(input),0)

14 }

q represents the initial state of M , q0, input is the input given and for now, we only need

the inputSymbols because the blank symbol is the same for all AdditionalTapeSym-

bols.

As this is Dafny, we need to make predicates to validate that input that we have:

1 ghost predicate isInputValid (input:seq<string>,inputSymbols:InputSymbols)

2 {

3 forall i:string :: (i in input) ==> (NonBlankSymbol(i) in inputSymbols)

4 }

5 ghost predicate isTapeSymbolsValid (inputS:InputSymbols,ats:AdditionalTapeSymbols)

6 {

7 inputS*ats=={} && Blank in ats

8 }

1.2 Nondeterministic Turing Machines and the challenges

of formalizing Turing machine in Dafny

As mentioned in the introduction, the main difference between an NTM and an

DTM is the fact that there may be more than one possible action for any key, as such,

the δ in NTM is defined as Transitions :
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1 type Transitions = map<Key,seq<Action>>

Because we use a list as a value for any Key, to choose a specific action, we need

the Key and the index of that action. That index must be verified to not be out of

bounds.
1 ghost predicate isTransitionsValid(delta:Transitions,inputS:InputSymbols,addTapeS:AdditionalTapeSymbols)

2 requires isTapeSymbolsValid(inputS,addTapeS)

3 {

4 forall q0:State,s0:Symbol :: Key(q0,s0) in delta.Keys ==>

5 ((s0 in inputS+addTapeS) &&

6 |delta[Key(q0,s0)]|>=1 &&

7 (forall i:Action:: i in delta[Key(q0,s0)] ==>

8 match i

9 case Action(_,s1,_) => s1 in inputS+addTapeS))

10 }

11 predicate isPozInTransitions(config : Configuration, delta : Transitions, poz:int)

12 {

13 match config

14 case Configuration (s, tape,head) =>

15 if Key(s,tape(head)) in delta.Keys then

16 0<=poz<|delta[Key(s,tape(head))]|

17 else

18 true

19 }

20

21 function applyTransition(config : Configuration, delta : Transitions, poz:int) : Option<Configuration>

22 requires isPozInTransitions(config, delta, poz)

23 {

24 match config

25 case Configuration (s, tape,head) =>

26 if Key(s,tape(head)) in delta.Keys then

27 match delta[Key(s,tape(head))][poz]

28 case Action(state,symbol,direction) =>

29 match direction

30 case Left => Some(moveLeft(Configuration(state,changeSymbol(tape,head,symbol),head)))

31 case Right => Some(moveRight(Configuration(state,changeSymbol(tape,head,symbol),head)))

32 else None

33

34

35 }

Therefore, we need to define different functions for NTM and DTM to be able to

simulate each. Still they will work mostly the same it is proved that, if the conditions

for a DTM are made, you can use either structure and it will yield the same result.

One thing of note here is the possibility of failure: I haven’t checked if there is

an action in δ that i can take when a TM makes a step (applyTransition) because if this

case would happen in "real time", the Turing Machine will fail and not give anything.

Because of that, i decided to wrap the output in an Option.

One of the main challenges when writing code in Dafny is proving the termina-

tion of a function: you need to prove that a function will end eventually by pointing

out that a variable from the input is getting smaller and smaller or decreasing until it

gets to a base case of the function.
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This is also the main clash with the Turing Machine as it can and will loop in-

finitely if you give a certain input. You can use "decreases *" to indicate that the func-

tion/method may go on forever as a practical approach, or you can tell that there is a

way to end it in a precise number of steps, I opted for the second option. We use a ghost

predicate that ensures us that there is a clear and finite path from an configuration to

another and that path has a specific number of steps :

1 ghost predicate isThereAClosedTransitionInNSteps

2 (delta:Transitions, conf1:Configuration, conf2:Configuration, n:nat)

3 decreases n

4 {

5 if n==0 then conf1==conf2

6 else

7 exists conf’,poz:nat::(isPozInTransitions(conf1,delta,poz))

8 && applyTransition(conf1,delta,poz)==Some(conf’)

9 && isThereAClosedTransitionInNSteps(delta,conf’,conf2,n-1)

10 }

We can notice the fact that the property of NTM of having more than one action for

every key makes the ghost predicate that much harder to use because we must also

now what action it takes from a list of them.

We then use the above function to create another predicate that ensures us that

there is a number that is tied to a clear and finite path from an configuration to another.

1 ghost predicate isThereAClosedTransition

2 (delta:Transitions,conf1:Configuration, conf2:Configuration)

3 {

4 exists n:nat:: isThereAClosedTransitionInNSteps(delta, conf1, conf2, n)

5 }

Now, with the above predicate, we can make a predicate that verifies if a NTM

ca configuration can reach a final state which is indicated by the final configuration

having a state that is final and the conclusion being Accept or Deny .
1 ghost predicate canAStateReachAFinalState(delta : Transitions,inputS:InputSymbols,addTapeS:AdditionalTapeSymbols,conf1:

Configuration)

2 requires isTapeSymbolsValid(inputS,addTapeS)

3 requires isTransitionsValid(delta,inputS,addTapeS)

4 {

5 exists conf:Configuration :: ( isConfAccepted(conf) || isConfRejected(conf)) &&

6 isThereAClosedTransition(delta,conf1,conf)

7 }

8

9 ghost predicate isAcceptedInTM

10 (delta : Transitions, q0:State,inputS:InputSymbols,addTapeS:AdditionalTapeSymbols,input:seq<string>)

11 requires isTapeSymbolsValid(inputS,addTapeS)

12 requires isTransitionsValid(delta,inputS,addTapeS)

13 requires isInputValid(input,inputS)

14 {

15 exists conf:Configuration :: isConfAccepted(conf) &&

16 isThereAClosedTransition(delta,initialConfiguration(input,q0,inputS),conf)
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17 }

18 ghost predicate isRejectedInTM

19 (delta : Transitions,q0:State,inputS:InputSymbols,addTapeS:AdditionalTapeSymbols,input:seq<string>)

20 requires isTapeSymbolsValid(inputS,addTapeS)

21 requires isTransitionsValid(delta,inputS,addTapeS)

22 requires isInputValid(input,inputS)

23 {

24 exists conf:Configuration :: isConfRejected(conf) &&

25 isThereAClosedTransition(delta,initialConfiguration(input,q0,inputS),conf)

26

27 }

28 ghost predicate haltsInTM(delta : Transitions, q0:State,inputS:InputSymbols,addTapeS:AdditionalTapeSymbols,input:seq<string>)

29 requires isTapeSymbolsValid(inputS,addTapeS)

30 requires isTransitionsValid(delta,inputS,addTapeS)

31 requires isInputValid(input,inputS)

32 {

33 isRejectedInTM(delta,q0,inputS,addTapeS,input)

34 || isAcceptedInTM(delta,q0,inputS,addTapeS,input)

35 }

36 ghost predicate isLanguageAcceptedInTM

37 (delta:Transitions,inputS:InputSymbols,addTapeS:AdditionalTapeSymbols,q0:State,lang:Language)

38 requires isTapeSymbolsValid(inputS,addTapeS)

39 requires isTransitionsValid(delta,inputS,addTapeS)

40 {

41 forall input:seq<string> :: (input in lang) <==> (

42 isInputValid(input,inputS)

43 &&

44 isAcceptedInTM(delta,q0,inputS,addTapeS,input))

45 }

The fail case will be caught on fast because the result of applyTransition will be

a None and a TM halts if it accepts or rejects the given input. For a language to be

accepted, it needs for all inputs in it to be valid and accepted.

As we can see, there is much work to be done when proving the termination of

a NTM. That is why, to simplify things, I decided to give a different data structure for

the δ in DTM to not battle with proving every time that a position does indeed exists, it

is within the bound and it’s always 0 and nothing else. Still, even for a DTM, the proof

of termination is mostly the same and pretty grindy.

1.3 Deterministic Turing Machines

As I explained before, DTM has a different data structure for δ and that you can

still represent a DTM by using the structure for the NTM (that is why, in this paper,

when I say Turing Machine, i refer to the Nondeterministic variant).

1 ghost predicate isTransitionsDeterministic

2 (delta:Transitions,inputS:InputSymbols,addTapeS:AdditionalTapeSymbols)

3 requires isTapeSymbolsValid(inputS,addTapeS)

4 requires isTransitionsValid(delta,inputS,addTapeS)

5 {

6 forall q0:State,s0:Symbol :: Key(q0,s0) in delta.Keys ==> |delta[Key(q0,s0)]|==1

7 }
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8 type DeterministicTransitions = map<Key,Action>

The functions for DTM are mostly the same, it just uses DeterministicTransitions in-

stead of Transitions, the more interesting thing is to prove that the functions are se-

mantically the same and that using NTM to represent a DTM is the same as using a

DTM. First thing to make is a function that transforms a DTM’s δ into a NTM’s δ and

vice versa:

1 function fromNDTMtoDTM (delta:Transitions,inputS:InputSymbols,addTapeS:

AdditionalTapeSymbols) : DeterministicTransitions

2 requires isTapeSymbolsValid(inputS,addTapeS)

3 requires isTransitionsValid(delta,inputS,addTapeS)

4 requires isTransitionsDeterministic(delta,inputS,addTapeS)

5 ensures var delta’:=fromNDTMtoDTM (delta,inputS,addTapeS);

6 isDeterministicTransitionsValid(delta’,inputS,addTapeS)

7 {

8 fromNDTMtoDTM’(delta,inputS,addTapeS,delta.Keys)

9 }

10 function fromNDTMtoDTM’

11 (delta:Transitions,inputS:InputSymbols,addTapeS:AdditionalTapeSymbols,keys:set<Key>)

12 : DeterministicTransitions

13

14 requires isTapeSymbolsValid(inputS,addTapeS)

15 requires isTransitionsValid(delta,inputS,addTapeS)

16 requires isTransitionsDeterministic(delta,inputS,addTapeS)

17 requires keys <= delta.Keys

18 ensures keys <= delta.Keys

19 ensures var delta’:=fromNDTMtoDTM’ (delta,inputS,addTapeS,keys);

20 isDeterministicTransitionsValid(delta’,inputS,addTapeS)

21 ensures var chei := fromNDTMtoDTM’(delta, inputS, addTapeS, keys);

22 chei.Keys == keys &&

23 forall k :: k in keys ==> [chei[k]] == delta[k]

24

25 decreases keys

26

27 {

28 if |keys|==0 then

29 map[]

30 else

31 var s:| s in keys;

32 assert keys<= delta.Keys;

33 assert s in keys;

34 assert isTransitionsDeterministic(delta,inputS,addTapeS);

35 assert forall q0:State,s0:Symbol :: Key(q0,s0) in delta.Keys

36 ==> |delta[Key(q0,s0)]|==1;

37 assert forall k:Key:: k in delta.Keys

38 ==> (exists q0:State,s0:Symbol :: k==Key(q0,s0) && Key(q0,s0) in delta.Keys);

39 assert forall k:Key :: k in delta.Keys

40 ==> |delta[k]|==1;
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41 assert forall q0:State,s0:Symbol :: Key(q0,s0) in delta.Keys

42 ==> ((s0 in inputS+addTapeS) &&

43 |delta[Key(q0,s0)]|>=1 &&

44 (forall i:Action:: i in delta[Key(q0,s0)]

45 ==> match i

46 case Action(_,s1,_) => s1 in inputS+addTapeS));

47 assert forall q0:State,s0:Symbol :: Key(q0,s0) in delta.Keys

48 ==> delta[Key(q0,s0)][0] in delta[Key(q0,s0)];

49 assert forall q0:State,s0:Symbol :: Key(q0,s0) in delta.Keys

50 ==> ((s0 in inputS+addTapeS) &&

51 match delta[s][0]

52 case Action(_,s1,_) => s1 in inputS+addTapeS);

53 fromNDTMtoDTM’(delta, inputS, addTapeS, keys - {s})[s := delta[s][0]]

54 }

As we can see above, we need to make many assertions that use the forall expression to

be able to convey to the verifier that the transitions created matches the deterministic

transitions of the DTM.

This part of code exposes the double edge sword that is Dafny. As you need to

prove that the function makes what you say it does in the post conditions, you need

to be very precise and explain the verifier that what you wrote is correct by making

asserts. On one hand, it is for the verifier and our own good that much of the proving

falls on our shoulder because it makes us think deeply about our own code but, as you

can see above, things are a simple in theory become way more complex in practice and

this is a less severe example.

