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Abstract. Coinduction is a major technique employed to prove behav-
ioral properties of systems, such as behavioral equivalence. Its automa-
tion is highly desirable, despite the fact that most behavioral problems
are I13-complete. Circular coinduction, which is at the core of the CIRC
prover, automates coinduction by systematically deriving new goals and
proving existing ones until, hopefully, all goals are proved. Motivated
by practical examples, circular coinduction and CIRC have been recently
extended with several features, such as special contexts, generalization
and simplification. Unfortunately, none of these extensions eliminates
the need for case analysis and, consequently, there are still many nat-
ural behavioral properties that CIRC cannot prove automatically. This
paper presents an extension of circular coinduction with case analysis
constructs and reasoning, as well as its implementation in CIRC. To uni-
formly prove the soundness of this extension, as well as of past and future
extensions of circular coinduction and CIRC, this paper also proposes a
general correct-extension technique based on equational interpolants.

1 Introduction

Automated theorem proving is a subject of high interest in computer science, fre-
quently used in industry for hardware and software verification. Coinduction is a
proof technique for properties over infinite data structures (which typically model
behaviors of reactive systems) or for behavioral properties. Since coinduction is
too complex to be automated in its full generality, existing tools attempt to im-
plement simpler, algorithmic variants which work in many practical cases. Such
a tool is CIRC [Luc09a], which implements circular coinduction [Gog00,Ros09].
Circular coinduction has been recently extended with special contexts [Luc09b],
generalization and simplification rules [Gor09]. Many computer experiments with
CIRC led us to the necessity of introducing and automating case reasoning.
Case analysis is a fundamental algebraic/coalgebraic reasoning technique
whose importance has been early noticed and which has been partly investigated
(see, e.g., [Bou93,Gog02]). Automating case analysis in its full generality is a dif-
ficult task, which would certainly lead to expensive, non-terminating procedures.



In this paper we investigate practical means to incorporate limited but effective
support for automatic case analysis in coinductive provers, such as CIRC.

We start by discussing two motivating examples that emphasize the impor-
tance of case analysis when proving properties by coinduction.

A stream is an infinite-list data structure ai:as:as ... which can be used to
model infinite behaviors. Considering the stream observers hd and tl, defined by
hd(a:s) = a and tl(a:s) = s, to prove a stream equality s = s’ by coinduction
one needs to find a set of pairs R = {u; = v; | ¢ € I}, which contains the pair
s = s’ and which is a congruence with respect to hd and l, i.e., u = v € R
implies hd(u) = hd(v) and tl(u) = tl(v) € R [Rut05,Ros09].

Ezample 1. We present a situation where case analysis over a term of enumerable
sort is needed. We assume that the bitwise negation operator, not, is defined over
streams of bits using the auxiliary bit-complement operation . The function f
creates an infinite alternating bit stream, starting with a given first element:

0=1 1=0 hd(f(a)) =a

hd(not(s)) = hd(s) hd(tl(f(a))) =a

H(not(s)) = not(tl(s)) H(H(f(a))) = f(a)
Above, s is a variable of sort stream and a is a variable of sort bit. Let us
prove f(a) = not(f(a)) by coinduction. Take R = {f(a) = not(f(a)), ti(f(a)) =
tl(not(f(a)))}. For the first pair, hd(f(a)) = hd(not(f(a))) holds. This property
can only be checked by making a case analysis over a, which takes values from
{0,1}. Further, #(f(a)) = tl(not(f(a))) is reduced to ti(f(@)) = not(tl(f(a))) €
R. For the second pair, the reasoning is similar. When checking for congruence
w.r.t. hd, another case analysis over a is needed.

We show in this paper that, when the system knows that certain terms are
of enumerable sort, case analysis can be done automatically. Case analysis based
on enumerated sorts can be seen as a particular case of induction. However, we
prefer to treat it separately because its integration with the circular coinduction
engine is much simpler and, consequently, more efficient.

Ezxample 2. The second example shows how to prove a property over streams of
integers. We define the operator sign which, when provided a stream of integers,
returns another stream with elements from the set {—1,0,1}:

—1 if Rhd(s) < O
hd(sign(s)) = 0 if hd(s) = 0
1 if hd(s) > 0

tl(sign(s)) = sign(ti(s))

Let us prove that sign(s) = sign(sign(s)). We consider the set R = {sign(s) =
sign(sign(s)) | s is a stream}.

Checking that hd(sign(s)) = hd(sign(sign(s))) can only be done by making
a case analysis over hd(s). If, for instance, hd(s) < 0, then hd(sign(s)) = —1.
Therefore hd(sign(s)) < 0, so hd(sign(sign(s))) = —1. Both the left hand side



and the right hand side of the initial equation are reduced to —1 in this case.
The other two cases, hd(s) = 0 and hd(s) > 0, are handled similarly.

In the end, we need to prove that tl(sign(s)) = ti(sign(sign(s))) € R, which
is equivalent to sign(tl(s)) = sign(sign(tl(s))) € R. The property holds because
tl(s) is a stream s’ and sign(s’) = sign(sign(s’)) € R for any s’. By the coinduc-
tion principle, sign(s) = sign(sign(s)).

To automate case analysis for this situation, we “encapsulate” the definition
of sign in a single syntactic construct, named guarded equation. The tool is able
to extract from such equations the information it needs to perform case analysis.

The general goal of this paper is to present our approach to automating
coinduction with case analysis, and more concretely to present our extension
of CIRC with case analysis statement constructs, to describe our automated
implementation of case analysis, and to prove the soundness of our technique
and implementation. A secondary but equally important goal is to propose a
generic technique to deal with extensions of coinductive proof systems®, based
on what we call equational interpolants. An equational interpolant is a new
sentence of the form (e, itp), where e is an equation and itp is a set of equations;
each of the equations involved in an interpolant can be conditional and can have
its own quantifiers, which can be different from the others’. The intuition for
(e, itp) is simple: e holds whenever itp holds. In other words, to prove E I e one
can chose to instead prove E I itp. This is somewhat similar to the homonimous
notion in Craig interpolation, though the later also imposes restrictions over
the signature of the interpolant; we here only take over the intuition that the
interpolant interposes between the hypotheses and the task to prove.

Equational interpolants can be used in two ways: 1) to extend the ability of
the prover to automatically find new lemmas by preserving the initial entailment
relation, and 2) to extend the initial entailment relation in a consistent way with
the specification enriched with new constructs. All previous extensions of cir-
cular coinduction consist of adding new types of statements together with new
proof rules for them to the proof system. Interestingly, all these can be captured
as special instances of a similar but more general process involving equational
interpolants: the specific statements can be regarded as particular interpolants
and the specific proof rules can be regarded as corresponding instances of general
interpolant rules. Case analysis is no different. We borrow the general definition
of a case statement from [Gog02], but we here capture its semantics as a partic-
ular case of specification with equational interpolants. An immediate advantage
of our new approach is that we can use case analysis in both ways mentioned
above.

In short, the solution adopted in CIRC for automated case analysis is:

— enrich the specification syntax with new constructs, named CIRC case state-
ments, for declaring enumerated sorts and guarded equations;

— transform the new constructs above uniformly into annotated case sentences
(which can be regarded as interpolants);

3 The technique appears to be more general, but we have not experimented with it
outside our framework discussed here.



— extend the coinduction proof engine with a new rule, [CaseAn]; and
— redesign the algorithm for automatic detection of special contexts.

