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Case Study & Motivation

Why Formally Verify Deductive Systems?

Formal verification of a program provides complete certainty that it will behave as
intended.

-> Developing, and then verifying, deductive systems can speed up some applications by
using proof by reflection.

-> Exploration of Dafny capabilities in meta-theory verification.

- Findings on the current state of Al tools in Dafny proof engineering.
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3 Formalizations of Natural Deduction
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[1] Course “Logica pentru Informatica” 2025-2026, FIl UAIC
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Height-Bounded Judgment

Height-indexed recursion

Derivation Trees
Tree-like proof objects

Least Predicates

least inductive relation

Target: Prove Soundness and
Completeness theorems.
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Syntax & Semantics: Propositional Logic

= value(phi, tau)
) = value(psi, tau)

datatype Formula = Var(name: string) ghost predicate conseq(

| Not (f: Formula) gamma : set<Formula>, psi : Formula)
| And (left: Formula, right: Formula) {

| or (left: Formula, right: Formula) forall tau

| Impl(left: Formula, right: Formula) (forall phi :: phi in gamma

|

Bottom | Top
type TruthAssignment = string — bool }

function value(f: Formula, a: TruthAssignment): bool {
match f

case Var(x)
case Not(g)
case And(g, h)
case Implies(p, q)
case Bottom
case Top

a(x)

lvalue(g, a)

value(g, a) & value(h, a)
tvalue(p, tau) || value(q, tau)
false

N A R

true

}
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1. Natural Deduction by: Height-Bounded Derivability

ghost predicate NDMaxHeight(gamma: set<Formula>, phi: Formula, proofHeight: nat)
requires proofHeight > 0

decreases proofHeight, 1
{
TopIntro(gamma, phi, proofHeight)
‘ Hypothesis(gamma, phi, proofHeight)

OrElimination(gamma, phi, proofHeight)
// more analogous branches

ghost predicate OrElimination(gamma: set<Formula>, phi: Formula, proofHeight: nat)
decreases proofHeight, 0
{

proofHeight > 0 & exists phil, phi2 ::
NDMaxHeight(gamma, Or(phil, phi2), proofHeight - 1) &&
NDMaxHeight(gamma + {phil}, phi, proofHeight - 1) &6
NDMaxHeight(gamma + {phi2}, phi, proofHeight - 1) }
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1. Natural Deduction by: Height-Bounded Derivability

ghost predicate NDProof(gamma: set<Formula>, phi: Formula)

{

exists proofHeight : nat
proofHeight > 0 &6
NDMaxHeight(gamma, phi, proofHeight)
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1. Natural Deduction by: Height-Bounded Derivability

lemma Soundness(gamma : set<Formula>, phi : Formula)
requires NDProof(gamma, phi)
ensures conseq (gamma, phi)

{ .1}
lemma Completeness(gamma : set<Formula>, beta : Formula)

requires conseq (gamma, beta)
ensures NDProof(gamma, beta)

{ .1}
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Natural Deduction: Completeness

01

Semantic Deduction

Integrate the assumptions into
the formula as nested
implications.

Prove it's a semantical tautology.

r={a,, a,, .., a}

conseq(r, B)

= conseq({},
(a,2(a,>(... 2B)...)
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02

Prove Tautologies

Show that there is a derivation
from empty context for any
semantical tautology.

conseq({}, (a,—> ..))
= NDProof({}, (a,— ..))

Completeness Target:
conseq(r, B) = NDProof(r, B)

Following the 3 step proof proposed by Carmen Bruni in CS245, University of Waterloo[2].

03

Sequent Recovery

Based on the derivation from
empty context, move the
antecedents of the nested
implications back into the
context.

NDProof({}, (a,— ..))
= NDProof({a,}, (a,— ..))
= NDProof(r, B)
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2. Natural Deduction by: Derivation Trees
Representing derivations directly as an explicit data structure

HypothesisNode(gamma: set<Formula>, phi': Formula)

datatype DerivationTree =

| AndEliminationiNode(gamma: set<Formula>, phi': Formula, psi: Formula,
child: DerivationTree)

// more analogous branches

ghost predicate NDDTValid(dt : DerivationTree)
decreases dt

{

match dt
case HypothesisNode(gamma, phi') = phi' in gamma

case AndEliminationiNode(gamma, phi', psi, child) =
NDDTValid(child) &6
RootGamma(child) = gamma &&
RootFormula(child) = And(phi', psi)

// more analogous branches
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2. Natural Deduction by: Derivation Trees

ghost predicate NDDTProof(gamma : set<Formula>, phi : Formula)

{
exists dt
NDDTValid(dt) &&
RootGamma(dt) = gamma &&
RootFormula(dt) = phi
}
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2. Natural Deduction by: Derivation Trees

lemma NDDTSoundness(gamma : set<Formula>, phi : Formula)
requires NDDTProof(gamma, phi)
ensures conseq (gamma, phi)

{ .}
lemma NDDTCompleteness(gamma : set<Formula>, beta : Formula)

requires conseq (gamma, beta)
ensures NDDTProof(gamma, beta)

{ .1}
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3. Natural Deduction by: Least Predicates
Least Predicated ND: Smallest closed relation closed under the ND rules.

least predicate LEP_ND[nat](gamma : set<Form>, phi : Form)
{
phi in gamma
phi = Top
(exists phil, phi2 ::
phi = Implies(phil, phi2) &&
LEP_ND(gamma + { phil }, phi2))
//more analogous branches

}
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2. Natural Deduction by: Derivation Trees

least lemma Soundness(gamma : set<Formula>, phi : Formula)
requires LEP_ND(gamma, phi)
ensures conseq (gamma, phi)

{ .1}
least lemma Completeness(gamma : set<Formula>, beta : Formula)

requires conseq (gamma, beta)
ensures LEP_ND (gamma, beta)

{ .1}
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Comparisons of Formalization Approaches

Approach Number of clauses Collective RU, 1M = 1 Million
Requires 78
. Ensures 90 Soundness: 1.5M
Height-Bounded Assert 471 Completeness: 155.3M

Lines of code: 1,840

Requires 40
Ensures 66 Soundness: 1.3M
Derivation Trees Assert 449 Completeness: 94.6M

Lines of code: 1,544

Requires 52
) Ensures 67 Soundness: 81.9M
Least Predicates Assert 241 Completeness: 6.1IM

Lines of code: 1,212
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Generative Al in Formal Verification
Evaluating Claude Sonnet 4.5 and OpenAl Codex in Dafny

Al Verification Strengths Observed Limitations
®  Generating inductive proof skeletons ® Fragile effective context window for complex
Dafny tasks

o Inferring nested case structures
®  Frequent specification drift and incomplete
®  Constructing routine auxiliary data-structure auxiliary lemmas
lemmas

Key Conclusion: While Al excels at local structure generation, its limitations mean that human-guided proof
engineering remains essential for final verification.
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