1 function fromDTMtoNDTM

2 (delta:DeterministicTransitions,inputS:InputSymbols,addTapeS:AdditionalTapeSymbols) :

Transitions

3 requires isTapeSymbolsValid(inputS,addTapeS)

4 requires isDeterministicTransitionsValid(delta,inputS,addTapeS)

5 {

6 fromDTMtoNDTM’(delta,inputS,addTapeS,delta.Keys)

7 }

8 function fromDTMtoNDTM’(delta:DeterministicTransitions,inputS:InputSymbols,addTapeS:

AdditionalTapeSymbols,keys:set<Key>) : Transitions

9 requires isTapeSymbolsValid(inputS,addTapeS)

10 requires isDeterministicTransitionsValid(delta,inputS,addTapeS)

11 requires keys <= delta.Keys

12 ensures keys <= delta.Keys

13 ensures var chei := fromDTMtoNDTM’(delta, inputS, addTapeS, keys);

14 chei.Keys == keys && forall k :: k in keys ==> chei[k] == [delta[k]]

15 decreases keys

16

17 {

18 if |keys|==0 then

19 map[]
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20 else

21 var s:| s in keys;

22 assert keys<= delta.Keys;

23 assert s in keys;

24 fromDTMtoNDTM’(delta, inputS, addTapeS, keys - {s})[s := [delta[s]]]

25 }

1 lemma aDeterminitiscNDTMisAValidDTM’ (delta:Transitions,inputS:InputSymbols,addTapeS:AdditionalTapeSymbols)

2 requires isTapeSymbolsValid(inputS,addTapeS)

3 requires isTransitionsValid(delta,inputS,addTapeS)

4 requires isTransitionsDeterministic(delta,inputS,addTapeS)

5 ensures isDeterministicTransitionsValid(fromNDTMtoDTM(delta,inputS,addTapeS),inputS,addTapeS)

6 {

7

8 }

9 lemma aDeterminitiscNDTMisAValidDTM’’ (delta:Transitions,inputS:InputSymbols,addTapeS:AdditionalTapeSymbols,keys:set<Key>)

10 requires isTapeSymbolsValid(inputS,addTapeS)

11 requires isTransitionsValid(delta,inputS,addTapeS)

12 requires isTransitionsDeterministic(delta,inputS,addTapeS)

13 requires keys<=delta.Keys

14 ensures isDeterministicTransitionsValid(fromNDTMtoDTM(delta,inputS,addTapeS),inputS,addTapeS)

15 ensures var delta’ := fromNDTMtoDTM’(delta, inputS, addTapeS, keys);

16 isDeterministicTransitionsValid(delta’, inputS, addTapeS)

17 decreases keys

18 {

19 if |keys| != 0 {

20 var s :| s in keys;

21 aDeterminitiscNDTMisAValidDTM’’(delta, inputS, addTapeS, keys - {s});

22 }

23 }

24

25 lemma fromDTMtoNDTMEquivalence (delta:DeterministicTransitions,inputS:InputSymbols,addTapeS:AdditionalTapeSymbols)

26 requires isTapeSymbolsValid(inputS,addTapeS)

27 requires isDeterministicTransitionsValid(delta,inputS,addTapeS)

28 ensures var delta’:=fromDTMtoNDTM(delta,inputS,addTapeS);

29 isTransitionsValid(delta’,inputS,addTapeS) &&

30 isTransitionsDeterministic(delta’,inputS,addTapeS)

31 && fromNDTMtoDTM(delta’,inputS,addTapeS)==delta

32 {

33

34 }

35 lemma fromNDTMtoDTMEquivalence (delta:Transitions,inputS:InputSymbols,addTapeS:AdditionalTapeSymbols)

36 requires isTapeSymbolsValid(inputS,addTapeS)

37 requires isTransitionsValid(delta,inputS,addTapeS)

38 requires isTransitionsDeterministic(delta,inputS,addTapeS)

39 ensures var delta’:=fromNDTMtoDTM(delta,inputS,addTapeS);

40 isDeterministicTransitionsValid(delta’,inputS,addTapeS)

41 && fromDTMtoNDTM(delta’,inputS,addTapeS)==delta

42 {

43

44 }

As we can see, the transformation from NTM to DTM and vice versa are correct

and equivalent, they are also valid in both areas. Thankfully, Dafny can prove these

lemmas with minimal or no assistance. To be able to simulate a DTM (and a TM in

general), it isn’t enough to know that an input halts as in the recursion, we are working

with the infinite tape and the configuration, not with the input. So we need to ensure

the verifier at every step that the current configuration can reach a final configuration

( one that has a final state) in a certain number of steps:
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1 ghost predicate canAStateReachAFinalStateDTM

2 (delta : DeterministicTransitions,inputS:InputSymbols,addTapeS:AdditionalTapeSymbols,conf1:Configuration)

3 requires isTapeSymbolsValid(inputS,addTapeS)

4 requires isDeterministicTransitionsValid(delta,inputS,addTapeS)

5 {

6 exists conf:Configuration :: ( isConfAccepted(conf) || isConfRejected(conf))

7 && isThereAClosedTransitionDTM(delta,inputS,addTapeS,conf1,conf)

8

9 }

10 ghost predicate canAStateReachAFinalStateInNStepsDTM

11 (delta : DeterministicTransitions,inputS:InputSymbols,addTapeS:AdditionalTapeSymbols,conf1:Configuration,n:nat)

12 requires isTapeSymbolsValid(inputS,addTapeS)

13 requires isDeterministicTransitionsValid(delta,inputS,addTapeS)

14 {

15 exists conf:Configuration :: ( isConfAccepted(conf) || isConfRejected(conf))

16 && isThereAClosedTransitionInNStepsForDTM(delta,inputS,addTapeS,conf1,conf,n)

17 }

18

19 ghost predicate canAnInputReachAFinalStateDTM

20 (delta:DeterministicTransitions,inputS:InputSymbols,addTapeS:AdditionalTapeSymbols,q0:State,input:seq<string>)

21 requires isTapeSymbolsValid(inputS,addTapeS)

22 requires isInputValid(input,inputS)

23 requires isDeterministicTransitionsValid(delta,inputS,addTapeS)

24 {

25 var conf1:=initialConfiguration(input,q0,inputS);

26 canAStateReachAFinalStateDTM(delta,inputS,addTapeS,conf1)

27 }

With the eventual termination finally prove, we can truly simulate the halting case of

the Turing machine as such:

1 ghost function beginDTM

2 (delta:DeterministicTransitions,

3 inputS:InputSymbols,addTapeS:AdditionalTapeSymbols,

4 q0:State,input:seq<string>):

5 Configuration

6 requires isTapeSymbolsValid(inputS,addTapeS)

7 requires isDeterministicTransitionsValid(delta,inputS,addTapeS)

8 requires isInputValid(input,inputS)

9 requires haltsInDTM(delta,q0,inputS,addTapeS,input)

10 {

11 simulateDTM(delta,inputS,addTapeS,initialConfiguration(input,q0,inputS))

12 }

13

14 ghost function simulateDTM

15 (delta:DeterministicTransitions,

16 inputS:InputSymbols,addTapeS:AdditionalTapeSymbols,

17 conf:Configuration)

18 : Configuration

19 requires isTapeSymbolsValid(inputS,addTapeS)

20 requires isDeterministicTransitionsValid(delta,inputS,addTapeS)

21 requires canAStateReachAFinalStateDTM(delta,inputS,addTapeS,conf)

22 {

23 assert canAStateReachAFinalStateDTM(delta,inputS,addTapeS,conf);

24

25 var conf1:| ( isConfAccepted(conf1) || isConfRejected(conf1)) &&

isThereAClosedTransitionDTM(delta,inputS,addTapeS,conf,conf1);
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26

27 assert isThereAClosedTransitionDTM(delta,inputS,addTapeS,conf,conf1);

28

29 assert exists n:nat

30 ::isThereAClosedTransitionInNStepsForDTM(delta,inputS,addTapeS,conf,conf1,n);

31

32 var n:|isThereAClosedTransitionInNStepsForDTM(delta,inputS,addTapeS,conf,conf1,n);

33 assert ( isConfAccepted(conf1) || isConfRejected(conf1)) &&

isThereAClosedTransitionInNStepsForDTM(delta,inputS,addTapeS,conf,conf1,n);

34 assert canAStateReachAFinalStateInNStepsDTM(delta,inputS,addTapeS,conf,n);

35 simulateDTM’(delta,inputS,addTapeS,conf,n)

36 }

37 function simulateDTM’

38 (delta:DeterministicTransitions,

39 inputS:InputSymbols,addTapeS:AdditionalTapeSymbols,

40 conf:Configuration, n:nat)

41 : Configuration

42 requires isTapeSymbolsValid(inputS,addTapeS)

43 requires isDeterministicTransitionsValid(delta,inputS,addTapeS)

44 requires canAStateReachAFinalStateInNStepsDTM(delta,inputS,addTapeS,conf,n)

45 decreases n

46 {

47 match conf

48 case Configuration(q,tape,head)

49 => match q

50 case State(q,c) => match c

51 case Some(_) => conf

52 case None =>match applyTransitionDTM(conf,delta)

53 case Some(conf’)=>

54 simulateDTM’(delta,inputS,addTapeS,conf’,n-1)

55 }

Sadly, the process of actually simulating it remains a ghost function because the

number of steps necessary to reach a final step does exist but you can’t really calculate

it. As such if you want to simulate a DTM, you need to give the number of steps that

the input will end and demonstrate it as such. The example will prove that it is possible

but very complicated.

1.4 Application 1: Formal proof of a Turing machine

As an experiment, i decided to prove that a simple Turing machine halts: The

example found in [5] and it halts for any input that consists of the symbol one, with it

accepted inputs with even length and rejecting the rest.
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q0start q1

qacc

qrej

□ → □,R

□ → □,R

1 → □,R

1 → □,R

In the beginning, we build the NTM and then transform it into a DTM:

1 method Main()

2 {

3 var q0:=State("q0",None);

4 var q1:=State("q1",None);

5 var qAcc:=State("qAcc",Some(Accept));

6 var qRej:=State("qRej",Some(Reject));

7 var one:=NonBlankSymbol("1");

8 var delta:= map[

9 Key(q0,one) :=[Action(q1,Blank,Right)],

10 Key(q1,one) := [Action(q0,Blank,Right)],

11 Key(q0,Blank) := [Action(qAcc,Blank,Right)],

12 Key(q1,Blank) := [Action(qRej,Blank,Right)]

13 ];

14 assert one==NonBlankSymbol("1");

15 var input:=["1","1","1","1"];

16 var inputS:={one};

17 var addTapeS:={Blank};

18

19 assert isTapeSymbolsValid(inputS, addTapeS);

20 assert isInputValid(input, inputS);

21 assert isTransitionsValid(delta, inputS, addTapeS);

22 assert isTransitionsDeterministic(delta, inputS, addTapeS);

23

24 var deltaDTM := fromNDTMtoDTM(delta, inputS, addTapeS);

After that we need to demonstrate that for any input of "1"s, the DTM halts. For this

we need to make sure that at every step, the current configuration has a specific path

that it can lead to: the head, tape and state are example as it should be. After that, we

need to connect the steps together so that it is clear that the path is complete and it

ends in exactly the size of the input + 1.
1 predicate isInputCorrect (input:seq<string>)
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2 ensures isInputCorrect(input) ==> forall n:nat:: n<|input| ==> input[n]=="1"

3 decreases input

4 {

5 if input==[] then true

6 else

7 input[0]=="1" && isInputCorrect(input[1..])