Section 2 introduces notions and notations used throughout the paper, and
the derivation rules of CIRC. Section 3 shows how the prover may be extended
with new rules associated to interpolants. Section 4 presents the formal represen-
tation of case sentences and their corresponding entailment relation. Section 5
introduces the new syntactic constructs for specifying CIRC case statements.
Subsections 5.1 and 5.2 describe how we extend the coinduction engine with a
new rule for case analysis, and, how we improve the algorithm for detecting spe-
cial contexts using case sentences, respectively. Section 5.3 shows how to write
behavioral specifications and prove properties using CIRC.

Acknowledgment. The paper is supported in part by NSF grants CCF-
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and by CNCSIS grant PN-II-ID-393.

2 Behavioral Specification and Circular Coinduction

An algebraic specification is a triple € = (S, X, E), where S is a set of sorts, X
is a many-sorted signature and E is a set of conditional equations of the form
(VX)t =1t if cond, where cond = (\;c; u; = v;), I is a set of indexes; t, ', u;,
and v; (i € I) are Y-terms with variables in X. If I = () then the equation is
unconditional and may be written as (VX)t =1t

A Y-context C'is a Y-term with one occurrence of a distinguished variable
x:s of sort s. The context is written more explicitly as C[*:s] instead of just C'.
When X is understood, a X-context may be referred to as a context. If C[x:s] is a
context of sort s’ and ¢ is a term of sort s, then C[t] is the term of sort s” obtained
by replacing ¢ for *:s in C. Consider an equation e : (VX)t = t' if cond. By
C'le] we denote the equation (VX UY) C[t] = C[t'] if cond, where Y is the set
of non-star variables occurring in C[x:s].

A behavioral specification (e.g., [Rog09]) is a triple B = (5, (X, A), E), where
S, X and FE are the sets composing an algebraic specification £, and A is a set of
Y-contexts, called derivatives. A derivative in A is written as d[*:h]. The sorts
S are split in two classes: hidden sorts, H = {h | §[x:h] € A}, and wvisible sorts,
V =S\ H. A A-context is inductively defined as follows: 1) each §[x:h] € A is
a A-context; and 2) if C+:h/] is a A-context and d[:h] is a term of sort A’ from
A, then C[d[+:h]] is a A-context. A A-experiment is a A-context of visible sort.

If 6 € A and e is an equation, then d[e] is called a derivative of e. Given an
entailment relation F over &, the behavioral entailment relation is defined as fol-
lows: B lIF e iff £ F Cle] for each A-experiment C' appropriate for the equation e.
In this case, we say that B behaviorally satisfies e. For the streams defined in Sec-
tion 1, the derivatives are hd[+:Stream] and tl[«:Stream]. If B = (S, (X, A), E),
then we often write B+ e for (S, X, E) F e and BU F for (S, (X, A),EUF).

Circular coinduction [Gog00,Ros09] is a coinductive proving technique for
behavioral properties which can be defined as a proof system (see [Ros09]).
To prevent the use of coinductive hypotheses in contextual reasoning, circular



coinduction uses a freezing operator [—] : s — Frozen, defined for each sort s;
Frozen is a new sort. A frozen equation is an equation of the form (VX) [t] =
if cond.

CIRC implements a circular coinduction engine for the proof system given in
[Rog09] using a set of reduction rules of the form (B, F,G) = (B,F',G’), where
B represents the behavioral specification, F is the set of coinductive hypotheses
(a set of frozen equations) and G is the current set of goals. An equational goal
(proof obligation) is a conditional equation g of the form (VX)t = ¢ if cond. For
the sake of the presentation, the goals are also represented as frozen equations.

Here is a brief description of the reduction rules underlying CIRC:

[Done]: (B, F,0) =

Whenever the set of goals is empty, the system terminates with success.

[Reduce]: (B, F,GU{el}) = (B,F,G)if BUF F e
If the current goal is a F—consequence of B U F then [€] is dropped.

[Derive]: (B, F,G U {iel}) = (B, F U{ie}, G U{{A(©)]})

if BUF I/ e A eis hidden
When the current goal e is hidden and it is not a F—consequence, it is added
to the specification and its derivatives to the set of goals. denotes the

set {E | § € A}
[Generalize]: (B, F,GU{(VY) - = -} (B,F,Ggu{(vy)[d=[]})

where §: X - Tx(Y) is a subsmtutlon
If the current goal can be generalized after identifying the substitution 6,
then we replace it by its generalized form.

[Fail]: (B, F,G U{[el}) = failure if BU Fl/e A e is visible
This rule stops the reduction process with failure whenever the current goal
e is visible and cannot be proved using F.

The entailment relation used in CIRCis b : E o (VX)t =t if A\, ui =
v; iff nf(t) = nf(t"), where nf(t), the normal form of t, is computed using an
enhanced version of the initial specification:

— the variables X of the equations are turned into fresh constants;

— the condition equalities u; = v; are added as equations to the specification;

— the equations in the specification are oriented and used as rewrite rules on t.

The rules [Done], [Reduce], and [Derive] implement the proof rules with the
same names given in [Rog09]. The rule [Generalize] is presented in [Gor09]. After
a failing stop signaled by [Fail], further human intervention is required in order
to identify the source of the failure. There are also some additional rules used
only for optimization purposes. An example of such a rule is [Normalize], which
computes the normal form of an equation and can be used, for instance, in
combination with the rule [Derive].

The next result is a variant of the soundness theorem given in [Rog09].

Theorem 1 (Soundness). Let B be a behavioral specification, and b an en-
tailment relation. If (B,Fo = 0,Go = [G]) =* (B, Fn,Gn = ), using [Reduce]
and [Derive], then BllF G.



We use this result in the next section. The proof of correctness for the rule
[Generalize] is given in [Gor09]; in the next section we show that it can be regarded
as a particular case of a more general technique.

3 Extending CIRC with equational interpolants

In this section we present a technique that allows us to easily extend the proof
system with new reduction rules.

Definition 1. 1) If X is a signature then a X-equational interpolant is a pair
(e, itp), where e is a X-equation and itp is a finite set of X-equations.

2) A behavioral specification with interpolants B = (S, (X, A), (E,I)) is a be-
havioral specification (S, (X, A), E) together with a set I of interpolants. An
entailment relation for E is extended to (E,T) as follows:

Ete (E,T7) & itp . ,
—_ ——if t T
(E,I)Fe B e Llein) e
3) If b is an entailment relation for E and T is a set of interpolants, then we
say that T is F—preserving if E & itp implies E \ e, for each (e, itp) € T.

Theorem 2. Let B = (S, (X, A),(E,T)) and & be an entailment relation such
that T is F—preserving. If e is a X —equation then (S, (X, A), E) IIF e if and only
i (5.(5, 4), (B, 1)) IF e.

The CIRC engine associates a rewrite rule of the form:

[itp]: (B,F,GU[E) = (B, F,G Uitp])
with each interpolant (e, itp) € Z. We write [itp] € Z in order to denote that the
rule [itp] is associated with an interpolant from Z. The following theorem states
that if we enhance the proof system presented in [Rog09] with interpolants, then
it remains sound w.r.t. the new entailment relation.

Theorem 3. Let B be a behavioral specification, & an entailment relation, and
T a set of F—preserving interpolants. If (B, Fo = 0, Gy = [G]) =* (B, Fn,Gn = 0),
using [Reduce], [Derive] and the rules associated to I, then BllF G.

There are two ways of using interpolants within a coinductive proof:
Implicit use. In this case the equational interpolants must be F—preserving
and are used to justify why other rules are sound; the soundness of their use is
given by Theorem 2. An example of implicit using of equational interpolants is
that of the generalization rule [Gor09]. By this rule, a concrete equation u = u’
is replaced by a more general one ¢t = ¢’. This means that there is a substitu-
tion 6 such that 6(t) = v and 0(¢') = u'. It is easy to see that [Generalize| for
u = u' and @ is equivalent with the rule [itp] corresponding to the interpolant
(u="1',{t =t'}). Theorem 4 in [Gor09] becomes a direct consequence of Theo-
rem 3.



