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method BinarySearch(a: array<int>, key: int) returns (index: 1int)

var low := @;
var high := a.length;
while low < high

var mid := low + (high - low) / 2;
it a[mid] < key {
low := mid + 1;
} else 1f a[mid] > key {
high := mid;
} else {
index := mid;
return;




method BinarySearch(a: array<int>, key: int) returns (index: 1int)
requires forall 1, j :: @ <=1 < J < a.Length ==> a[1] <= a[]]
ensures index == -1 ==> forall 1 :: @ <= 1 < a.length ==> a[1] I= key
ensures @ <= 1ndex < a.lLength ==> a[index] == key

var low := @;
var high := a.length;
while low < high

var mid := low + (high - low) / 2;
it a[mid] < key {
low := mid + 1;
} else 1f a[mid] > key {
high := mid;
} else {
index := mid;
return;




method BinarySearch(a: array<int>, key: int) returns (index: 1int)
requires forall 1, j :: @ <=1 < J < a.Length ==> a[1] <= a[]]
ensures index == -1 ==> forall 1 :: @ <= 1 < a.length ==> a[1] I= key
ensures @ <= 1ndex < a.lLength ==> a[index] == key

var low := @;

var high := a.length;

while low < high
invariant @ <= low <= high <= a.Length
invariant forall 1 :: @ <=1 < low ==> a[i] < key
invariant forall 1 :: high <= 1 < a.lLength ==> a[1] > key
decreases high - low

var mid := low + (high - low) / 2;
it a[mid] < key {
low := mid + 1;
} else 1f a[mid] > key {
high := mid;
} else {
index := mid;
return;
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datatype Term = Term(name: string, coeftf: Rational)
datatype LinearkExpr = LinearExpr(terms: seg<Term>, constant: Rational)

datatype Inequality = Inequality(left: LinearExpr, right: LinearExpr)
datatype IneqgSystem = IneqSystem(inegs: seg<Inequality>)

type Valuation = string -> 1int

function EvalTerm(t: Term, val: Valuation): Rational

requires validRational(t.coeff)
ensures validRational(EvalTerm(t, val))

1
multiply(t.coeff, IntToRational(val(t.name)))

¥

ghost predicate SystemHolds(sys: IneqSystem, val: Valuation) //ineqgsSYstemholds
requires ValidSystem(sys)

{

forall 1 :: @ <= 1 < |sys.ineqs| ==> EvalInequality(sys.ineqs[i], val)

}




method RealShadow(sys: IneqSystem, elimOrder: seg<string>) returns (reduced: InegSystem)
//... (7 more specifications)

ensures forall val :: SystemHolds(sys, val) ==> SystemHolds(reduced, val)

reduced := sys;

var 1 := 0;
while i < |elimOrder|
//... (6 more invariants)
{
var x := elimOrder[i];
var proj := Combinelneqgs(reduced, Xx);
VT

var newReduced := NormalizeSystem(proj);

W

reduced := newReduced;

W

=1 + 1;




method DarkShadow(sys: IneqSystem, elimOrder: seqg<string>) returns (reduced: InegSystem)
//... (8 more specifications)
ensures (exists v :: SystemHolds(reduced, v)) ==> (exists w :: SystemHolds(sys, w))

reduced := sys;

var 1 := 0;
while i < |elimOrder|
// ... (6 more invariants)

{

var x := elimOrder[i];
var prevReduced := reduced;
reduced := DarkEliminateStep(prevReduced, x);

VA

=1 + 1;




method OmegaTest(sys: InegSystem, elimOrder: seq<string>) returns (sat: bool)
//... (5 more specifications)
ensures sat ==> (exists v :: SystemHolds(sys, Vv))
ensures !sat ==> (forall v :: !SystemHolds(sys, Vv))

[l <o

//Verification of variable-free system
//Dark Shadow
//Real Shadow

' Y

while ( j < |ps.neg| && !anySubproblemSat)
/] ...

{
while (i <= maxOffset && !anySubproblemSat)

/[l ...