8 }

9 function finalTapeForExample() : iseq<Symbol>

10 {

11 i => Blank

12 }

13

14 lemma TraceExecution(

15 delta: DeterministicTransitions,

16 inputS: InputSymbols,

17 addTapeS: AdditionalTapeSymbols,

18 current_conf: Configuration,

19 n: nat

20 ) returns (next_conf: Configuration)

21 requires isTapeSymbolsValid(inputS, addTapeS)

22 requires isDeterministicTransitionsValid(delta, inputS, addTapeS)

23 requires {Key(State("q0", None), NonBlankSymbol("1")), Key(State("q1", None), NonBlankSymbol("1"))} <= delta.Keys

24 requires delta[Key(State("q0", None), NonBlankSymbol("1"))] == Action(State("q1", None), Blank, Right)

25 requires delta[Key(State("q1", None), NonBlankSymbol("1"))] == Action(State("q0", None), Blank, Right)

26 requires current_conf.s == State("q0", None) || current_conf.s == State("q1", None)

27 requires forall i :: current_conf.head <= i < current_conf.head + n ==> current_conf.tape(i) == NonBlankSymbol("1")

28 requires current_conf.tape(current_conf.head + n) == Blank

29 decreases n

30 ensures next_conf.head == current_conf.head + n

31 ensures next_conf.tape(next_conf.head) == Blank

32 ensures next_conf.s == State("q0", None) || next_conf.s == State("q1", None)

33 ensures isThereAClosedTransitionInNStepsForDTM(delta, inputS, addTapeS, current_conf, next_conf, n)

34 {

35 if n == 0 {

36 next_conf := current_conf;

37 } else {

38 match applyTransitionDTM(current_conf, delta)

39 case Some(step_conf) => {

40 next_conf := TraceExecution(delta, inputS, addTapeS, step_conf, n - 1);

41 }

42 case None => { }

43 }

44 }

45

46 lemma CorrectInputHalts(

47 delta: DeterministicTransitions,

48 inputS: InputSymbols,

49 addTapeS: AdditionalTapeSymbols,

50 q0: State,

51 q1: State,

52 qRej: State,

53 qAcc: State,

54 one: Symbol,

55 input: seq<string>

56 )

57 requires isInputCorrect(input)

58 requires |input| >= 1

59 requires one == NonBlankSymbol("1")

60 requires inputS == {one}

61 requires addTapeS == {Blank}

62 requires isTapeSymbolsValid(inputS, addTapeS)

63 requires isInputValid(input, inputS)

64 requires isDeterministicTransitionsValid(delta, inputS, addTapeS)

65 requires q0 == State("q0", None)

66 requires q1 == State("q1", None)

67 requires qRej == State("qRej", Some(Reject))

68 requires qAcc == State("qAcc", Some(Accept))

69 requires {Key(q0, one), Key(q1, one), Key(q1, Blank), Key(q0, Blank)} <= delta.Keys

70 requires delta[Key(q0, one)] == Action(q1, Blank, Right)
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71 requires delta[Key(q1, one)] == Action(q0, Blank, Right)

72 requires delta[Key(q1, Blank)] == Action(qRej, Blank, Right)

73 requires delta[Key(q0, Blank)] == Action(qAcc, Blank, Right)

74 ensures haltsInDTM(delta, q0, inputS, addTapeS, input)

75 {

76 var init_config := initialConfiguration(input, q0, inputS);

77 var steps := |input|;

78

79 var mid_config := TraceExecution(delta, inputS, addTapeS, init_config, steps);

80

81 match applyTransitionDTM(mid_config, delta)

82 case Some(halt_config) => {

83 LinkTransitions(delta, inputS, addTapeS, init_config, mid_config, halt_config, steps);

84

85 assert isThereAClosedTransitionInNStepsForDTM(delta, inputS, addTapeS, init_config, halt_config, steps + 1);

86 assert isThereAClosedTransitionDTM(delta,inputS,addTapeS,init_config,halt_config);

87 assert haltsInDTM(delta, q0, inputS, addTapeS, input);

88 }

89 }

In the end, we managed to prove that the DTM halts for the correct input and that we

can simulate it but because it is a ghost function, we can’t print the result sadly but at

least it verifies .

1 method Main()

2 {

3 var q0:=State("q0",None);

4 var q1:=State("q1",None);

5 var qAcc:=State("qAcc",Some(Accept));

6 var qRej:=State("qRej",Some(Reject));

7 var one:=NonBlankSymbol("1");

8 var delta:= map[

9 Key(q0,one) :=[Action(q1,Blank,Right)],

10 Key(q1,one) := [Action(q0,Blank,Right)],

11 Key(q0,Blank) := [Action(qAcc,Blank,Right)],

12 Key(q1,Blank) := [Action(qRej,Blank,Right)]

13 ];

14 assert one==NonBlankSymbol("1");

15 var input:=["1","1","1","1"];

16 var inputS:={one};

17 var addTapeS:={Blank};

18

19 assert isTapeSymbolsValid(inputS, addTapeS);

20 assert isInputValid(input, inputS);

21 assert isTransitionsValid(delta, inputS, addTapeS);

22 assert isTransitionsDeterministic(delta, inputS, addTapeS);

23

24 var deltaDTM := fromNDTMtoDTM(delta, inputS, addTapeS);

25 CorrectInputHalts(deltaDTM, inputS, addTapeS, q0, q1, qRej,qAcc,one,input);

26 assert haltsInDTM(deltaDTM, q0, inputS, addTapeS, input);

27 var finalConfig := beginDTM(deltaDTM, inputS, addTapeS, q0, input);

28 }
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1.5 Formal definitions of complexity classes

This part makes the connection between Turing machines and Algorithm Design

course from the first year of the Faculty of Computer Science Iasi because it give us a

complete definition of a nondeterministic polynomial problem. For a problem (or more

precisely a language that represents the problem) to be NP, it needs to be accepted by

a decider NTM in polynomial time or to be accepted by a decider DTM if you give a

certificate to the input.

To translate to code, we need to define what polynomial time is, to make a pred-

icate that specifies that an inputs is accepted in by an decider NTM in P time and

eventually do this for the whole language. We also need to define what a decider is (a

TM that always halts).
1 function Pow(n:nat,m:nat) : nat

2 {

3 if m==0 then 1

4 else n*Pow(n,m-1)

5 }

6

7 ghost predicate isPolynomial (n:nat,m:int)

8 {

9 exists x:nat ::Pow(n,x)<=m && Pow(n,x+1)>=m

10 }

11

12 ghost predicate isThereAClosedTransitionInPolynomialTim

13 (delta:Transitions, conf1:Configuration,conf2:Configuration,m:int)

14 {

15 exists n:nat:: isThereAClosedTransitionInNSteps(delta, conf1, conf2, n)

16 && isPolynomial(n,m)

17 }

18 ghost predicate isAcceptedInTMInPolynomialTime

19 (delta:Transitions,q0:State,inputS:InputSymbols,addTapeS:AdditionalTapeSymbols,input:seq<string>)

20 requires isTapeSymbolsValid(inputS,addTapeS)

21 requires isTransitionsValid(delta,inputS,addTapeS)

22 requires isInputValid(input,inputS)

23 {

24 exists conf:Configuration :: isConfAccepted(conf) &&

25 isThereAClosedTransitionInPolynomialTime(delta,initialConfiguration(input,q0,inputS),conf,|input|)

26 }

27 ghost predicate isLanguageAcceptedInTMInPolynomialTime

28 (delta:Transitions,inputS:InputSymbols,addTapeS:AdditionalTapeSymbols,q0:State,lang:Language)

29 requires isTapeSymbolsValid(inputS,addTapeS)

30 requires isTransitionsValid(delta,inputS,addTapeS)

31 {

32 (forall input:seq<string> :: (input in lang) <==> (

33 isInputValid(input,inputS)

34 &&

35 isAcceptedInTMInPolynomialTime(delta,q0,inputS,addTapeS,input)))

36 &&

37 (

38 forall input:seq<string>:: !(input in lang) <==> (

39 !isInputValid(input,inputS) ||

40 !isAcceptedInTM(delta,q0,inputS,addTapeS,input))

41 )

42

43 }

44 ghost predicate isTMADecider (delta:Transitions,inputS:InputSymbols,addTapeS:AdditionalTapeSymbols,q0:State)

45 requires isTapeSymbolsValid(inputS,addTapeS)

46 requires isTransitionsValid(delta,inputS,addTapeS)
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47 {

48 forall input:seq<string> ::

49 isInputValid(input,inputS) ==> haltsInTM(delta,q0,inputS,addTapeS,input)

50 }

51 ghost predicate isLanguageDecidable (lang:Language)

52 {

53 exists delta:Transitions,q0:State,inputS:InputSymbols,addTapeS:AdditionalTapeSymbols ::

54 (isTapeSymbolsValid(inputS,addTapeS)

55 && isTransitionsValid(delta,inputS,addTapeS)

56 && isTMADecider(delta,inputS,addTapeS,q0)

57 && (isLanguageAcceptedInTM(delta,inputS,addTapeS,q0,lang) ||

58 isLanguageAcceptedInTMInPolynomialTime(delta,inputS,addTapeS,q0,lang))

59 )

60 }

61

In the project itself there are many lemmas that tie the PolynomialTime function back

to the original variant. Now that we have all the pieces, we can define the two methods

of proving that a language is NP:

1 ghost predicate isLanguageNPTIME1 (lang:Language)

2 {

3 exists delta:Transitions,q0:State,inputS:InputSymbols,addTapeS:AdditionalTapeSymbols :: (

isTapeSymbolsValid(inputS,addTapeS)

4 && isTransitionsValid(delta,inputS,addTapeS)

5 && isTMADecider(delta,inputS,addTapeS,q0)

6 && isLanguageAcceptedInTMInPolynomialTime(delta,inputS,addTapeS,q0,lang)

7 && !isTransitionsDeterministic(delta,inputS,addTapeS))

8 }

9 ghost predicate isLanguageNPTIME2 (lang:Language)

10 {

11 exists delta:Transitions,q0:State,inputS:InputSymbols,addTapeS:AdditionalTapeSymbols ::

12 (isTapeSymbolsValid(inputS,addTapeS)

13 && isTransitionsValid(delta,inputS,addTapeS)

14 && isTMADecider(delta,inputS,addTapeS,q0)

15 && isTransitionsDeterministic(delta,inputS,addTapeS)

16 && forall input:seq<string> :: (input in lang)

17 <==>

18 (

19 exists c:seq<string> :: isInputValid(input+c,inputS)

20 && isAcceptedInTMInPolynomialTime(delta,q0,inputS,addTapeS,input+c)

21 )

22 )

23 }

24

Sadly it is out of the scope of this project to further prove that the two definitions are

the same because you need to be able to prove that you can make an equivalent DTM

for any NTM.
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1.6 Further possibilities of this project surrounding Tur-

ing machines

This part of the project has a lot of potential as it is possible to continue and prove

that a problem is NP complete by reducing any decider into the TM that accepts the

problem.

There was an attempt to prove that Circuit-Sat was NP complete but I stopped

before proving that it was NP due to complexity concerns, the attempt can be viewed

in the Scrapped Directory of my project but I will not discuss it in the paper. Still, I am

glad to explore the deep side of proving that a problem is NP and the complexity of

proving decidability and halting.
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Chapter 2

The formalization of the Lambda

Calculus in Dafny

This part covers the Lambda Calculus part of my project and the applications of

it. While simpler, this part managed to be way more difficult because of trying to prove

the Church-Rosser Theorem that states the fact that beta-reduction is confluent. I will

not cover all of the code but the important bits of it that follows the main proofs and

the helper lemmas.

2.1 Data Structures, functions, Alpha Equivalence, and

Capturing Substitution

We only need two data structures for Lambda Calculus:

1 type Id= nat

2 datatype LambdaTerm = Var(id:Id) |

3 Lambda(x:Id,t:LambdaTerm) |

4 Application( t1:LambdaTerm, t2:LambdaTerm)

5

For the sake of simplicity and to make the process of getting a fresh variable much sim-

pler, I decided to only use natural numbers for variables. The capturing substitution

does not require any further functions nor lemma as it is the same as the one that I

have made in Haskell [6]:

1 function substitution(t:LambdaTerm,x:Id,t’:LambdaTerm):LambdaTerm

2 {
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3 match t

4 case Var(y) => if y==x

5 then

6 t’

7 else Var(y)

8 case Lambda(y,t1) => if y==x

9 then

10 t

11 else Lambda(y,substitution(t1,x,t’)

)

12 case Application(t1,t2)

13 => Application(substitution(t1,x,t’),substitution(t2,x,t’))

14 }

15

Some functions like alpha equivalence need a more precise way to measure the way the

recursion decreases and it reaches its final phase. We can notice the fact that lambda

term have a tree-like structure, so a height function can measure the length of a term,

and with sub term having lower and lower heights, we can use it as the helper to prove

the termination of recursive functions surrounding Lambda Calculus.

1 function lHeight(t:LambdaTerm):nat

2 {

3 match t

4 case Var(x) => 1

5 case Lambda(x,t’) => 1+lHeight(t’)

6 case Application(t1,t2) => 1+max(lHeight(t1),lHeight(t2))

7 }

The function free that returns the set of the free variables of the Lambda term

given and the function bound returns the set of bounded variables of the Lambda term

given, they are close representation the functions with the same name in the functional

programming course [6]:

1 function bound(t:LambdaTerm):set<Id>

2 {

3 match t

4 case Var(_) => {}
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5 case Lambda(x,t) => {x}+bound(t)

6 case Application(t1,t2) => bound(t1)+bound(t2)

7 }

8

9 function free(t:LambdaTerm):set<Id>

10 {

11 match t

12 case Var(x) => {x}

13 case Lambda(x,t) => free(t)-{x}

14 case Application(t1,t2) => free(t1)+free(t2)

15 }

16

These function will become more relevant for Capture Avoiding (CA) substitution and

later on.

The last part of this section, alpha equivalence, is a bit tricky: the original ap-

proach was to use capture avoiding substitution to replace the bounded variables of

both terms we compare to common arbitrary Ids and then see if they are equal. The

first approach is very expensive as it makes multiple CA substitution, those being very

demanding of themselves as we will see later on, so we need to compare the two terms

in a other way.

Going back to the fundamentals of alpha equivalence, the point of it is to point

out that a simple renaming of the variables that are in a lambda abstracted and the sub-

sequent variables that are bounded by them does not impact the overall functionality

of the term (as long as we do not capture a free variable).