Explicit use. The specification includes special syntactical constructs for de-
noting equational interpolants. For instance, the equational interpolants may be
explicitly included in a CIRC theory using simplification rules [Gor09] or case
sentences (see Section 5). In this case the user is the one who decides whether
the equational interpolants included in the specification are F—preserving or that
they really extend F. In other words, the explicit use of equational interpolants
is a part of the specification design.

4 Specifications with Cases

In this section we recall from [Gog02] the definitions for case sentences and we
show that their semantics can be given by means of equational interpolants.

Let (S, X) be an algebraic signature. A X-case sentence over the set of vari-
ables Y is a nonempty set {case; | i € I} written as (VY') (\/,c; case;), where
case; = (N\je g, uh = v}), and ul, vt € To(Y), for each i € I and j € J;. Hence,
cases and conditions have the same syntax. If 0 : Y — Tx;(X) is a substitution,
then 0(case;) denotes the case O(A ;¢ ;. uh = k) = Nje, O(u’) = 0(v}). A speci-
fication with cases is a triple € = (S, X, (E,C)), where (S, X, F) is an algebraic
specification and C is a set of case sentences.

An entailment relation (S, X, E) I e can be extended to specifications with
cases (S, X, (F,C)) I e by means of equational interpolants. Each specification
with cases (S, X, (F,C)) is associated with a specification with equational in-
terpolants (5, X, (E, I¢c)), where Z¢ is the set of pairs (e, itp 4. g(€)) With e an
equation (V.X)t =t if cond, case a case sentence (VY')(A,;c; case;) inC, 0:Y —
T's:(X) a substitution, and itp . o(€) the set {(VX)t =t if cond AO(case;) | i €
I}. In other words, each triple that consists of an equation, a case sentence, and
a substitution uniquely defines an equational interpolant. The second inference
rule from Definition 1 interpreted for the interpolant defined by a case sentence
becomes similar to the one given in [Gog02]:

(VY) (\/ielcasei) ecC,

0:Y — Tu(X),
(Vie I)(S,X,(E,C)) - (VX)t=1t"if cond N 0(case;) )
(S, X, (E,C))F (VX)t =1t if cond (1)

However, we do not impose a “completeness” condition for case sentences,
which in our terms is equivalent to saying that the interpolants Z, are H—
preserving. For instance, we may have a specification as follows:

even(0) = true f(z) =z if even(z)

even(s(0)) = false f(x) = s(x) if not even(x)

even(s(s(x))) = even(x)
If we consider the case sentence ¢ given by (Vz)even(z) = true V even(z) =
false and F denotes the equational deduction, then we have (S, X, (E,{c})) F
(Vz)even(f(z)) = true. Obviously, we cannot infer from the specification that



(S, X, E) F (Vx)(even(z) == true or even(z) == false) (and hence (S, X, E) t/
(Vx)even(f (z)) = true) because this property is an inductive consequence. There-
fore the rule (1) is a real extension of the initial entailment relation (here the
equational deduction). The explicit use of case sentences in specifications may
directly influence the definition of the entailment relation. In this way the user
has a larger freedom in using case analysis.

As it is noted in [Gog02], the use of case analysis at this level of generality is
very expensive and finding an appropriate substitution 6 is a difficult task which
cannot be easily automatized. In [Gog00] the following method is proposed: each
case sentence comes with a pattern, usually denoted by p, which is just a X-term
with variables. The case analysis rule is enabled only if the pattern p matches a
subterm of ¢ or ¢, and then the substitution also comes for free. The user must
specify the pair (pattern, case sentence) to be used for a particular task.

We want to exploit the same idea but in an automated way. For this, we
introduce annotated case sentences, which are pairs of the form (p, {case; | i €
I}). Here, p € T (Y) is the pattern and (VY') (\/,c; case;) is a case sentence.

As we said above, the case analysis is a proper component of the specification.
Therefore the solution we propose here is to include in the specification language
special syntactical constructs from which annotated case sentences can be au-
tomatically computed. Knowing the set of annotated case sentences included in
the specification, a prover can supervise the case analysis making use of proof
tactics. In the next section we introduce three such syntactical constructs.

5 Implementation in CIRC

CIRC theories extend the syntax of Full-Maude theories by allowing the user to
specify derivatives [Luc09a], special contexts [Luc09b] and simplification rules
[Gor09]. Here we present how one can use new syntactic constructs in CIRC
theories that enable the prover to automatically use case analysis. These new
syntactic constructs are named CIRC case statements. We introduce three types
of CIRC case statements: enumerated sorts, guarded equations and annotated
case sentences.

Enumerated sorts are declared using the syntax “enum s is ct; ... ct, .”,
where s is the name of the sort and ct;,i = 1..n, are the constants that define it.
The guarded equations syntax is: “geq t = t; if case; [1 ... t, if case, [1 .7,

where t and t;,i = 1..n are Tx(Y)-terms and case;,i = 1..n are disjoint condi-
tions. The notation for guarded equations is inspired from Dijkstra’s command
language [Dij75], except that the syntax of the guards is inspired from the Maude
convention for the conditional equations. Annotated case sentences are directly
declared using the syntax “cases pattern = p if case; \/ ...\/ case, .”.
The syntactic constructs presented above are not disjoint. For instance, the
enumerated sorts and the guarded equations can be seen as particular instances
of the annotated case sentence (see below). We found these syntactic constructs
adequate in most of the case studies we considered. We believe they are more
intuitive and familiar to a programmer than a syntactic construct that allows



the direct definition of an annotated case sentence. Moreover, the solution we
present here can easily be extended with other syntactic constructs if they are
considered to be useful in practice.

A CIRC specification with cases is a triple €& = ((S,5¢), X, (FE, E9,C)), where
S, Y, E have similar meanings to those from the equational many sorted specifi-
cations, S is a set of enumerated sorts, EY is a set of guarded equations, and C
are the annotated case sentences. We associate each € = ((S, 5¢), X, (E, E9,C))
with a “compiled” specification with cases E= (§, 5, (E,g)), where:

- Sis S together with the names of the enumerated sorts;

Yis ¥ together with the constants of the enumerated sorts;

Eis E together with the conditional equations (VY)t = t; if case;, i = 1..n,
for each guarded equation in EY;

C is the set of annotated case sentences obtained in the following manner:

e any enumerated sort “enum s is ¢ty ... ct, .” defines the annotated case
sentence (V{y}) (y,y =ct1 V---Vy = ct,), where y is of sort s;
e any guarded equation “geq t = t; if case; [1 ... t, if case, [1 .V

defines the annotated case sentence (VY) (¢, case; V ...V case,), where
Y is the set of the variables occurring in the guarded equation;

e any sentence “cases pattern = p if case; \/ ...\/ case, .” defines
the annotated sentence (YY) (p, case1 V...V case,), where Y is the set
of the variables occurring in the pattern p.

Ezample 3. For the first example presented in Section 1 we have one enumerated
sort in S°: enum Bit is O 1 . & has the following components:

- S =5 U {Bit};
— X=X Ud{opO: ->Bit ., op 1 : -> Bit .};
- F=F,;

— C={(B, B=0V B=1)}, where B is a variable of sort Bit.