{
// build eq := ax = L+i
//sysReplaced : Sys + eq

var GreyValid := OmegaTest(sysReplaced, elimOrder);
/] ...
t

Y
sat := anySubproblemSat;
return;

¥
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Dafny element Count

Methods 59

Functions 46

Total verification time 7m 51s Lemmas 151
Requires 991

Ensures 346

Invariants 146
Assertions 1944
Code lines 9285




method IsolateVariableOnLeft(ineq: Inequality, varName: string) returns (newIneq: Inequality)
requires VarOnLeft(ineq, varName)
ensures VarOnLeft(newIneq, varName) && forall val ::
EvalInequality(ineq, val) <==> Evallnequality(newIneq, val)

var 1 := 0;
var leftTerms: seq<Term> := [];
var rightTerms: seg<Term> := [];
var rightConstant := ineq.right.constant - ineq.left.constant;
while i < |ineq.left.terms|
decreases |ineqg.left.terms| - i
invariant @ <= i <= |ineq.left.terms|
invariant forall j :: @ <= j < i1 ==> (ineq.left.terms[j].name == varName ==
ineq.left.terms[j] in leftTerms)
invariant forall j :: @ <= j < i1 ==> (ineq.left.terms[j].name != varName ==
Term(ineq.left.terms[j].name, - ineq.left.terms[j].coeff) in rightTerms)

var t := ineqg.left.terms[i];

if t.name != varName {

rightTerms := rightTerms + [Term(t.name, -t.coeff)];
} else {

leftTerms := leftTerms + [t];

newIneq := Inequality(LinearExpr(leftTerms, ©), LinearExpr(rightTerms, rightConstant));
return newlneq;




7. Summary of What You Need

1. Fix VaronLeft

2. Remove membership invariants

while i < |ineq.left.terms| | . _
decreases |ineq.left.terms| - i 3. Add semantic pI'E"FIJ{ Invariant
invariant @ <= i <= |ineq.left.terms|
invariant forall val ::
SumTerms(ineq.left.terms[..1], val) ==

SumTerms(leftTerms, val) - SumTerms(rightTerms, val) After that, this method verifies L'Z|EEIFI|}'.

4. Add small append lemma

var t := ineq.left.terms[i];

if t.name != varName {

rightTerms := rightTerms + [Term(t.name, -t.coeff)];
forall val

{
SumAppend(rightTerms[..|rightTerms|-1], Term(t.name, -t.coeff), val);

)
} else {
leftTerms := leftTerms + [t];
forall val
{
SumAppend(leftTerms[..|leftTerms|-1], t, val);
I
}
1 :=1+ 1;



method PartitionPosIneq(ineq: Inequality, x: string, coeff x: Rational, other terms: seq<Term>)

returns (res: Inequality)

requires NormalizedInequality(ineq)

requires coeff x == SumCoeff(ineq.left.terms, x)

requires coeff x.val > 0.0

requires other_terms == FilterNotX(ineq.left.terms, x)

requires UniqueTerms(other_ terms)

ensures ValidTerms(res.left.terms) && ValidTerms(res.right.terms)

ensures UniqueTerms(res.left.terms) && UniqueTerms(res.right.terms)

ensures validRational(res.left.constant) && validRational(res.right.constant)

ensures res.left.constant == Rational(@, 1, 0.0)

ensures |res.left.terms| == 1 && res.left.terms[@].name == x

ensures res.left.terms[0@].coeff == coeff x

ensures forall i :: @ <= i < |res.right.terms| ==> res.right.terms[i].name != x
ensures EquivalentInequalities(ineq, res)

ensures forall y :: !TermInIneqg(ineq, y) ==> !TermInIneq(res, y)

ensures IntegerCoeffIneq(ineq) ==> IntegerCoefflneq(res)

var x_term := FormTerm(coeff x, Xx);
var neg_other_terms := NegateTermSeq(other_terms);
var left terms := [x _term];

res := Inequality(LinearExpr(left_terms, Rational(®, 1, 0.0)),
LinearExpr(neg_other_ terms, ineq.right.constant));




Conclusions

The implementation for the Omega Test was used as the basis for a
paper entitled Formalizing the Omega Test in Dafny.

Authors: Ariadna Branici-Faraon, Stefan Ciobaca, Diana-Elena Gratie
Submitted to: Working Formal Methods Symposium, 2026
Number of pages: 9

To our knowledge, this is the first verified full implementation of the
Omega Test.

Future Work: extend the project to a fully verified SMT solver.
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