As such, the two alpha equivalent terms t1 and t2 should have the same struc-

ture and the same free variables. More so, they need to have the bounded variables be

linked to the same abstraction positionally. To determine to what abstraction the vari-

able in a sub term of the main term is, we dynamically save the Ids of the abstractions

for both terms in the order that we see them from the main to the sub terms.

1 function findId(ids:seq<Id>,id:Id):Option<nat>

2 ensures !(id in ids) <==> findId(ids,id)==None

3 ensures (id in ids) <==> findId(ids,id)!=None

4 ensures (id in ids) <==> var pos:|findId(ids,id)==Some(pos);

5 pos<|ids| && ids[pos]==id &&

6 (forall pos2:nat:: pos<pos2<|ids| ==> ids[pos2]!=id)

7 &&
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8 forall pos3:nat:: (pos3<|ids| && ids[pos3]==id ) ==> pos3<=pos

9

10 decreases ids

11 {

12 if ids==[] then None

13 else

14 var len:=|ids|;

15 if ids[len-1]==id then

16 Some(len-1)

17 else

18 findId(ids[..(len-1)],id)

19 }

20

21 predicate alphaEquivalence(t1:LambdaTerm,t2:LambdaTerm)

22

23 {

24 alphaEquivalence’(t1,t2,[],[])

25 }

26

27 predicate alphaEquivalence’(t1:LambdaTerm,t2:LambdaTerm,id1:seq<Id>,id2:seq<Id>)

28 decreases minim(lHeight(t1),lHeight(t2))

29

30 {

31

32 match t1

33 case Var(x)

34 => (match t2

35 case Var(y) => (

36 var r1:=findId(id1,x);

37 var r2:=findId(id2,y);

38 r1==r2

39 &&

40 match r1

41 case None => x==y

42 case Some(_) => true

43 )

44 case _ => false

45 )

46 case Lambda(x,t1’)

47 => (match t2

48 case Lambda(y,t2’) =>

49 alphaEquivalence’(t1’,t2’,id1+[x],id2+[y])

50 case _=> false)

51 case Application(t1’,t1’’)

52 => match t2

53 case Application(t2’,t2’’)

54 => alphaEquivalence’(t1’,t2’,id1,id2) && alphaEquivalence’(t1’’,t2’’,id1,id2)

55 case _=>false

56 }

57
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We find which abstraction the variable is attached to by searching the leftmost appear-

ance of the Id in the bound list of that term (as the bounded element is always tied

to the innermost λ). If the findId returns the same value for both variable (Some) or

None, indicating that they are not bounded by any λ (aka they are free) and they must

be equal, then the base case of alphaEquivalence ′ is done.

2.2 The complexity of using Dafny and Capture Avoid-

ing Substitution

Before we get to the Capture Avoiding Substitution function, we need to address

an issue :

(λy.t)[[x/t′]] = λy′.((t[y/y′])[x/t′]), y ̸= x
∧
y ∈ free(t′) with y′ being a new variable

that is not found in t nor t′.

We need to get a data structure that stores all the variable names of t and t′, we also

need to get a new variable that is guaranteed to not be in that data structure. From

the first task, a set should be the obvious and ideal answer but the second task makes

thing way more complicated. As we intend to use ghost as less as possible, we need

to define a mechanically sound way to get the fresh variable and not base it on the

mathematical ambiguity that there is a arbitrary, fresh variable.

That is the main motive behind working with natural numbers as variables ( Id =

N ). We know that if a number is higher than the highest number in a set, then it is

higher than any number in that set and so not equal to any number in that set (therefore

is not from that set).

We also know that for any natural number n, there is a number n+ 1 higher than

it. So to get that fresh variable, we only need to get the highest variable in vars and

add by one. But still, why we can’t use sets?

That is because..... you can not extract a number from a set in a normal function,

the specific error is:

to be compilable, the value of a let-such-that expression must be uniquely determined

You can not even extract an element from a set that contains only one element so

if you want to work with the individual numbers in a set, you need a ghost function,

which turns CA substitution into a ghost function by using it. As I already mentioned
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in the last chapter that we should avoid ghost as much as possible because it renders

the CA substitution and beta reduction to be ghost functions.

The process of getting the highest element implies comparing it to every individ-

ual element, so you must use a list.

Still, to comply with the earlier idea, i made a predicate that checks if a list has

unique members (similar a set) and made functions that mimic the operators used for

sets with lists that are like a set:

1 ghost predicate allUnique (s:seq<Id>)

2 {

3 forall id1:nat,id2:nat::(id1<id2<|s|) ==> s[id1]!=s[id2]

4 }

5 function vars(t:LambdaTerm):seq<Id>

6 ensures allUnique(vars(t))

7 {

8 match t

9 case Var(x) => [x]

10 case Lambda(x,t’) => addition(x,vars(t’))

11 case Application(t1,t2) => reunion(vars(t1),vars(t2))

12 }

13 function highestId(s:seq<Id>) :nat

14 ensures s!=[]

15 ==> forall index:nat:: index<|s| ==> s[index]<=highestId(s)

16 ensures s!=[]

17 ==> exists index:nat:: index<|s| && s[index]==highestId(s)

18 ensures s==[]

19 ==> highestId(s)==0

20 decreases s

21 {

22 if s==[] then 0

23 else

24 max(s[0],highestId(s[1..]))

25 }

26

27

28 function addAnUniqueId(s:seq<Id>) :seq<Id>
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29 requires allUnique(s)

30 ensures allUnique(addAnUniqueId(s))

31 ensures includes(addAnUniqueId(s),s)

32 ensures |addAnUniqueId(s)|==|s|+1

33 ensures !(addAnUniqueId(s)[0] in s)

34 {

35 if s==[] then

36 [0]

37 else

38 var s’:= [highestId(s)+1]+s;

39 assert forall id:nat::id<|s| ==> s[id]==s’[id+1];

40 s’

41 }

42

• include(s1, s2) = s1 ⊆ s2

• remove(s, x) = s− {x}, x ∈ Id

• addition(x, s) = s
⋃

x

• reunion(s1, s2) = s1
⋃

s2

When we are working with with vars, we need to be very careful about allUnique and

include and need many helper lemmas that i will not include here to not clutter.

We also need to ensure that the function is decreasing but the substitution made

in the rule above makes the situation very murky as we do not know by default that the

function decreases. That is why we need to use the lHeight function to clearly define

how CASubstitution decreases and a lemma that tells us that the height of a term does

not change after doing a substitution with a variable.

1 lemma subsitutionOfVarDoesNotChangeHeightFORVARIABLES

2 (t1:LambdaTerm,x:Id,t2:LambdaTerm)

3 requires match t2

4 case Var(x) => true

5 case _ => false

6 ensures lHeight(substitution(t1,x,t2))==lHeight(t1)

7 {
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8 var t’:=substitution(t1,x,t2);

9 match t1{

10 case Var(y) => {

11 assert lHeight(t’)==lHeight(t1);

12 }

13 case Lambda(y,t) => {if (y==x) {

14 assert t’==t1;

15 } else {

16 subsitutionOfVarDoesNotChangeHeightFORVARIABLES(t,x,t2);

17

18 }

19 }

20 case Application(t1,t2) => {

21

22 }

23 }

24 }

25

Now, with it and other helper lemmas that clarifies the validity of the initial list vars

and the new list made by including the new, fresh variable we can finally make the

capture avoiding substitution.

1 function caSubstitution(t:LambdaTerm,x:Id,t’:LambdaTerm):LambdaTerm

2 {

3 var ids:=reunion(vars(t),vars(t’));

4 reunionIncludesBothSets(vars(t),vars(t’));

5 var safe_ids := addition(x, ids);

6 caSubstitution’(t,x,t’,safe_ids)

7 }

8 function caSubstitution’(t:LambdaTerm,x:Id,t’:LambdaTerm,ids:seq<Id>):LambdaTerm

9 requires allUnique(ids)

10 requires var s1:=vars(t);

11 allUnique(s1) && includes(ids,s1)

12 requires var s2:=vars(t’);

13 allUnique(s2) && includes(ids,s2)

14 requires x in ids

15 decreases lHeight(t)

16 {

17 match t

18 case Var(y) => if y==x then t’ else Var(y)

19 case Lambda(y,t1) =>

20 if y==x then t else
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21 if !(y in free(t’)) then Lambda(y,caSubstitution’(t1,x,t’,ids))

22 else

23 var ids’:=addAnUniqueId(ids);

24 var vari:=Var(ids’[0]);

25 var t2:=substitution(t1,y,vari);

26 subsitutionOfVarDoesNotChangeHeightFORVARIABLES(t1,y,vari);

27 varsOfALambdaIncludesVarsofASubLambda (t);

28 newIdsDueToSubstitution(t1,y,vari,ids’);

29 Lambda(ids’[0],

30 caSubstitution’(t2,x,t’,ids’))

31 case Application(t1,t2) =>

32 varsOfALambdaIncludesVarsofASubLambda (t);

33 Application(caSubstitution’(t1,x,t’,ids),

34 caSubstitution’(t2,x,t’,ids))

35 }

36

This implementation, while being correct and makes it clear that the fresh vari-

able is truly fresh, is very expensive and troublesome for future proofs that use it, a

possible refactor is to reduce ids to a single number that represents the highest id and

than using var only for verification while keeping the main idea of the highest plus

one being the new, unique variable but i digress.

2.3 Beta reduction

Beta reduction of itself contains only one rule:

1 function betaReduction(t:LambdaTerm) : LambdaTerm

2 requires isCorrectForBetaReduction(t)

3 {

4 match t

5 case Application(Lambda(x,t1),t2) => caSubstitution(t1,x,t2)

6 }

7

But when and where we apply this rule reveals the hidden complexity. As a rule,

we only apply a beta reduction when there is a β-redex ((λx.t)t)in the lambda term:

1 predicate isCorrectForBetaReduction(t:LambdaTerm)

2 {

3 match t

4 case Application(Lambda(_,_),_) => true
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5 case _ => false

6 }

7

If we reduce a β-redex from a term, the result term will have one less β-redex. We

(usually but not always) repeat the process until there are no β-redexes to reduce and

reach the result of the program.

For a beta reduction step, we need to know what β-redex should be reduced,

for that, we (in theory not in practice) note every β-redex with a number from left

innermost to right outermost. After that, we search that specific redex by its number.

1 function numberOfPossibleReducations (t:LambdaTerm) :nat

2 {

3 match t

4 case Var(_) => 0

5 case Lambda(_,t’) => numberOfPossibleReducations(t’)

6 case Application(t1,t2) =>

7 if isCorrectForBetaReduction(t)

8 then 1+numberOfPossibleReducations(t1)

9 +numberOfPossibleReducations(t2)

10 else numberOfPossibleReducations(t1)

11 +numberOfPossibleReducations(t2)

12 }

13

14

15 function betaReductionStep(t:LambdaTerm,choice:nat) : LambdaTerm

16 requires 0<numberOfPossibleReducations(t)

17 requires choice<numberOfPossibleReducations(t)

18 {

19 if isCorrectForBetaReduction(t) then

20 if choice==0 then

21 betaReduction(t)

22 else

23 match t

24 case Application(t1,t2) => (

25 var n1:=numberOfPossibleReducations(t1);

26 if n1>=choice then
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27 assert choice<=n1;

28 Application(betaReductionStep(t1,choice-1),t2)

29 else

30 assert choice>n1;

31 assert choice<numberOfPossibleReducations(t);

32 assert numberOfPossibleReducations(t2)+n1+1==

numberOfPossibleReducations(t);

33 Application(t1,betaReductionStep(t2,choice-n1-1))

34 )

35 else

36 match t

37 case Lambda(x,t’)=> Lambda(x,betaReductionStep(t’,choice))

38 case Application(t1,t2) => (

39 var n1:=numberOfPossibleReducations(t1);

40 if n1>choice then

41 Application(betaReductionStep(t1,choice),t2)

42 else

43 assert choice>=n1;

44 assert choice<numberOfPossibleReducations(t);

45 assert numberOfPossibleReducations(t2)+n1==

numberOfPossibleReducations(t);

46 Application(t1,betaReductionStep(t2,choice-n1))

47 )

48 }

49

By the way we (in theory) noted the redexes from left inner most to the right outermost,

the process of finding it is very simple, if the choice is higher than the number -redex

in the first sub-term of application, then we go to the second sub-term of it, else we go

to the first one. Is the order of the beta reduction important?