FEzxample 4. For the second example, we have one guarded equation in FY:

geq hd(sign(S))

-1 if hd(8) < 0 = true []
0 if hd(S) = 0 0
1 if hd(S) > 0 = true [] .,

where 8 is a variable of sort Stream. & is given by:

_ S: S;

- X =2

- E=EU { ceq hd(sign(8)) = -1 if hd(S) < 0 = true .,
ceq hd(sign(8)) = 0 if hd(8) =0 .,
ceq hd(sign(8)) = 1 if hd(S) > 0 = true . };

— C = {(hd(sign(8)), hd(S) < 0 =trueV hd(S) =0V hd(S) > 0 = true)}.
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Instead of using guarded equations, one could also declare the conditional equa-
tions from E presented above and specify the case sentence by: “cases pattern =
hd(sign(S)) if hd(S) < 0 = true \/ hd(S) = 0 \/ hd(8) > 0 = true
.”. In this way the user has the freedom to choose the syntax which describes
in the best way his/her system.

It is worth noting that if a specification with cases is used, then the entail-
ment relation is used during the proving process is that given by the associated
equational interpolants (see Section 4).

5.1 Extending the circular coinduction engine

In this section we describe how we enhanced the CIRC engine with automatic
case analysis, and prove the correctness of our extension. We here only consider
a behavioral specification with general cases, B = (5, (X, A), (E,C)); other spe-
cialized case statements can be desugared into general ones, as explained above.
We extend the coinduction proving engine with the reduction rule [CaseAn].
This rule replaces a conditional equation ¢t = ' if cond by a set of equations
{t =t" if cond NO(case;) | i € I} if the case sentence (VY')(p, \/;c;case;) is in C
and 0(p) is a subterm of ¢ or t’. [CaseAn] is therefore an instance of the rule [itp]
corresponding to (t =t if cond,{t =t if cond A O(case;) | i € I}):

[CaseAn] :(B, F,G U {[t] = [t'] if cond}) =
(E,}—,QU {t] =] if cond A O(case;) |i € I}
if (VY)(p, \/_elcasei) is in C and 6(p) is a subterm of ¢ or ¢’

where F is the set of frozen axions and G U {[t] = [t| if cond} is the current set
of goals. By Theorem 3, the extended engine is sound because [CaseAn] is a rule
associated to the interpolant defined by (1).

One of the challenges we encountered was to find the best candidate for case
analysis when more than one substitution could be applied. In our experiments,
the strategy that gave the best results was to identify a subterm of either ¢ or
t' with the smallest height possible where at least one of the patterns p from C
could provide a substitution.

5.2 Computing Special Contexts using Cases

In this subsection we give an intuition on what special contexts are with a few ex-
amples, and present the new algorithm for detecting special contexts using case
analysis, as well as some required notions, and the result expressing the correct-
ness of the algorithm. The formal background for special contexts is presented
more in detail in [Luc09b].

We have seen in Section 2 that the frozen hypotheses cannot be used in
contextual reasoning. However, there are contexts under which it is “safe” to
use the frozen hypotheses. In [Luc09b] it is defined such a class of contexts,

11



called special contexts. A context v[*:h] is called special if, by definition, for any
experiment C' for v there is some term ¢ such that B = C[y[x:h]] = ¢ and each
occurrence of *:h in t appears in a subterm which is an experiment of depth
smaller than or equal to that of C.

Ezample 5. Let us consider the operation f over streams of bits defined as:
F(0:8) =1:f(s),f(1:8) =0:0: f3(s). By making a case analysis we deduce
that f(x:Stream) is a special context (see below). Knowing this, CIRC is able to
automatically prove that f(0°°) = 1°° and f(1°°) = 0.

Not all contexts are special. Consider, for instance, the operation odd defined
by odd(a:b:s) = a:odd(s). Let s and t be specified by hd(s) = hd(t), ti(s) =
odd(s) and t*(t) = odd(t). If we wrongly assume that odd(*:Stream) is special
then we manage to prove that odd(¢) = s, which is unsound.

CIRC has been able so far to automatically detect special contexts deriv-
ing from the operators defined using unconditional equations. Now the prover
may detect contexts that derive from operators defined using specifications with
cases (and implicitly, conditional equations). For instance, with the enhanced al-
gorithm, CIRC detects that sign(x:Stream), introduced in the second motivating
example, and f(x:Stream), defined in Example 5, are special contexts.

We next present in detail the algorithm computing special contexts for spec-
ifications with case sentences and its correctness. In order to fix the terms of the
discussion, for the rest of this subsection we consider the following items:

- B = ((5,5°,(X2,4),(E,E9,C)), a fixed CIRC confluent and terminating
behavioral specification with cases;

- B=(5,(X,A4),(E,C)), the compiled behavioral specification with cases;

— any derivative § € A is (§, 5, E)—irreducible;

— Ctz(X), the set of all Y-contexts

— yhidden C 37 , the set of operations with hidden result and at least one hidden
argument;

— Ctz®(Xhidden)  the set of contexts f(x1,...,r,) with f € Xhidden p. —
for exactly one hidden argument ¢ and for j # 4, z; are variables;

— for a A-context C, the hidden depth of C is defined by |C|®* = |C| if C is
hidden, and |C]®* = |C| — 1 if C' is visible;

— a fixed set [' C Ctz®(Xhidden)

— a generalized constant is an operation whose arguments are of visible sort

The problem of deciding if a given context is special for a given specification
is I19-complete. This complexity is due to the facts that B F Cly[*:h]] = t must
be tested for all A-experiments C' and that testing C[y[:h]] = ¢ with ¢ satisfying
the property from the definition of the special contexts is recursive enumerable.
In practice, ¢ is the normal form of C[y[*:h]]. Moreover, the set of candidates for
special contexts is also infinite. So, the best we can do is to find an algorithm
which tests a property similar to the one above for a finite set of candidates and a
finite set of A-contexts. Regarding the candidates, we are looking for a maximal
set of minimal depth special contexts which is closed under composition: if v,

12



and 7 are special and 71 [2] is defined, then ;[72] is special. The minimal set of
A-context which must be tested is A itself. Therefore we try to find a property
Comp(C,t) and a set I' C Ctz°(Xhdden) such that the property Special(I),
given by:

Special(I") def (Vy € IN)(V6 € A)Comp(d,7)

implies that each I'-context is special. If we have an algorithm for computing the
predicate Comp(C,t), then the searching for a suitable I" requires the evaluation
of the predicate for a small set of pairs (C, ).

First we present an axiomatic definition for the predicate Comp.

Definition 2. A A-compositional structure for I" is a pair (T, Comp), where
T is a set of terms and Comp(C,t) is a predicate defined over A-contexts C' and
terms t € T, which together satisfy the following conditions:

1. Ctz(I") C T

2. Comp(x,t) = Comp(t,*) = true;

3. let C1 and Cy be two A-contexts such that C1[Cs] is defined; if Comp(Ca,ta)
and (Vt € T)Comp(Ch1,t), then Comp(C1[Cs],t2);

4. lety1 and y2 be two I'-contexts such that y1[yz] is defined; if Comp(C,v1) and
((VD € Ctz(AQ)) |D|* < |C|® implies Comp(D,~2), then Comp(C,~y1[y2])-

The first main result of this section shows that the property Special(I") can
be extended to I'-contexts and A-contexts for the case of a A-compositional
structure.

Theorem 4. Let (T, Comp) a A-compositional structure for I'. If Special(I),
then (Vv € Ctz(I"))(VC € Ctz(A)) Comp(C, 7).

A particular structure (7, Comp) for specifications without cases is given
in [Luc09b]. Here we extend that structure to specifications with cases. The
definition for 7 remains unchanged, namely that of (k, I')-composite terms; we
recall it in order to make the paper self-contained.