Yes, it is very important because it simulate perfectly the way that a compiler

evaluates a function, with most of the imperative programming languages using a

strategy called call by value while functional programming languages use normal or-

der or call by name [6].
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Chapter 3

Application 2: proof of Church

encodings

3.1 Normal Order

For the simplicity of this proof, I decided to not use the beta reduction step from

above and use a specific reduction strategy, normal order (we take the left innermost

β-redex first and stop when there aren’t any β-redexes left), to ensure that it terminates,

we use the same trick that we used to prove the termination of a turing machine:

1 function normalOrderStep(t:LambdaTerm) : Option<LambdaTerm>

2 requires var s1:=vars(t);

3 allUnique(s1)

4 {

5 match t

6 case Var(x)=> None

7 case Application(Lambda(x,t1),t’) => Some(caSubstitution(t1,x,t’)

)

8 case Application(t1,t2) =>

9 ( match normalOrderStep(t1)

10 case None =>

11 ( match normalOrderStep(t2)

12 case None => None

13 case Some(t2’) => Some(Application(t1,t2’)))

14 case Some(t1’)=> Some(Application(t1’,t2))

15 )
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16 case Lambda(x,t’) =>

17 (match normalOrderStep(t’)

18 case None => None

19 case Some(t2) => Some(Lambda(x,t2))

20 )

21 }

22

23 predicate normalOrderEndsInNSteps (t:LambdaTerm,n:nat)

24 decreases n

25 {

26 match normalOrderStep(t)

27 case None=> n==0

28 case Some(t’) => n>0 && normalOrderEndsInNSteps(t’,n-1)

29 }

30 ghost predicate normalOrderHalts(t:LambdaTerm)

31 {

32 exists n:nat :: normalOrderEndsInNSteps(t,n)

33 }

34 ghost function normalOrder(t:LambdaTerm) : LambdaTerm

35 requires normalOrderHalts(t)

36 requires var s1:=vars(t);

37 allUnique(s1)

38 {

39 var n:|normalOrderEndsInNSteps(t,n);

40 normalOrder’(t,n)

41 }

42 function normalOrder’(t:LambdaTerm,n:nat) : LambdaTerm

43 requires normalOrderEndsInNSteps(t,n)

44 requires var s1:=vars(t);

45 allUnique(s1)

46 decreases n

47

48 {

49 if n==0 then

50 t

51 else
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52 var t’:|Some(t’)==normalOrderStep(t);

53 normalOrder’(t’,n-1)

54 }

55

3.2 Church encoding formalisation

Church encodings demonstrate the remarkable expressive power of lambda cal-

culus by using lambda terms to represent boolean values, numbers, and other data

structures and operations[6].

In this project, I implemented the church encodings for logical operators, true and

false values and then proved that their behaviour when used together is to be expected.

To not include too many function and lemmas that are too similar in this section,

I will only talk about the implementation of true and and the proof of AND true true

reduces to true.
1 predicate isTrue(t:LambdaTerm)

2 {

3 match t

4 case Lambda(x,Lambda(y,Var(z))) => z==x

5 case _ => false

6 }

7 function trueVar(x:Id,y:Id) : LambdaTerm

8 ensures isTrue(trueVar(x,y))

9 {

10 Lambda(x,Lambda(y,Var(x)))

11 }

12 function trueVal():LambdaTerm

13 ensures isTrue(trueVal())

14 {

15 trueVar(0,1)

16 }

17 predicate isAnd(t:LambdaTerm)

18 {

19 match t

20 case Lambda(x,Lambda(y,Application(Application(Var(id1),Var(id2)),Var(id3)))) => id1==x==id3 && id2==y

21 case _ => false

22 }

23 function andVar(x:Id,y:Id) : LambdaTerm

24 ensures isAnd(andVar(x,y))

25 {

26 Lambda(x,Lambda(y,Application(Application(Var(x),Var(y)),Var(x))))

27 }

28 function andVal():LambdaTerm

29 ensures isAnd(andVal())

30 {

31 andVar(0,1)

32 }

• isTrue, and isAnd are predicates that check if a term is alpha equivalent to true,

and and respectively
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• trueVar and andVar are functions that has as input the variable names and re-

turns a term alpha equivalent to True and and respectively

• trueVal and andVal are functions that return a specific term that is alpha equiva-

lent to True, False and And respectively

3.3 Example of how to prove the correct behaviour of Church

encodings

For this proof, we will only use the third type of functions to represent true, and

And. To prove that((AND TRUE) TRUE) reduces to TRUE, we only need to mimic the

classic, mathematical proof of doing all the normal reduction steps one by one and the

uniting them together.

1 lemma andTrueTrue(and:LambdaTerm, tru:LambdaTerm)

2 requires and==andVal() && tru==trueVal()

3 ensures var andtruetrue:=Application(Application(and, tru), tru);

4 normalOrderHalts(andtruetrue) && isTrue(normalOrder(andtruetrue))

5 {

6 var s0 := Application(Application(and, tru), tru);

7 var help1 := Lambda(1, Application(Application(tru, Var(1)), tru)

);

8 var s1 := Application(help1, tru);

9 var s2 := Application(Application(tru, tru), tru);

10 var s3 := Application(Lambda(1, tru), tru);

11

12 assert normalOrderStep(s0) == Some(s1);

13 assert normalOrderStep(s1) == Some(s2);

14 assert normalOrderStep(s2) == Some(s3);

15 assert normalOrderStep(s3) == Some(tru);

16 assert trueVal()==tru;

17 assert normalOrderStep(tru) == None;

18

19

20 assert normalOrder’(s0,4) == normalOrder’(s1, 3);

21 assert normalOrder’(s1,3) == normalOrder’(s2, 2);
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22 assert normalOrder’(s2,2) == normalOrder’(s3, 1);

23 assert normalOrder’(s3,1) == normalOrder’(tru, 0);

24 assert normalOrder’(tru,0) == tru;

25 assert normalOrder’(s0,4) == tru;

26

27 forall m:nat | normalOrderEndsInNSteps(s0, m)

28 ensures normalOrder’(s0, m) == tru

29 {

30 normalOrderStepsUnique(s0, 4, m);

31 }

32 assert normalOrder(s0) == tru;

33

34 }

This implementation of church encoding only tests the syntactic versions of the

truth values and logical operators, to truly prove that AND TRUE TRUE reduces to

TRUE, we should prove that any term that function the same (not only the alpha equiv-

alent) to AND and any two terms that function like True reduces to a third term that is

like TRUE ( they get two variables and returns the first one). This project touches only

the syntactic versions.

3.4 Further possibilities of this project surrounding Lambda

Calculus

This project only scratched the surface of the Church Encoding as we can go fur-

ther and prove that Lambda Calculus is Turing complete with the help of a complete

version of it [6] and proving that lambda calculus is equivalent to Turing machine.

You can also study the different way that a program is evaluated by analysing dif-

ferent beta reduction strategies and what advantages and disadvantages every one of

them bring. Another application using lambda calculus is the mechanical proof of the

Church-Rosser Theorem that states the confluence of the beta reduction, it has become

a big part of the project so I decided to make an entire chapter dedicated to it.
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Chapter 4

Application 3 of Lambda Calculus: The

Church-Rosser theorem mechanical

proof

This part of the project is a close recreation of the Proof of the Church-Rosser The-

orem offered by the University of Waterloo [8] but with much more attention given to

some details that were omitted in the paper [8] due to the liberal use of alpha conver-

sion and the treatment of alpha equivalence as equal.

The Church-Rosser Theorem proves that beta reduction is confluent. It states that:

let t,t1, and t2 be lambda terms such that t →∗
β t1 and t →∗

β t2. Then there exists a a

lambda term t3 such that t1 →∗
β t′3 ,t2 →∗

β t′′3, t3 =α t′3, and t3 =α t′′3.

In other words the reflexive, transitive closure of beta reduction, →∗
β , has the diamond

property (which is equivalent with beta reduction being confluent) [8]

The proof consists of 7 main lemmas where we build a new type of reduction ↠,

some kind of parallel reduction in which certain β-redexes can be reduced together at

once.

The first lemma states that if a binary relation → has the diamond property, then

the transitive closure →+ and its reflexive, transitive closure →∗ also have the diamond

properties. The second to sixth lemmas are helper lemmas to prove the seventh lemma:

• Lemma A2 called the substitution lemma states that : M [N/x][P/y] = M [P/y][N [P/y]/x]

with M,N,P ∈ LT, x, y ∈ Id, x ̸= yandx /∈ free(P )

• Lemma A3: If N ↠ N ′ then M [N/x] ↠ M [N ′/x] with M,N,N ′ ∈ LT and x ∈ Id
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• Lemma A4: If M ↠ M ′ and N ↠ N ′ then M [N/x] ↠ M ′[N ′/x] with M,M ′, N,N ′ ∈

LTandx ∈ Id

• Lemma A5: If λx.M ↠ N , then N = λx.M ′ with M ↠ M ′.

• Lemma A6: If MN ↠ L, then either L = M ′N ′ with M ↠ M ′, N ↠ N ′ or

M = λx.P , L = P ′[N ′/x], P ↠ P ′, N ↠ N ′.

Lemma A7 states that ↠ has the diamond property and the Proof of the Church-

Rosser Theorem bring together Lemma A7, Lemma A1 and the fact that →β⊆↠⊆→∗
β

to prove that →∗
β has the diamond property and thus beta reduction is confluent [8].

4.1 Parallel Reduction

The implementation of the ↠ is rather simple :

1 ghost predicate parallelReduction(t1:LambdaTerm, t2:LambdaTerm)

2 decreases lHeight(t1)

3 {

4 alphaEquivalence(t1, t2) || //rule 1

5 match t1

6 case Application(t1a, t1b) =>

7 (match t2

8 case Application(t2a, t2b) =>

9 parallelReduction(t1a, t2a)

10 && parallelReduction(t1b, t2b)

11 case _ => false)

12 ||

13 (match t1a

14 case Lambda(x, M) =>

15 exists M’: LambdaTerm, N’: LambdaTerm ::

16 (assert lHeight(M) < lHeight(t1);

17 parallelReduction(M, M’))

18 && parallelReduction(t1b, N’)

19 && alphaEquivalence(t2, caSubstitution(M’, x, N’)

)

20 case _ => false)

21 case Lambda(x, body1) =>
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22 exists r: LambdaTerm ::

23 parallelReduction(body1, r)

24 && alphaEquivalence(Lambda(x, r), t2)

25 case _ => false

26 }

27

The main difference between the paper and my implementation is in rule 1 and rule

3: In the paper, instead of alpha equivalence, they use the equal sign instead of alpha

equivalence. Initially, i also used = to describe the equality t1 and t2 but that turned

out to be wrong. The proof that the author did not mean to use = as strict equal but as

alpha equivalence is found in the third page :

M = λz.M ′ : we assume that the necessary α-conversion has been performed so that z

is equal to neither x nor y, and furthermore that z /∈ FV [P ]

” We assume that the necessary α-conversion has been performed ” , this quote proved

that behind the proof, there has been done some alterations to the bounded variables

specifically (recall the definition of the alpha conversion), but they still used = to de-

scribe the relation between M and λz.M ′, even if they are actually alpha equivalent

terms and not truly equal terms. This line of thought exposes the drastic difference

between the rigid rules of a programs and the mathematical rather relaxed notation

rules.

This is not the only problem as there are a staggering amount of helper lemmas

needed to prove the seven mains lemma and even helper lemmas for the helper lem-

mas mainly because of the rigid rules that our implementations of CA substitution and

alpha equivalence play by.

4.2 Alpha equivalence and helper lemmas

The difference between equal and alpha equivalence (for lambda terms specifi-

cally) in this paper are null but in Dafny in night and day. Firstly, you need to prove

with lemmas many facts about alpha equivalence that the verifier can not figure out on

its on:

• EqualTermsAreAlphaEquilvalent two equal terms are alpha equivalent
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• AlphaEquivSymmetric: alpha equivalence is symmetric

• AlphaEquivTransitive: alpha equivalence is transitive

• ApplicationEquivalenceDown: if MN =α M ′N ′ then M =α M ′ and N =α N ′

• lemmas that prove that if a term is a certain type (application, abstraction,variable)

then the alpha equivalent term is also that type

Two more complicated lemmas that surround alpha equivalence are:

• LambdaEquivalence: if t1 =α t2, x1 /∈ free(t1), and x2 /∈ free(t2) then

λx1.t1 =α λx2.t2.

• AlphaCongruenceLambda: if t1 =α t2 then λy.t1 =α λy.t2.

The first lemma is rather easy to see why it works because you don not capture any

free variables with x1 and x2 and the variables are always bounded to the most inner

abstraction. The second lemma goes further and uses the same variable name for the

abstraction, thus the free variable captures still has the same name. In practice, we

need to be very careful around findId and the dynamic bound lists thus the proof is

actually way longer:

1

2 lemma findId_prepend(ids: seq<Id>, x: Id, val: Id)

3 ensures findId([val] + ids, x) ==

4 match findId(ids, x) {

5 case Some(i) => Some(i + 1)

6 case None

7 => if x == val then Some(0) else None

8 }

9 {

10 if ids == [] {

11 } else {

12 var len := |ids|;

13 var prepended := [val] + ids;

14

15 if ids[len-1] == x {

16 assert prepended[|prepended|-1] == x;

17 } else {
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18 assert prepended[..|prepended|-1] == [val] + ids[..len-1];

19 findId_prepend(ids[..len-1], x, val);

20 }

21 }

22 }

23 lemma LambdaEquivalence

24 (t1:LambdaTerm,t2:LambdaTerm,x1:Id,x2:Id)

25 requires alphaEquivalence(t1,t2)

26 requires !(x1 in free(t1)) && !(x2 in free(t2))

27 ensures alphaEquivalence(Lambda(x1,t1),Lambda(x2,t2))

28 {

29 LambdaEquivalence’(t1,t2,x1,x2,[],[]);

30 assert [x1]==[x1]+[] && [x2]==[x2]+[];

31 assert alphaEquivalence’(t1,t2,[x1],[x2]);

32 assert [x1]==[]+[x1] && [x2]==[]+[x2];

33 }

34 lemma LambdaEquivalence’(t1:LambdaTerm,t2:LambdaTerm,x1:Id,x2:Id,id1:

seq<Id>,id2:seq<Id>)

35 requires alphaEquivalence’(t1,t2,id1,id2)

36 requires x1 in free(t1) ==> x1 in id1

37 requires x2 in free(t2) ==> x2 in id2

38 ensures alphaEquivalence’(t1,t2,[x1]+id1,[x2]+id2)

39 {

40 match t1

41 case Var(x) =>

42 {

43 var y: Id :| t2 == Var(y);

44 var r1 := findId(id1, x);

45 var r2 := findId(id2, y);

46

47 var id1’ := [x1] + id1;

48 var id2’ := [x2] + id2;

49 var r1’ := findId(id1’, x);

50 var r2’ := findId(id2’, y);

51

52 findId_prepend(id1, x, x1);
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53 findId_prepend(id2, y, x2);

54

55 if r1 == None

56 {

57 assert x==y;

58

59 assert x!=x1;

60

61 assert y!=x2;

62

63 assert !(x in id1’);

64 assert !(y in id2’);

65

66 assert r1’==None;

67 assert r2’==None;

68 }

69 else

70 {

71 var i1 :|r1==Some(i1);

72 assert r2==Some(i1);

73

74 var new_pos:=i1+1;

75

76 assert id1’[new_pos]==x;

77

78

79

80

81 assert r1’==Some(new_pos);

82

83 assert id2’[new_pos]==y;

84

85 assert r2’ == Some(new_pos);

86 }

87 }

88 case Lambda(x,t1’)=>
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89 {

90 var y:nat,t2’:LambdaTerm:|t2==Lambda(y,t2’);

91 var id1’:=id1+[x];

92 var id2’:=id2+[y];

93 LambdaEquivalence’(t1’,t2’,x1,x2,id1’,id2’);

94 assert [x1]+id1+[x]==[x1]+id1’;

95 assert [x2]+id2+[y]==[x2]+id2’;

96

97 }

98 case Application(t1a,t1b)=>

99 {

100 var t2a:LambdaTerm,t2b:LambdaTerm

101 :|t2==Application(t2a,t2b);

102

103 LambdaEquivalence’(t1a,t2a,x1,x2,id1,id2);

104 LambdaEquivalence’(t1b,t2b,x1,x2,id1,id2);

105

106 }

107 }

108

109

110 lemma AlphaCongruenceLambda(y:Id, t1:LambdaTerm, t2:LambdaTerm)

111 requires alphaEquivalence(t1, t2)

112 ensures alphaEquivalence(Lambda(y, t1), Lambda(y, t2))

113 {

114 assert []+[y]==[y]==[y]+[];

115 AlphaCongruenceLambda’( t1, t2,y, [], []);

116 }

117

118 lemma AlphaCongruenceLambda’

119 (t1:LambdaTerm, t2:LambdaTerm,y:Id, id1:seq<Id>, id2:seq<Id>)

120 requires alphaEquivalence’(t1, t2, id1, id2)

121 ensures alphaEquivalence’(t1, t2, [y]+id1, [y]+id2)

122 decreases minim(lHeight(t1), lHeight(t2))

123 {

124 match t1 {
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125 case Var(x) => {

126 var z :| t2 == Var(z);

127 var r1:=findId(id1, x);

128 var r2:=findId(id2, z);

129

130 var id1’:=[y]+id1;

131 var id2’:=[y]+id2;

132 var r1’:=findId(id1’, x);

133 var r2’:=findId(id2’, z);

134

135 findId_prepend(id1, x, x);

136 findId_prepend(id2, y, x);

137

138 if r1 == None {

139 assert x == z;

140 if x == y {

141 assert id1’[0] == x;

142 assert r1’ == Some(0);

143

144 assert id2’[0] == z;

145 assert r2’ == Some(0);

146

147 } else {

148 assert r1’ == None;

149 assert r2’ == None;

150 }

151 } else {

152 var i1 :| r1 == Some(i1);

153 var new_pos := i1 + 1;

154

155 assert id1’[new_pos] == x;

156 assert r1’ == Some(new_pos);

157

158 assert id2’[new_pos] == z;

159 assert r2’ == Some(new_pos);

160 }
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161 }

162 case Lambda(x, t1’) => {

163 var z, t2’ :| t2 == Lambda(z, t2’);

164 AlphaCongruenceLambda’( t1’, t2’,y, id1+[x], id2+[z]);

165 assert [y]+id1+[x] == [y] + (id1+[x]);

166 assert [y]+id2+[z] == [y] + (id2+[z]);

167 }

168 case Application(t1a, t1b) => {

169 var t2a, t2b :| t2 == Application(t2a, t2b);

170 AlphaCongruenceLambda’( t1a, t2a,y, id1, id2);

171 AlphaCongruenceLambda’( t1b, t2b,y, id1, id2);

172 }

173 }

174 }

175

4.3 The important helper lemmas

As the main lemmas use many underlying lemmas that are not clearly stated in

the paper, I decided to put more attention to them rather than the seven lemmas as

they, for the most part, follow the same logic as in the paper [8].

Still, we need to discuss about the biggest obstacle of this part, CA substitution:

As i mentioned above, caSubstitution ′ does an alpha conversion every time it hits a

possible capture (y ∈ free(t′) with t′ being the term that you are replacing the variable

with).

In classical mathematical fashion, we can just make assumption about the new y′

variable in the alpha-conversion and manipulate it to not clash with other cases as that

is the purpose of alpha-conversions and it is also used explicitly for that in the paper

[8].

But we do not have nearly the same liberties because of how we calculate the new

variables. We use the ids sequence to represents a set of variables that are off limits for

renaming and in caSubtitution it is just the reunion of the variable names.

Still, we can, in theory, manipulate ids to be a larges list, and by doing that, we

can make all the variables in the substitution comply with the requirements that were
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added and truly simulate the alpha conversion. But that may not be enough because

of the loose use of alpha equivalence as a pseudo equal in most case. A more potent

version also uses alpha equivalent terms instead of the same terms.
1 lemma CaSubstPrimeRespectsAlphaProved

2 (t1:LambdaTerm, t2:LambdaTerm, t1’:LambdaTerm,t2’:LambdaTerm,x:Id, ids:seq<Id>, ids’:seq<Id>)

3 requires alphaEquivalence(t1, t1’) && alphaEquivalence(t2, t2’)

4 requires allUnique(ids) && allUnique(ids’)

5 requires includes(ids, vars(t1)) && includes(ids, vars(t2)) && x in ids

6 requires includes(ids’, vars(t1’)) && includes(ids’, vars(t2’)) && x in ids’

7 ensures alphaEquivalence(caSubstitution’(t1, x, t2, ids), caSubstitution’(t1’, x, t2’, ids’))

8 {

9 BridgeExists(t1, x, t2, ids);

10 var tf1 :| alphaEquivalence(t1, tf1) && (forall w :: w in bound(tf1) ==> !(w in vars(t2)))

11 && !(x in bound(tf1))

12 && alphaEquivalence(caSubstitution’(t1, x, t2, ids), substitution(tf1, x, t2));

13 BridgeExists(t1’, x, t2’, ids’);

14 var tf1’ :| alphaEquivalence(t1’, tf1’) && (forall w :: w in bound(tf1’) ==> !(w in vars(t2’)))

15 && !(x in bound(tf1’))

16 && alphaEquivalence(caSubstitution’(t1’, x, t2’, ids’), substitution(tf1’, x, t2’));

17 AlphaEquivSymmetric(t1, tf1);

18 AlphaEquivTransitive(tf1, t1, t1’);

19 AlphaEquivTransitive(tf1, t1’, tf1’);

20 SubstNaiveRespectsAlpha(tf1, tf1’, x, t2, t2’);

21 AlphaEquivSymmetric(caSubstitution’(t1’, x, t2’, ids’), substitution(tf1’, x, t2’));

22 AlphaEquivTransitive(caSubstitution’(t1, x, t2, ids), substitution(tf1, x, t2), substitution(tf1’, x, t2’));

23 AlphaEquivTransitive(caSubstitution’(t1, x, t2, ids), substitution(tf1’, x, t2’), caSubstitution’(t1’, x, t2’, ids’));

24 }

So, if we can prove the alpha equivalence between two caSubstitution ′ that use

as the alpha equivalent first and second term (t1 =α t′1 and t2 =α t2) that respect the

minimum requirements of including all the variable names in the two terms, we can

prove other helper lemmas that are of our help. This is much, much harder than it

seems and I needed the heavy assistance of Claude AI to prove this.

With that (and many other helper lemmas) resolved, I can make helper lemmas

that do not interact directly with ↠ (these lemmas may or may not benefit for the

lemma above):

• SubstDistributesOverApp: (M1M2)[[x/N ]] =α (M1[x/N ]M2[x/N ])

• SubstPushesIntoSafeLambda :

• NoFreeV ariablesToReplace: if y /∈ free(M) then M [x/P ] =α M

• CaSubstEquivalence : if M =α M ′ and N =α N ′ then M [x/N ] =α M ′[x/N ′]

With these and other lemmas that I will not include here , we can finally prove

the substitution lemma:
1 lemma SubstitutionLemma (M:LambdaTerm,N:LambdaTerm,P:LambdaTerm,x:Id,y:Id)

2 requires x!=y

3 requires !(x in free(P))

4 ensures alphaEquivalence(caSubstitution(caSubstitution(M,x,N),y,P),caSubstitution(caSubstitution(M,y,P),x,caSubstitution(N

,y,P)))

54



5 decreases lHeight(M)

6

7 {

8 match M

9 case Application(M1,M2) =>

10 {

11 SubstitutionLemma(M1, N, P, x, y);

12 SubstitutionLemma(M2, N, P, x, y);

13

14 var N_sub_y := caSubstitution(N, y, P);

15

16 var M1_left := caSubstitution(caSubstitution(M1, x, N), y, P);

17 var M1_right := caSubstitution(caSubstitution(M1, y, P), x, N_sub_y);

18 var M2_left := caSubstitution(caSubstitution(M2, x, N), y, P);

19 var M2_right := caSubstitution(caSubstitution(M2, y, P), x, N_sub_y);

20

21 var app_left := Application(M1_left, M2_left);

22 var app_right := Application(M1_right, M2_right);

23

24 ApplicationEquivalence(M1_left, M1_right, M2_left, M2_right);

25

26 var M_left_actual := caSubstitution(caSubstitution(M, x, N), y, P);

27 var M_right_actual := caSubstitution(caSubstitution(M, y, P), x, N_sub_y);

28

29 var inner_left := caSubstitution(M, x, N);

30 var inner_left_dist := Application(caSubstitution(M1, x, N), caSubstitution(M2, x, N));

31

32 SubstDistributesOverApp(M1, M2, x, N);

33 EqualTermsAreAlphaEquilvalent(P, P);

34 assert alphaEquivalence(inner_left,inner_left_dist);

35 assert alphaEquivalence(P,P);

36 CaSubstEquivalence(inner_left,P, inner_left_dist, P, y);

37

38 var mid_left := caSubstitution(inner_left_dist, y, P);

39 SubstDistributesOverApp(caSubstitution(M1, x, N), caSubstitution(M2, x, N), y, P);

40 AlphaEquivTransitive(M_left_actual, mid_left, app_left);

41

42 var inner_right := caSubstitution(M, y, P);

43 var inner_right_dist := Application(caSubstitution(M1, y, P), caSubstitution(M2, y, P));

44

45 SubstDistributesOverApp(M1, M2, y, P);

46 EqualTermsAreAlphaEquilvalent(N_sub_y, N_sub_y);

47 CaSubstEquivalence(inner_right,N_sub_y ,inner_right_dist, N_sub_y, x);

48

49 var mid_right := caSubstitution(inner_right_dist, x, N_sub_y);