Definition 3. Let k be an integer number > —1. A (k, I')-composite is defined
as follows:

1. any non-star variable and any constant is a (—1, ")-composite;

2. any A-context C is a (|C|®, I')-composite;

3. if frv...v, — v is a data operator or a generalized constant and t; is a
(ki, I')-composite for i = 1,...,n, then f(t1,...,tn) is a (k,')-composite,
where k = max{ky,...,kn};

ify e and t is a (k,I')-composite, then v[t] is a (k,I")-composite;

.if C is a A-context, t a (k,I")-composite with k = —1 or t of the form
g(t1,...,t,) with g generalized constant, then C[t] is a (k,I")-composite.

G B~

The new definition of the predicate Comp is based on the notion of normal
form of a term computed in the presence of cases.
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We first define the operation F¢n, which transforms the provided conjunction
of cases into a set of equations in the following manner:
Eqn(/\ie[ u; = ;) = Uie[ Eqn(u; = v;)

{u; = v;}, the set variables from u; is included in that of v;
Eqn(u; = vi) = .

{v; = u;}, otherwise

If C is a set of annotated case sentences, then the C-normal form of a term ¢
is the set nfég(t) of pairs (t', case) satisfying: t' = 0f 5 pgn(case) 20 there is no
pattern p in C which is an instance of a subterm of ¢. The component case is a
conjunction of cases in C used in the rewriting obtaining the irreducible term ¢’.
An algorithm computing nfj 5 is:

Ile’C~ < (nfE(C[t]), ml>
while (3(t', case) € nfp 7)(30: Y — Tu(X))(3(p, Ve case;) € C)
such that 6(p) is a subterm of ¢’ do
nfy & < nfg s — {(t, case)}
U {(nfz

EUEqn(case)UEqn(H(casei))(t/)’ case N H(Casei» | (S I}

Let terms(nfg 5(t)) denote the set {t' | (t', case) € nfz 5(t)}. We can define
now the predicate Comp:

Comp(C,t) & (v € terms(nfy (C[t]))) ' is a (K, I')-composite Ak’ < k+|C|*

where ¢ is a (k, I')-composite, and C is a A-context. Since any I'-context is a
(0, I')-composite, C[*] = C' and x[t] = .

Theorem 5. Let B = (S, (X, A),(E,C)) be a behavioral specification with cases
and I' a subset of Ctz®(X"49en) sych that Special(I") holds. Then any I'-context
v 1s special.

Ezxample 6. Consider the operation f defined in Example 5. The normal forms of
hd(f(s)) and ti(f(s)) are {(1, hd(s) = 0), (0, hd(s) = 1)} and {{f(ti(s)), hd(s) =
0),(0: f3(tl(s)), hd(s) = 1)} respectively. If I' = {f(*:Stream)}, then it is easy
to see that Special(I") holds and therefore f(x:Stream) is a special context.

Theorem 5 is the foundation for an algorithm computing a set of context
I C Ctz°(Xhdden)  which is a basis for special contexts. The description of the
algorithm is the same as the one presented in [Luc09b], except that the call
Comp(0,7) requires the computation of the normal forms with cases for §[7],
as presented above. Therefore the theorem above also ensures the correctness of
both versions of the algorithm.

5.3 CIRC with case analysis at work

In this section we present how CIRC theories are specified and a few com-
mands in order to automatically prove properties using case analysis. The reader
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may use the web interface at http://fsl.cs.uiuc.edu/index.php/Special:
CircOnline in order to test the examples.

Let us use CIRC in order to prove that by merging two infinite sorted streams
of natural numbers we obtain a sorted stream. This is not a trivial example; even
the proof by hand requires a significant effort. The sorted property can be de-
fined by isSorted(S) = hd(S) < hd(tl(S))NisSorted(tl(S)). The merge operation
is defined by hd(merge(S,S")) = hd(S) if hd(S) < hd(S’), hd(merge(S,S")) =
hd(S") if hd(S) > hd(S"), ti(merge(S,S")) = merge(tl(S), S") if hd(S) < hd(S"),
ti(merge(S,S")) = merge(S,tl(S")) if hd(S) > hd(S’) and can be specified
by two guarded equations. We further consider another operation, toBits that
transforms the provided stream of natural numbers into a stream of bits in
this manner: hd(toBits(S)) = 1 if hd(S) < hd(#l(S)), hd(toBits(S)) = 0 if
hd(S) > hd(tl(S)), tl(toBits(S)) = toBits(tl(S)). The operation above can also
be specified using guarded equations or two conditional equations together with
a case sentence for the pattern hd(S). If ones denotes the stream of 1’s, then the
property above is equivalent to:

toBits(merge(Sy:Stream, So:Stream)) = ones if

isSorted(Sy:Stream) = true A isSorted(Sa:Stream) = true
The coinduction proving engine succeeds to prove the above property by com-
puting 10 derived goals and 39 proving steps.

Even though merge is defined using guarded equations, the algorithm suc-
ceeds to find that merge («:Stream, S:Stream) and merge(S:Stream, :Stream) are
special contexts. The context toBits(*:Stream) is not found because the defini-
tion of toBits does not fulfill the criteria checked by the algorithm (the definition
of hd(toBits(S)) depends on a bigger experiment, hd(tl(S))); this can be seen as
a limitation of the algorithm. Recall that the problem of special contexts is
II9-complete, so there is no an algorithm able to always find all special contexts.

6 Conclusions

We presented a simple and efficient solution for automating coinductive reason-
ing with case analysis. The starting point was the extension of the specifications
and of the entailment relation with case sentences given in [Gog02]. A novelty
of the approach presented here consists of giving semantics to case sentences by
means of equational interpolants, a general technique for extending coinductive
provers like CIRC introduced also here. The soundness of the use of equational
interpolants in the coinductive proving process is shown and hence the soundness
of the reasoning with cases is obtained as a consequence.

The basic idea is to include special syntactical constructs in the specification
language. These special constructs are then processed in order to extract anno-
tated case sentences. A prover can supervise the application of the case analysis
by means of proof tactics.

Using the concept of “normal form with cases”, we were able to write algo-
rithms and heuristics helping the prover. In particular, we showed that extending
the algorithm computing the special contexts with case analysis, the prover was
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able to find a larger class of special contexts. Consequently, a larger class of
properties can be proved. The simpler the predicate Comp is, the faster the al-
gorithm for detecting special contexts becomes. Therefore, as future work, there
is room and motivation for improving the form of the predicate.

Case analysis based on three syntactic constructs, enumerated sorts, guarded
equations and annotated case sentences, has been implemented in CIRC and
experiments showed that the new prover is able to handle a large class of practical
examples.

A similar approach is given in [Bou02], where the induction and a contextual
simplification technique are used to prove behavioral (observational) properties.
That approach also deals with case analysis and critical contexts (which are
different from special contexts). Circular coinduction is more flexible because
it is parametric in the basic entailment relation, and consequently can prove
more coinductive properties. On the other hand, we currently do not disproof
conjectures (CIRC only reports failure to find a proof under specified constraints,
but not that the property is false).

References

[Bou93] Adel Bouhoula and Michaél Rusinowitch. Automatic case analysis in proof
by induction. In IJCAI pp. 88-94. Morgan Kaufmann Publishers Inc., San
Francisco, CA, USA, 1993.

[Bou02] Adel Bouhoula and Michaél Rusinowitch. Observational proofs by rewriting.
Theor. Comput. Sci., 275(1-2):675-698, 2002.

[Dij75] Edsger W. Dijkstra. Guarded commands, non-determinacy and formal deriva-
tion of programs. Commun. ACM, 18(8):453457, 1975.

[Gog00] Joseph Goguen, Kai Lin, and Grigore Rogu. Circular coinductive rewriting. In
ASE ’00: Proceedings of the 15th IEEFE international conference on Automated
software engineering, pp. 123-132. IEEE, Washington, DC, USA, 2000.

[Gog02] Joseph Goguen, Kai Lin, and Grigore Rogu. Conditional circular coinductive
rewriting with case analysis. In WADT, Lecture Notes in Computer Science,
vol. 2755, pp. 216-232. Springer, 2002.

[Gor09] E. Goriac, G. Caltais, and D. Lucanu. Simplification and Generalization in
CIRC. In 12th International Symposium on Symbolic and Numeric Algorithms
for Scientific Computing. IEEE Computer Society, 2009.

[Luc09a] Dorel Lucanu, Eugen-loan Goriac, Georgiana Caltais, and Grigore Rosu.
CIRC : A behavioral verification tool based on circular coinduction. In
CALCO 2009, LNCS, vol. 5728, pp. 433-442. Springer, 2009.

[Luc09b] Dorel Lucanu and Grigore Rosu. Circular coinduction with special contexts.
In Karin Breitman and Ana Cavalcanti (eds.), ICFEM, LNCS, vol. 5885, pp.
639-659. Springer, 2009.

[Rog09] Grigore Rosu and Dorel Lucanu. Circular Coinduction — A Proof Theoretical
Foundation. In CALCO 2009, LNCS, vol. 5728, pp. 127-144. Springer, 2009.

[Rut05] J. J. M. M. Rutten. A coinductive calculus of streams. Mathematical Struc-
tures in Computer Science, 15(1):93-147, 2005.

16



The purpose of the appendiz is to see in detail how the theoretical results
in Section 5.2 are proved, and how the case analysis features included in
CIRC are used to prove the property presented in Section 5.3.

A Proofs

We denote the depth of a context C' by |C|, defined by: |*:s| = 0 and |C[o]*:
s]]| = |C|+1,0 € X. We define C= as the set of A-experiments D with |D| < |C].

A context y[x: h] is special if for any context C, that can be applied on
there is some term ¢ such that B F Cly[x:h]] = ¢ and each occurrence of *:h in
t appears only in a subterm of C=<.

Theorem 2. Let B = (S, (X, A),(E,T)) and & be an entailment relation such
that T is -—preserving. If e is a X —equation then (S, (X, A), E) IIF e if and only
i (5.(5, 4), (B, 1)) IF e.

Proof. The conclusion of the theorem follows directly if we succeed to show that
E F e if and only if (F,Z)  e. The direct implication follows immediately.
We prove the converse implication by induction on the length of the reduction:
(E,T) F ep,te1,...,F e, = e. If the length is 0, then (E,Z) - ey = e, which is
equivalent to E - e. Suppose that the length of the reduction is n > 0 and that
(Vi € {0.n—1}) if (E,Z)F e; then EF e;. If (E,Z) | e, then either E e, (a
trivial case), or (E,Z) F itp,,. For the latter case itp,, C {e; | i € {0..n—1}}. By
the inductive hypothesis, E - {e; | ¢ € {0..n — 1}} and therefore E  itp,,. We
obtain E I e,, = e by the F—preserveness of 7. ]

Theorem 3. Let B be a behavioral specification, & an entailment relation, and
T a set of F—preserving interpolants. If (B, Fo = 0, Gy = [G]) =* (B, Fn,Gn = 0),
using [Reduce], [Derive] and the rules associated to I, then BllF G.

Proof. Let J C {0,...,n} be the set of step indexes when an interpolant rule is
applied. Let (e;, itp;) denote the interpolant involved at step j € J.

Consider a new initial configuration (B, F, = 0,G) = U (Ujes |itps]),
where all the equations added by interpolant rules during the initial reduction
are included in the initial set of goals. By using only [Derive] steps on the goals of
the form , we reach the configuration (B, F; = Uj¢; , G!). Starting from
this configuration we apply the rules of the initial reduction in the same order,
except that each application of [itp] for (e, itp;), is replaced by the instance of
[Reduce] for e;. We show that it is sound to use [Reduce] instead of [itp]. Let k
be the step in the new reduction where [Reduce] is applied for ;. Since F, C Fj,
it follows that C Fj,, and hence BU Fj, + @ We obtain BU Fj, F by
the entailment preserveness of Z.

We showed that we can entirely simulate the initial derivation starting from
(B, F},G;), so at the end we reach the configuration (B, F;,,,G;,, = 0). We
obtain B II- {e | [e] € G{} by Theorem 1 and B lI- G because |G| C Gj,. O
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Theorem 4. Let (T, Comp) a A-compositional structure for I'. If Special(I),
then (Vv € Ctz(I"))(VC € Ctz(A)) Comp(C, 7).

Proof. We first prove
(Vv € Cta(I))(¥8 € A)Comp(8,7) (2)

by well-founded induction on 7. If v = * then (2) follows from Definition 2. If
~v € I' then (2) follows from the hypothesis. Assume that v = 71 [y2]. We have
(V6 € A)Comp(0,7;), i = 1,2, by the induction hypothesis. Since each D with
|D]® < |0]° is either % or a ¢ € A, Comp(d,~v1[y2]) follows by Definition 2.
Then we prove

(VC € Ctx(A))(Vt € T)Comp(C,t) (3)

by well-founded induction on C. If C' = % then (3) follows from Definition 2. If
C € A, then (3) follows by (2). We assume that C' is of the form C1[C3]. We
have (Vt' € T)Comp(C;,t'), i = 1,2, by the induction hypothesis. In particular,
we have Comp(Ca,t). Therefore we obtain Comp(C4[C2],t) by Definition 2.

The next result shows that Definition 3 is suitable in searching for special
contexts. The proof is by well-founded induction on the definition of ¢.

Proposition 1. Let t be a (k,I")-composite.

1) Any occurrence of the star variable x lies under a A-context and any such
context C over it has |C|* < k.

2) If C is a mazimal A-context occurring int and t' is (k', I')-composite of the
same sort with C, then t[t'/C] is a (K", I')-composite, with k" < max(k,k’).

The first two conditions of Definition 2 obviously hold. The next result shows
that the third condition holds.

Proposition 2. Assume that Cy and Cy are two A-contexts such that C1[Co)
is defined, to € T such that Comp(Ca,t2) and (¥t € T)Comp(Cy,t). Then
Comp(01 [CQ], tg) .

Proof. Assume that ty is (k2, I')-composite. Suppose Comp(C3,t2) holds. This
implies that (Vt; € terms(nfg 5(Calt2])) ty is a (K5, I')-composite Aky < kg +
|Co*. For a fixed t5, if Comp(Ch,t5) then (V¢ € terms(nfg z(Ci[t5])) 17 is
a (ki,I')-composite Ak] < kb + |C1]°. Therefore kf < ko + |Co|® + |C1]® =
ko + |Cl [CQH., i.e., Comp(01 [CQ],tQ).

The next result shows that the fourth condition of Definition 2 holds.

Proposition 3. Let v1 and v2 be two I'-contexts such that vi[y2] is defined.
If Comp(C,v1) and (VD € Ctz(A))|D|* < |C|* implies Comp(D,~2), then
Comp(C,1[72])-

Proof. Comp(C,~1) implies (Vt; € terms(nfz 5(C[11])) t1 is a (k1, I')-composite
Nk1 < |CI® (recall that ~; is (0, I')-composite). Fix such a t;. Any occurrence of
% in t1 lies under a A-context D; let D denote the set of maximal such contexts. If
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D € D, then |D|* < |C|*® by the definition of the composites, hence Comp(D, v2)
holds, which implies (Vt& € terms(nfz z(D[y2])) tD is a (k¥ , I')-composite and
kL <|D|*. For each D € D fix such a tI. Let ¢ be the term t,[t} /D | D € D],
i.e., the term obtained from #; by replacing each subtree D with 2. The term
t' is a (|C|®, I')-composite by Proposition 1 and the properties listed above for
all t.