50 SubstDistributesOverApp(caSubstitution(M1, y, P), caSubstitution(M2, y, P), x, N_sub_y);

51 AlphaEquivTransitive(M_right_actual, mid_right, app_right);

52

53 AlphaEquivSymmetric(M_right_actual, app_right);

54 AlphaEquivTransitive(M_left_actual, app_left, app_right);

55 AlphaEquivTransitive(M_left_actual, app_right, M_right_actual);

56

57 assert alphaEquivalence(caSubstitution(caSubstitution(M,x,N),y,P),caSubstitution(caSubstitution(M,y,P),x,

caSubstitution(N,y,P)));

58 }

59 case Lambda(z,M’)=>

60 {

61 var P_and_M := reunion(freeVec(P), vars(M’));

62 var N_P_M := reunion(freeVec(N), P_and_M);

63 var safe_ids := addition(x, addition(y, N_P_M));

64

65 var new_id := addAnUniqueId(safe_ids)[0];

66

67 assert !(new_id in safe_ids);

68 assert new_id != x && new_id != y;

69

70 NotInReunionSoNotInBoth(freeVec(N), P_and_M, new_id);

71 assert !(new_id in freeVec(N));

72 assert !(new_id in free(N));
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73

74 NotInReunionSoNotInBoth(freeVec(P), vars(M’), new_id);

75 assert !(new_id in freeVec(P));

76 assert !(new_id in free(P));

77 assert !(new_id in vars(M’));

78

79 var new_M := Lambda(new_id, substitution(M’, z, Var(new_id)));

80

81 SubstAlphaEquivalence(M’, z, new_id);

82

83 var safe_body := substitution(M’, z, Var(new_id));

84 assert alphaEquivalence(Lambda(z, M’), Lambda(new_id, safe_body));

85

86 assert alphaEquivalence(M, new_M);

87

88 subsitutionOfVarDoesNotChangeHeightFORVARIABLES(M’, z, Var(new_id));

89 assert lHeight(safe_body) == lHeight(M’) < lHeight(M);

90 SubstitutionLemma(safe_body, N, P, x, y);

91

92 var M’_left := caSubstitution(caSubstitution(safe_body, x, N), y, P);

93 var M’_right := caSubstitution(caSubstitution(safe_body, y, P), x, caSubstitution(N, y, P));

94 assert alphaEquivalence(M’_left, M’_right);

95

96 AlphaCongruenceLambda(new_id, M’_left, M’_right);

97 var left_result := Lambda(new_id, M’_left);

98 var right_result := Lambda(new_id, M’_right);

99 assert alphaEquivalence(left_result, right_result);

100

101

102

103 var inner_left_sub := caSubstitution(new_M, x, N);

104 assert x != new_id;

105

106 SubstPushesIntoSafeLambda(new_id, safe_body, x, N);

107 var pushed_inner_left := Lambda(new_id, caSubstitution(safe_body, x, N));

108

109

110 EqualTermsAreAlphaEquilvalent(P, P);

111 CaSubstEquivalence(inner_left_sub, P, pushed_inner_left, P, y);

112 var outer_left_sub := caSubstitution(inner_left_sub, y, P);

113

114

115 SubstPushesIntoSafeLambda(new_id, caSubstitution(safe_body, x, N), y, P);

116

117 AlphaEquivTransitive(outer_left_sub,

118 caSubstitution(pushed_inner_left, y, P),

119 left_result);

120

121 var N_sub_y := caSubstitution(N, y, P);

122 var actual_left := caSubstitution(caSubstitution(M, x, N), y, P);

123

124 EqualTermsAreAlphaEquilvalent(N, N);

125 CaSubstEquivalence(M, N, new_M, N, x);

126 CaSubstEquivalence(caSubstitution(M, x, N), P,

127 caSubstitution(new_M, x, N), P, y);

128

129 AlphaEquivTransitive(actual_left, outer_left_sub, left_result);

130

131

132 var inner_right_sub := caSubstitution(new_M, y, P);

133 SubstPushesIntoSafeLambda(new_id, safe_body, y, P);

134 var pushed_inner_right := Lambda(new_id, caSubstitution(safe_body, y, P));

135

136

137 EqualTermsAreAlphaEquilvalent(N_sub_y, N_sub_y);

138 CaSubstEquivalence(inner_right_sub, N_sub_y,

139 pushed_inner_right, N_sub_y, x);

140 var outer_right_sub := caSubstitution(inner_right_sub, x, N_sub_y);

141
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142

143 TheFreeOfCaSub(N, y, P, new_id);

144

145 SubstPushesIntoSafeLambda(new_id, caSubstitution(safe_body, y, P), x, N_sub_y);

146

147 AlphaEquivTransitive(outer_right_sub,

148 caSubstitution(pushed_inner_right, x, N_sub_y),

149 right_result);

150

151

152 var actual_right := caSubstitution(caSubstitution(M, y, P), x, N_sub_y);

153

154 EqualTermsAreAlphaEquilvalent(P, P);

155 CaSubstEquivalence(M, P, new_M, P, y);

156 CaSubstEquivalence(caSubstitution(M, y, P), N_sub_y,

157 caSubstitution(new_M, y, P), N_sub_y, x);

158

159

160 AlphaEquivTransitive(actual_left, left_result, right_result);

161 AlphaEquivSymmetric(outer_right_sub, right_result);

162 AlphaEquivTransitive(actual_left, right_result, outer_right_sub);

163 AlphaEquivSymmetric(actual_right, outer_right_sub);

164 AlphaEquivTransitive(actual_left, outer_right_sub, actual_right);

165

166 assert alphaEquivalence(

167 caSubstitution(caSubstitution(M, x, N), y, P),

168 caSubstitution(caSubstitution(M, y, P), x, caSubstitution(N, y, P))

169 );

170 }

171 case Var(z) => {

172 if (z == x) {

173 var partial_result_left := caSubstitution(M, x, N);

174 assert partial_result_left == N;

175

176 var left_result := caSubstitution(N, y, P);

177

178 var partial_result_right := caSubstitution(M, y, P);

179 assert partial_result_right == M;

180

181 var N_sub := caSubstitution(N, y, P);

182 var right_result := caSubstitution(partial_result_right, x, N_sub);

183 assert right_result == N_sub;

184

185 assert left_result == right_result;

186 EqualTermsAreAlphaEquilvalent(left_result, right_result);

187 }

188 else if (z == y) {

189 var partial_result_left := caSubstitution(M, x, N);

190 assert partial_result_left == M; // Because x != y

191

192 var left_result := caSubstitution(M, y, P);

193 assert left_result == P;

194

195 var partial_result_right := caSubstitution(M, y, P);

196 assert partial_result_right == P;

197

198 var N_sub := caSubstitution(N, y, P);

199

200 var right_result := caSubstitution(P, x, N_sub);

201

202 NoFreeVariablesToReplace(P, x, N_sub);

203

204 AlphaEquivSymmetric(right_result, P);

205 assert alphaEquivalence(left_result, right_result);

206

207 }

208 else {

209 var partial_result_left := caSubstitution(M, x, N);

210 assert partial_result_left == M;
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211

212 var left_result := caSubstitution(partial_result_left, y, P);

213 assert left_result == M;

214

215 var partial_result_right := caSubstitution(M, y, P);

216 assert partial_result_right == M;

217

218 var N_sub := caSubstitution(N, y, P);

219 var right_result := caSubstitution(partial_result_right, x, N_sub);

220 assert right_result == M;

221

222 assert left_result == right_result;

223 EqualTermsAreAlphaEquilvalent(left_result, right_result);

224 }

225 }

226 }

The rest of the main lemmas interact directly with ↠. To work with them, we need to

make a lemma that makes the transfer of the parallelReduction between alpha equiva-

lent terms easier, this lemma suffered many changed and was done with the assist of

Claude AI:
1 lemma ParallelReductionAlphaInvariance(t1: LambdaTerm, t2: LambdaTerm, t1’: LambdaTerm, t2’: LambdaTerm)

2 requires parallelReduction(t1, t2)

3 requires alphaEquivalence(t1, t1’)

4 requires alphaEquivalence(t2, t2’)

5 ensures parallelReduction(t1’, t2’)

6 decreases lHeight(t1), 0

7 {

8 if alphaEquivalence(t1, t2) {

9 AlphaEquivSymmetric(t1, t1’);

10 AlphaEquivTransitive(t1’, t1, t2);

11 AlphaEquivTransitive(t1’, t2, t2’);

12 return;

13 }

14 match t1 {

15 case Var(z) => {

16 assert false;

17 }

18 case Lambda(x, body1) => {

19 var r :| parallelReduction(body1, r) && alphaEquivalence(Lambda(x, r), t2);

20 NonLambdaAlphaEquivalence(t1, t1’);

21 match t1’ {

22 case Lambda(x’, body1’) => {

23 ParRedAlphaUnderBinder(x, body1, r, x’, body1’);

24 var RR :| parallelReduction(body1’, RR) && alphaEquivalence(Lambda(x’, RR), Lambda(x, r));

25 AlphaEquivTransitive(Lambda(x’, RR), Lambda(x, r), t2);

26 AlphaEquivTransitive(Lambda(x’, RR), t2, t2’);

27 ParRedLambdaIntro(x’, body1’, RR, t2’);

28 }

29 case _ => {}

30 }

31 }

32 case Application(t1a, t1b) => {

33 NonApplicationAlphaEquivalence(t1, t1’);

34 match t1’ {

35 case Application(t1a’, t1b’) => {

36 ApplicationEquivalenceDown(t1a, t1b, t1a’, t1b’);

37 if t2.Application? && parallelReduction(t1a, t2.t1) && parallelReduction(t1b, t2.t2) {

38 NonApplicationAlphaEquivalence(t2, t2’);

39 match t2’ {

40 case Application(t2a’, t2b’) => {

41 ApplicationEquivalenceDown(t2.t1, t2.t2, t2a’, t2b’);

42 ParallelReductionAlphaInvariance(t1a, t2.t1, t1a’, t2a’);

43 ParallelReductionAlphaInvariance(t1b, t2.t2, t1b’, t2b’);

44 assert parallelReduction(t1a’, t2a’) && parallelReduction(t1b’, t2b’);

58



45 }

46 case _ => {}

47 }

48 } else {

49 match t1a {

50 case Lambda(x, M) => {

51 var M’, N’ :| parallelReduction(M, M’) && parallelReduction(t1b, N’)

52 && alphaEquivalence(t2, caSubstitution(M’, x, N’));

53 NonLambdaAlphaEquivalence(t1a, t1a’);

54 match t1a’ {

55 case Lambda(x’, body’) => {

56 ParRedAlphaUnderBinder(x, M, M’, x’, body’);

57 var M’’ :| parallelReduction(body’, M’’)

58 && alphaEquivalence(Lambda(x’, M’’), Lambda(x, M’));

59 EqualTermsAreAlphaEquilvalent(N’, N’);

60 ParallelReductionAlphaInvariance(t1b, N’, t1b’, N’);

61 AlphaEquivSymmetric(Lambda(x’, M’’), Lambda(x, M’));

62 SubstRespectsBinderAlpha(x, M’, x’, M’’, N’);

63 AlphaEquivSymmetric(t2, t2’);

64 AlphaEquivTransitive(t2’, t2, caSubstitution(M’, x, N’));

65 AlphaEquivTransitive(t2’, caSubstitution(M’, x, N’), caSubstitution(M’’, x’, N’));

66 ParRedBetaIntro(x’, body’, t1b’, M’’, N’, t2’);

67 }

68 case _ => {}

69 }

70 }

71 case _ => {}

72 }

73 }

74 }

75 case _ => {}

76 }

77 }

78 }

79 }

80

With these lemmas done we can prove the main lemmas, to not clutter the project, I

will not include the main lemmas as they are very long because of the many helper

lemmas needed (as we can see with lemma A2 or Substitution lemma).

4.4 Parallel Reduction closure

To be able to finish the proof, we need to make a ↠ closure (↠∗) and beta reduc-

tion closure (that is named betaReductionsClosure), we use the same termination trick

that we also used for normal order and Turing machines to prove their termination:

1 ghost predicate parallelReductionInNSteps

2 (t1:LambdaTerm,t2:LambdaTerm,n:nat)

3 decreases n

4 {

5 if n==0 then alphaEquivalence(t1,t2)

6 else
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7 exists t’:LambdaTerm:: parallelReduction(t1,t’) &&

parallelReductionInNSteps(t’,t2,n-1)

8 }

9

10 ghost predicate parallelReductionClosure(t1:LambdaTerm,t2:LambdaTerm)

11 {

12 exists n:nat::parallelReductionInNSteps(t1,t2,n)

13 }

14

15 lemma parallelReductionClosureReflexive(t1:LambdaTerm)

16 ensures parallelReductionClosure(t1,t1)

17 {

18 EqualTermsAreAlphaEquilvalent(t1,t1);

19 assert alphaEquivalence(t1,t1);

20 assert parallelReductionInNSteps(t1,t1,0);

21 }

22 predicate betaReductionClosure (t1:LambdaTerm,t2:LambdaTerm)

23 {

24 exists n:nat::n<numberOfPossibleReducations(t1) &&

betaReductionStep(t1,n)==t2

25 }

26

27

28 ghost predicate betaReducationInNSteps

29 (t1:LambdaTerm,t2:LambdaTerm,n:nat)

30 decreases n

31 {

32 if n==0 then alphaEquivalence(t1,t2)

33 else

34 exists s:LambdaTerm, t’:LambdaTerm ::

35 alphaEquivalence(t1,s) && betaReductionClosure(s,t’) &&

betaReducationInNSteps(t’,t2,n-1)

36 }

37

38 ghost predicate betaReducationsClosure(t1:LambdaTerm,t2:LambdaTerm)

39 {
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40 exists n:nat:: betaReducationInNSteps(t1,t2,n)

41 }

42

We prove that ↠∗ has the diamond property and then bridge it to the

betaReductionsClosure to be able to prove that →∗
β has the diamond property.

1 lemma ParClosurePrepend(a:LambdaTerm, b:LambdaTerm, c:LambdaTerm)

2 requires parallelReduction(a, b)

3 requires parallelReductionClosure(b, c)

4 ensures parallelReductionClosure(a, c)

5 {

6 var n:nat :| parallelReductionInNSteps(b, c, n);

7 assert parallelReductionInNSteps(a, c, n+1);

8 }

9 lemma StripLemma(a:LambdaTerm,b:LambdaTerm,c:LambdaTerm,n:nat)

10 requires parallelReduction(a, b)

11 requires parallelReductionInNSteps(a, c, n)

12 ensures exists d:LambdaTerm ::parallelReductionClosure(b, d) && parallelReduction(c, d)

13 decreases n

14 {

15 if n==0{

16

17 assert alphaEquivalence(a,c);

18 assert parallelReduction(a,b);

19 EqualTermsAreAlphaEquilvalent(b,b);

20 ParallelReductionAlphaInvariance(a,b,c,b);

21 assert parallelReduction(b,b);

22 assert parallelReduction(c,b);

23 assert parallelReductionInNSteps(b,b,0);

24 assert parallelReductionInNSteps(c,b,1);

25

26 }

27 else

28 {

29 var next_a :| parallelReduction(a, next_a) && parallelReductionInNSteps(next_a, c, n-1);

30 DiamondLemma(a, b, next_a);

31 var e :| parallelReduction(b, e) && parallelReduction(next_a, e);

32 StripLemma(next_a, e, c, n-1);

33 var d :| parallelReductionClosure(e, d) && parallelReduction(c, d);

34 ParClosurePrepend(b, e, d);

35 assert parallelReductionClosure(b, d) && parallelReduction(c, d);

36 }

37 }

38

39 lemma ClosureDiamond(a:LambdaTerm, b:LambdaTerm, c:LambdaTerm, n:nat)

40 requires parallelReductionInNSteps(a, b, n)

41 requires parallelReductionClosure(a, c)

42 ensures exists d:LambdaTerm :: parallelReductionClosure(b, d) && parallelReductionClosure(c, d)

43 decreases n

44 {

45 if (n==0)

46 {

47 assert alphaEquivalence(a, b);

48 AlphaEquivSymmetric(a, b);

49 ParClosurePrepend(b, a, c);

50 parallelReductionClosureReflexive(c);

51 assert parallelReductionClosure(b, c) && parallelReductionClosure(c, c);

52

53 }

54 else

55 {

56 var a_next :| parallelReduction(a, a_next) && parallelReductionInNSteps(a_next, b, n-1);

57 var m:nat :| parallelReductionInNSteps(a, c, m);

58 StripLemma(a, a_next, c, m);
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59 var e :| parallelReductionClosure(a_next, e) && parallelReduction(c, e);

60 ClosureDiamond(a_next, b, e, n-1);

61 var d :| parallelReductionClosure(b, d) && parallelReductionClosure(e, d);

62 ParClosurePrepend(c, e, d);

63 assert parallelReductionClosure(b, d) && parallelReductionClosure(c, d);

64 }

65 }

66

67

68 lemma ParallelClosureHasDiamond(a:LambdaTerm, b:LambdaTerm, c:LambdaTerm)

69 requires parallelReductionClosure(a, b)

70 requires parallelReductionClosure(a, c)

71 ensures exists d:LambdaTerm :: parallelReductionClosure(b, d) && parallelReductionClosure(c, d)

72 {

73 var m:nat :| parallelReductionInNSteps(a, b, m);

74 ClosureDiamond(a, b, c, m);

75 }

76

The conclusion of all of these lemmas, the Church-Rosser theorem, has been readjusted

with alpha equivalence in mind :

Let a, b, c, d ∈ LT , if a →∗
β b and a →∗

β c then ∃d1, d2 ∈ LT .b →∗
β d1 ∧ c →∗

β d2 ∧ d1 =α d2

or →∗
β has the diamond property.

1 lemma ChurchRosser(a:LambdaTerm, b:LambdaTerm, c:LambdaTerm)

2 requires betaReducationsClosure(a, b)

3 requires betaReducationsClosure(a, c)

4 ensures exists d1:LambdaTerm, d2:LambdaTerm ::

5 betaReducationsClosure(b, d1) &&

6 betaReducationsClosure(c, d2) &&

7 alphaEquivalence(d1, d2)

8 {

9 BetaStarToParStar(a, b);

10 BetaStarToParStar(a, c);

11 ParallelClosureHasDiamond(a, b, c);

12 var d :| parallelReductionClosure(b, d) &&

parallelReductionClosure(c, d);

13 ParStarToBetaStar(b, d);

14

15 var d1 :| betaReducationsClosure(b, d1) &&

16 alphaEquivalence(d1, d);

17 ParStarToBetaStar(c, d);

18

19 var d2 :LambdaTerm:|

20 betaReducationsClosure(c, d2) &&
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21 alphaEquivalence(d2, d);

22

23 AlphaEquivSymmetric(d2, d);

24 AlphaEquivTransitive(d1, d, d2);

25 }

26

4.5 The use of artificial intelligence to help prove this

theorem and this project overall

In this project, I have used both Google Gemini lightly and Claude AI to assist in

the project. I used Google Gemini as a conversational agent to ask what is wrong with

my approach and code and other things surrounding errors, I debated with it about

the correctness of a Turing Machine that i have built for Circuit Satisfaction but sadly

that part of the project was scrapped and now is outdated code.

I have used Google Gemini lightly to assist in stylising the project, with strict

instruction, and mainly in the main tex file with the rearranging the order of includes,

the lstdefinelanguage and idea with how to format the code snippets in this project.

I have also asked with help to complete the proof for the Formal proof of a Tur-

ing machine in chapter one and a bit in the lambda calculus part (specifically the

newIdsDueToSubstitution lemma) .

I have had an much deeper interaction with Claude AI: I observed from prior

experience that even the free plan is better than the premium version of Google Gemini

that was offered for free by the university so I started to use it in the same way as

Google Gemini, a conversational agent, to help me with this part of the project.

The astronomical underlying difficulty of this demonstration combined with of

the problems that alpha equivalence and CA substitution have caused (they are very

expensive and complex with recursion so if there wasn’t a thing surrounding them

that wasn’t proved immediately, in most cases it will not give the standard error, but

a much annoying error that the verifier couldn’t prove the lemma/function after 20

seconds of trying) made me cave and buy the a premium subscription of Claude AI to

use it as an autonomous agent in my project.

I have installed the desktop app and gave strict instructions to help me with the
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main and helper lemmas (more on the helper lemmas), by proving some helper lem-

mas that i have been stuck to for hour and assist in completing some of the main lem-

mas. Usually, I still asked to tell me the solution like a conversational agent in most of

the cases but now, with access to my project and the Dafny verifier, it could assist me

with much more accuracy.

Claude is surprisingly, terrifyingly may I add, powerful and was able to assist me

into finishing the last part (found in betabridge.dfy and parallelReductionClosure.dfy

file) and the main lemma but I think relying on it too many disadvantages. I forced it

to ask for permission for every action (most of them was to verify with Dafny its code

and the code that i have written and to write in files), and when it wanted to write

anything, I forced it to write in a new file and not any other files. The lemmas that it

provided were correct, but they were very demanding, long and drawn out, they felled

pretty unordered (which is rather strange) and on the brink of not verifying.

Still, Claude wasn’t invincible against oversights and mistakes, one of the main

problems was its insistance to make new lemmas, the time that it took to figure out a

solution (once, it took 40 minutes to think alone)

I have learned many techniques from it like using {: vcs_split_on_every_assert}

to be able to successfully verify long lemmas with many complicated assertions and

value extractions (varx : |property(x)) .

I have also asked to finish the proof as the proof itself using Lemma A1 and A7

wasn’t made fully. To be more precise, firstly i asked it to sketch a proof of lemma A1:

can you make a sketch of Lemma A.1 and with assumes for the final demonstration?

The sketch was a decent beginning in the process of proving it but there were

some clear mistakes and repeated code: In the old diamond.dfy file, I already had a

clear implementation of ↠∗ that used but it decided to add two function: parReducesInN

that defines a termination in n steps, and parReducesStar that is a version of ↠∗. This

implementation was more the redundant, it was faulty as for the n = 0 case it used

the syntactic equal instead of alpha equivalence, and with the discussion about alpha

equivalency and equal, you can tell why this may be a problem.

Because of the faulty premise that Claude itself made without it needing it, some

parts of the sketch were also incorrect as it states here after i pointed out the already

made functions :

Your base case is alphaEquivalence(t1,t2) (line 319), not t1 == t2 like the sketch I gave.
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That’s actually the better choice — it makes parallelReductionClosure -closed at both

ends, which you’ll want when bridging to →*. But it means the A.1 helpers I sketched

need a small adjustment

There were rare cases were I didn’t understand the steps taken in proving the

lemmas so I asked Claude with an explanation, this example is a part of the lemma A7

proof where the author implicitly skipped a step :

I am now blocked specifically at P =» P” , from lemma A6 we know that Lambda(x,P)

=» P” but in the paper it seems that they jump over that directly to P=» P” , i only

want ideas to this problem, no code

Claude clarified the fact that the author used the lemma A5 directly, without clar-

ifying it:

The "jump" in the paper is an implicit use of Lemma A.5 (-inversion) — the same

LambdaParallelLemma you already used in case 2b.

Another example of its shortsightedness is when i prepared myself to fully prove

lemma A7: I put it to analyse the files that contains all my work surrounding the

Church-Rosser proof and them to give me an idea of what helper lemmas may I need

in addition with what I have already. It told me the make lemma A5 and lemma A6,

even though they already were there. When i pointed those lemmas, it figured out that

they are lemmas A5 and A6.

Due to the enormous amount of lines that the few files that i have used for the

Church-Rosser Theorem have gotten, I had to make a complete structural refactoring of

it that made the project rather unstable in the sense of the prover having the possibility

of randomly dying (as it couldn’t prove even basic lemmas). I am convinced that with

a different approach on it and a complete refactoring of CA Substitution and maybe

alpha equivalency or other parts of proof of the Church-Rosser theorem , I can get rid

of many lemmas that have been created or assisted by Claude AI, this is a failure in my

part but I think Claude was only a patch to a way bigger issue.
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Conclusions and related articles

This project was a wonderful opportunity to explore in depth the nuances of com-

putational models to be able to understand more deeply how they work and to make

applications based on them. It is also taught me the importance of defining an end to

your program and to be more careful around the way you write programs.

As I have said many times, this project isn’t perfect but it can be improved and

be expanded to prove many theorems surrounding complexity, computation and even

the way a programming language evaluates functions. Still, this is a thorough, fully

verified project that managed to formalize two computational models.

Dafny is a really powerful formalization tool and programming languages that

manages to bridge mathematical proofs with practical programs by raising the under-

standing and trusting the viability of algorithms and theorems.

While there are other articles that touch some points of my project, specifically

the Lambda Calcus and Church-Rosser proof, they are in other theorem provers like

Coq (Rocq), Lean, or Isabelle/HOL [3], that lean more into the mathematical side than

the informatics mechanics side like Dafny does.

The closest article to my formalization in Dafny of the Turing machine is the ar-

ticle "How to Verify a Turing Machine with Dafny" by Edgar F. A. Lederer [2] but fun-

damentally, we achieve different goals: Their article is more about proving that two

specific Turing machines halts while my project is oriented more about the formaliza-

tion of the general Turing Machine.Other distinctions are: what they refer as TM is

actually DTM, they have worked indirectly with δ by making an imperative program

that behaves likes one while I have clear data structure for it, his tape is finite and

works like the mathematical notations while my tape is infinite and many.

This project can go in many directions in the future and holds many possibilities

in regards to Lambda Calculus and Turing machines.
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