Let ¢ be a term in terms(nfg #(C[y1[12]])). Since B is confluent, there is
a t’ built as above such that t € terms(nfz z(t')). Since each derivative in A
is irreducible and ¢’ is a (|C|®, I')-composite, it follows that t is a (|C|*, I")-
composite. Because the term ¢ is arbitrary, it follows that Comp(C,~1[v2]) holds.

Now we have that our particular definition for (7, Comp) is a A-compositional
structure for I, so we can conclude the second main result of this subsection.

Theorem 5. Let B = (S, (X, A),(E,C)) be a behavioral specification with cases
and I' a subset of Ctz®(X"44en) sych that Special(I") holds. Then any I'-context
v is special.

Proof. Let v be a I'-context. We have the property Comp(C,~) for all A-contexts
C, by Theorem 4. Comp(C,~) implies (V¢ € terms(nfz 5(C[1]))) t is a (k, I')-
composite A k < |C|® and each occurrence of *:h in ¢ appears in a subterm which
is an experiment D with |D|®* < k by Proposition 1. If C' is an experiment, then
|C]* =1|C|—1 and we have [D| = |D|*+1<k+1<|C|*+1=|C]|. Since C is
an arbitrary experiment, we obtain that 7 is special.

B CIRC Specification

(theory MERGE is including NAT . sort Stream .
var M N : Nat . op hd : Stream -> Nat .
var S S1 S2 : Stream . op tl : Stream -> Stream .

op merge : Stream Stream -> Stream .

geq hd(merge(S1, S2)) = hd(S1) if hd(S1) < hd(S2) = true []
hd(S2) if hd(S1) <= hd(S2) = false []

geq tl(merge(S1, S2)) = merge(tl(S1), S2) if hd(S1) < hd(S2)
merge(S1, t1(S2)) if hd(S1) <= hd(S2)

true []
false []

op int : Bool -> Nat .
eq int(false)
eq int(true)
ceq int(M < N)
ceq int(M < N)

i
i

M
M

true .
false .

o onn
= O O

fN<
fN

<

--- isSorted(S) <=> toBits(S) = ones

op toBits : Stream -> Stream .

eq hd(toBits(8)) = int(hd(S) < hd(tl(S))) .
eq tl(toBits(S8)) = toBits(tl(S)) .

op isSorted : Stream -> Bool .
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ceq hd(S) < hd(t1l(S)) = true if isSorted(S) = true
ceq isSorted(tl(S)) = true if isSorted(S) = true

op ones : —> Stream .
eq hd(ones) = 1

eq tl(ones) = ones
derivative hd(*:Stream)

derivative tl1(*:Stream)
endtheory)

C CIRC proof

We present the dialog needed to prove that by merging two sorted streams
we obtain a sorted stream. After the tool and specification are loaded, three
commands are need to prove this property:

— (initialize .), which sets the initial state of the prover;
— add the property as an initial goal:

(add cgoal toBits(merge(S1:Stream,S2:Stream)) = ones
if isSorted(S1:Stream) = true /\ isSorted(S2:Stream) = true .)

— (coinduction .), which launches the circular coinduction engine.

Here is the full dialog with CIRC, where we can see that merge defines indeed
special contexts.

> (initialize .)
Initializing ...
The special contexts are:
merge (*:Stream, V#2: Stream)

merge (V#1:Stream, *:Stream)

> (add cgoal toBits(merge(S1:Stream,S2:Stream)) = ones
if isSorted(S1:Stream) = true /\ isSorted(S2:Stream) = true .)

Goal added: toBits(merge(S1:Stream,S2:Stream)) = ones if
isSorted(S1:Stream) = true /\ isSorted(S2:Stream) = true
> (coinduction .)
Proof succeeded.
Number of derived goals: 10

Number of proving steps performed: 39
Maximum number of proving steps is set to: 256

20



Proved properties:

toBits(merge(S1:Stream,S2:Stream)) = ones if
isSorted(S1:Stream) = true /\ isSorted(S2:Stream) = true

We may also see the proof presented as inference rules from the coinduction
system. Note that the rule [CaseAn] is used of four times (in the dialog it appears
under the name [Cases]).

> (show proof .)

|- [* toBits(tl(merge(S1:Stream,S2:Stream))) *] = [* ones x] if
isSorted(S1:Stream) = true /\ isSorted(S2:Stream) = true /\
hd(S1:Stream)<= hd(S2:Stream) = false
—————————————————————————————————————————————————————————— [Reduce]
[11- [* toBits(tl(merge(S1:Stream,S2:Stream))) *] = [* ones *] if
isSorted(S1:Stream) = true /\ isSorted(S2:Stream) = true /\
hd(S1:Stream)<= hd(S2:Stream) = false

|- [* toBits(tl(merge(S1l:Stream,S2:Stream))) *] = [* ones *]
if isSorted(Si1:Stream) = true /\ isSorted(S2:Stream) = true /\
hd(S1:Stream)< hd(S2:Stream) = true
—————————————————————————————————————————————————————————— [Reduce]
[11- [* toBits(tl(merge(S1:Stream,S2:Stream))) *] = [* ones *]
if isSorted(S1:Stream) = true /\ isSorted(S2:Stream) = true /\
hd(S1:Stream)< hd(S2:Stream) = true

1. [ll- [* toBits(tl(merge(S1:Stream,S2:Stream))) *] = [* ones *] if
1sSorted (S1:Stream) = true /\ isSorted(S2:Stream) = true /\
hd(S1:Stream)< hd(S2:Stream) = true

2. [ll- [* toBits(tl(merge(S1:Stream,S2:Stream))) *] = [* ones *] <if
1sSorted(S1:Stream) = true /\ isSorted(S2:Stream) = true /\
hd(S1:Stream)<= hd(S2:Stream) = false

—————————————————————————————————————————————————————————— [Cases]

[1l- [* toBits(tl(merge(S1:Stream,S2:Stream))) *] = [* ones *] if

1sSorted(S1:Stream) = true /\ isSorted(S2:Stream) = true

|- [* toBits(tl(merge(S1:Stream,S2:Stream))) *] = [* ones x] if
isSorted(S1:Stream) = true /\ isSorted(S2:Stream) = true

—————————————————————————————————————————————————————————— [Normalize]

|- [* tl(toBits(merge(S1l:Stream,S2:Stream))) *] = [* tl(ones) *] if
isSorted(S1:Stream) = true /\ isSorted(S2:Stream) = true

|- [* int(hd(S2:Stream)< hd(merge(S1:Stream,tl1(S2:Stream)))) x*]
[* 1 ] if isSorted(S1:Stream) = true /\ isSorted(S2:Stream) = true
/\ hd(S1:Stream)<= hd(S2:Stream) = false /\
hd(S1:Stream)<= hd(t1(S2:Stream)) = false
—————————————————————————————————————————————————————————— [Reduce]
[11- [* int(hd(S2:Stream)< hd(merge(S1:Stream,t1(S2:Stream)))) *] =
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[* 1 %] if isSorted(S1:Stream) = true /\ isSorted(S2:Stream) = true
/\ hd(S1:Stream)<= hd(S2:Stream) = false /\
hd(S1:Stream)<= hd(t1(S2:Stream)) = false

|- [* int(hd(S2:Stream)< hd(merge(S1:Stream,tl1(S2:Stream)))) x*]

[* 1 *] if isSorted(S1:Stream) = true /\ isSorted(S2:Stream) = true

/\ hd(S1:Stream)<= hd(S2:Stream) = false /\

hd(S1:Stream)< hd(t1(S2:Stream)) = true
—————————————————————————————————————————————————————————— [Reduce]

[11- [* int(hd(S2:Stream)< hd(merge(S1:Stream,tl1(S2:Stream)))) x*]
[* 1 *] if isSorted(S1:Stream) = true /\ isSorted(S2:Stream)
true /\ hd(S1:Stream)<= hd(S2:Stream) = false /\
hd(S1:Stream)< hd(t1(S2:Stream)) = true

1. [l/- [* int(hd(S2:Stream)< hd(merge(S1:Stream,tl(S2:Stream)))) *] =
[* 1 ] if isSorted(S1:Stream) = true /\
isSorted(S2:Stream) = true /\ hd(S1:Stream)<= hd(S2:Stream) =
false /\ hd(S1:Stream)< hd(tl(S2:Stream)) = true
2. Ill- [* int(hd(S2:Stream)< hd(merge(S1:Stream,tl(S2:Stream)))) *] =
[* 1 ] if isSorted(S1:Stream) = true /\ isSorted(S2:Stream) =
true /\ hd(S1:Stream)<= hd(S2:Stream) = false /\
hd(S1:Stream)<= hd(tl(S2:Stream)) = false
—————————————————————————————————————————————————————————— [Cases]
[11- [* int(hd(S2:Stream)< hd(merge(S1:Stream,tl(S2:Stream)))) *]
[* 1 #] if 4isSorted(S1:Stream) = true /\ isSorted(S2:Stream)
/\ hd(S1:Stream)<= hd(S2:Stream) = false

true

|- [* int(hd(S2:Stream)< hd(merge(S1:Stream,t1(S2:Stream)))) *] = [* 1 *]

if isSorted(Si:Stream) = true /\ isSorted(S2:Stream) = true /\

hd(S1:Stream)<= hd(S2:Stream) = false
—————————————————————————————————————————————————————————— [Normalize]

|- [* int(hd(merge(S1:Stream,S2:Stream))< hd(tl(merge(S1:Stream,S2:Stream)))) *] =
[* 1 *] if isSorted(S1:Stream) = true /\ isSorted(S2:Stream) = true /\
hd(S1:Stream)<= hd(S2:Stream) = false

|- [* int(hd(S1:Stream)< hd(merge(t1(S1:Stream),S2:Stream))) *] = [* 1 %]
if isSorted(S1:Stream) = true /\ isSorted(S2:Stream) = true /\
hd(S1:Stream)< hd(S2:Stream) = true /\
hd(t1(S1:Stream))<= hd(S2:Stream) = false
—————————————————————————————————————————————————————————— [Reduce]
[11- [* int(hd(S1:Stream)< hd(merge(t1(S1:Stream),S2:Stream))) x*]
[* 1 *] if isSorted(S1:Stream) = true /\ isSorted(S2:Stream)
true /\ hd(S1:Stream)< hd(S2:Stream) = true /\
hd(t1(S1:Stream))<= hd(S2:Stream) = false

|- [* int(hd(S1:Stream)< hd(merge(t1(S1:Stream),S2:Stream))) *] = [* 1 *]
if isSorted(S1:Stream) = true /\ isSorted(S2:Stream) = true /\
hd(S1:Stream)< hd(S2:Stream) = true /\ hd(t1l(S1:Stream))<

hd(S2:Stream) = true
—————————————————————————————————————————————————————————— [Reduce]

[11- [* int(hd(S1:Stream)< hd(merge(t1(S1:Stream),S2:Stream))) x]
[* 1 *] if isSorted(S1:Stream) = true /\ isSorted(S2:Stream)

true
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/\ hd(S1:Stream)< hd(S2:Stream) = true /\ hd(t1l(S1:Stream))<
hd(S2:Stream) = true

1. [ll- [* int(hd(S1:Stream)< hd(merge(tl(S1:Stream),S2:Stream))) *]
[* 1 #] if isSorted(S1:Stream) = true /\
1sSorted (S2:Stream) = true /\ hd(S1:Stream)< hd(S2:Stream) =
true /\ hd(tl1(S1:Stream))< hd(S2:Stream) = true
2. |ll- [* int(hd(S1:Stream)< hd(merge(tl(S1:Stream),S2:Stream))) *]
[* 1 *] if isSorted(S1:Stream) = true /\ isSorted(S2:Stream)
true /\ hd(S1:Stream)< hd(S2:Stream) = true /\
hd(t1(S1:Stream))<= hd(S2:Stream) = false
—————————————————————————————————————————————————————————— [Cases]
[11- [* int(hd(S1:Stream)< hd(merge(tl(S1:Stream),S2:Stream))) *]
[* 1 *] if isSorted(S1:Stream) = true /\ isSorted(S2:Stream)
/\ hd(S1:Stream)< hd(S2:Stream) = true

true

|- [* int(hd(S1:Stream)< hd(merge(t1l(S1:Stream),S2:Stream))) *] = [* 1 %]
if isSorted(S1:Stream) = true /\ isSorted(S2:Stream) = true /\
hd(S1:Stream)< hd(S2:Stream) = true
—————————————————————————————————————————————————————————— [Normalize]
|- [* int(hd(merge(S1:Stream,S2:Stream))< hd(tl(merge(S1:Stream,S2:Stream))))x*]
= [* 1 *] if isSorted(S1:Stream) = true /\ isSorted(S2:Stream) = true
/\ hd(S1:Stream)< hd(S2:Stream) = true

1. [ll- [* int(hd(merge(S1:Stream,S2:Stream))<
hd(tl(merge(S1:Stream,S2:Stream))))*] = [* 1 *]
if isSorted(S1:Stream) = true /\ isSorted(S2:Stream) = true /\
hd(S1:Stream)< hd(S2:Stream) = true
2. |ll- [* int(hd(merge(S1:Stream,S2:Stream))<
hd(tl(merge(S1:Stream,S2:Stream))))*] = [* 1 *]
if isSorted(S1:Stream) = true /\ isSorted(S2:Stream) = true /\
hd(S1:Stream)<= hd(S2:Stream) = false

[Cases]

I11- [* int(hd(merge(S1:Stream,S2:Stream))<
hd(tl(merge(S1:Stream,S2:Stream)))) *] = [* 1 *] <f
1sSorted(S1:Stream) = true /\ isSorted(S2:Stream) = true

|- [* int(hd(merge(S1:Stream,S2:Stream))<
hd(tl(merge(S1:Stream,S2:Stream)))) *]
= [* 1 *] if isSorted(S1:Stream) = true /\ isSorted(S2:Stream) = true
—————————————————————————————————————————————————————————— [Normalize]
|- [* hd(toBits(merge(S1:Stream,S2:Stream))) *] = [* hd(ones) x] if
isSorted(S1:Stream) = true /\ isSorted(S2:Stream) = true

1. |ll- [* hd(toBits(merge(S1:Stream,S2:Stream))) *] = [* hd(ones) x]
if isSorted(S1:Stream) = true /\ isSorted(S2:Stream) = true

2. |Il- [* tl(toBits(merge(S1:Stream,S2:Stream))) *] = [* tl(ones) *]
if isSorted(S1:Stream) = true /\ isSorted(S2:Stream) = true

—————————————————————————————————————————————————————————— [Derivel

[1l- [* toBits(merge(S1:Stream,S2:Stream)) *] = [* ones *] if
isSorted(S1:Stream) = true /\ isSorted(S2:Stream) = true
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