Preface

The aim of the work°ow management is to help business goals to beheéeved
with high exciency by means of sequencing work activities andwoking ap-
propriate resources associated to these activities. Therefomork°ow man-
agement is both a key technology in supporting business processes an
e®ective means to realize full or partial automation of a busess process.
Despite many work°ow management systems developed for di®ereppés
of work°ow processes, the lack of rigorous theoretic foundati@nd e®ective
model veri cation and analysis methods in current work°ow mangement
systems is considered a serious problem.

Correctness veri cation plays an important role in implemenhg success-
ful work°ow management. The objective of correctness analysid process
control is to avoid the deadloks or structural con’icts in the gecution of
a work°ow model. Formal semantics, local state-based system destiop,
and abundant analysis techniques are good reasons to use Pett based
work°ow management systems.

Time management in work°ow processes is crucial in determiningnd
controlling the life cycle of business activities. Time manageent involves
the assignment of dead-lines, checking of timing inconsistergier the cal-
culation of the overall process duration.

In this thesis there are discussed two main time extensions of wookv
nets. Four types of timed work°ow nets are introduced,., E, S, and A, each
of them based on the corresponding type of timed Petri net. The sndness
property is studied for each type of them. In case df- and E-timed work-
°ow nets, the soundness property is equivalent with boundednessdliveness
properties of their closures, which are - and E -timed Petri nets, respectively.
Boundedness and liveness properties fartimed Petri nets can be reduced
to the same properties for classical Petri nets. Petri nets withezo tests



on bounded places are introduced and boundedness and livenafsk -timed
Petri nets are reduced to the same properties of Petri nets wiitzero tests on
bounded places. The soundness property f& and A-timed work°ow nets
is studied through the halting problem of deterministic courgér machines:
deterministic counter machine can be simulated bg- and A-timed work°ow
nets and the halting problem of deterministic counter machies can be re-
duce to the quasi-liveness property 0B- and A-timed work°ow nets. As a
conclusion, our thesis closes the decidability status of the salmess problem
for timed work°ow nets with discrete time durations based orL-, E-, S-,
and A-timed Petri nets [56, 22].
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Introduction

A work°ow management systens a system that completely de nes, man-
ages, and executes work°ows through the execution of softwarbage order
of execution is driven by a computer representation of the wktow logic [59].
Work°ows are cased-basednd the goal of work°ow management is to handle
cases as exciently as possible. Cases are handled by execui@sisin a spe-
ci c order. To do that, and to model states between tasks as wettpnditions
are added. A condition may hold or not. Each task hapre-conditions and
post-conditions Pre-conditions should hold before the task is executed, and
post-conditions should hold after the task is executed.

Petri nets model work°ow systems in a rather straightforward mamer:
tasks are modeled by transitions, conditions are modeled by pks, and cases
are modeled by tokens. Moreover, Petri nets have a well-de negmantics,
provide a graphical language, are expressive, and many anadysechniques
are now available for them. All these facts have led to an incrsiag interest
in using Petri nets for work°ow modeling [2].

For many real work°ow processes temporal restrictions are essetiFor
instance, if a process does not take place on a given time intanthen its
execution on a further time can be insigni cant. Therefore, icorporating
time in work°ow systems is a necessity.

Our thesis focuses on the two main time extensions of workfow Bset
time work°ow nets and timed wor°ow nets. For types of timed work°ev
nets behaviors [, E, A, and S) are introduced and the soundness property
is studied for each of them.

The thesis is structured as follows. Chapter 1 recalls the mairotation
and terminology on classical Petri nets which will be used thralhout the
thesis. Since many text-book on Petri nets are available we ditbt go into
details. The main decision problems for classical Petri net areemtioned
and two extensions of Petri nets, conditional Petri nets and Re nets with
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zero tests, are presented. In the end, a short review of deternstic counter
machines is made.

Chapter 2 begins with a short argumentation of the necessity oftro-
ducing time speci cations in Petri net theory. Then we survey tw classes
of such time speci cations: time Petri nets and timed Petri nets. ®erent
variants of ring rules for time Petri nets are presented and thir reachabil-
ity, boundedness, and liveness properties are studied. A revi®ivthe ring
strategies considered for timed Petri nets is made. We introde slight mod-
i ed ring rules for the four types of timed Petri nets with discrete durations
(L, E, A, and S) that have been de ned in [56] and [22]. We prove that
reachability, boundedness, and liveness properties are dexdite for LT4P N,
LT4PN with auto-concurrency, andET4PN. In order to do that we show
that this properties for LT4PN and LT4P N with auto-concurrency can be
reduced to the same properties for classical Petri nets. In thes®ofET4P N,
we introduce Petri nets with zero-tests on bounded places amee show that
reachability, boundedness, and liveness properties feif 4P N can be reduce
to same properties for them. We also prove that reachability,owerability,
boundedness, and quasi-liveness are all undecidable $di;P N and AT4P N
by reducing the halting problem for deterministic counter mehines to each
of these decision problems.

Chapter 3 presents the basic concepts related to classical wor’mets.
One of the most important correctness criterion for work°ow net, the sound-
ness property, is studied thoroughly. The two major approaclseused to de-
cide the soundness property for work°ow nets, reducing the souress prob-
lem to the liveness and boundedness of Petri nets and reducirgtsoundness
problem to the \home marking" problem, are discussed. The comgtity of
the algorithms developed for deciding liveness and boundexsis of Petri nets
is given.

Chapter 4 deals with time extensions of work°ow nets which areuidd on
the skeleton of time extensions for Petri nets presented in Chigp 2. Four
types of timed work°ow nets with discrete duration based ok -, E-, S-, and
A-timed Petri nets [56, 22] are introduced. This chapter wilfocus on study-
ing the soundness property for time work°ow nets and for the foulypes of
timed work°ow nets we introduced [53, 54, 55]. We show that the sadness
property of time wok°ow nets can be characterized in the same maer as
for classical work°ow nets and we shall present two classes of timeriwow
nets whose soundness is equivalent with the soundness of their eriging
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nets, which are classical work°ow nets. We also prove that the souress of
L- and E-timed work°ow nets can be reduce to the boundedness and live-
ness properties fok.- and E-timed Petri nets. Since these last properties are
decidable forL- and E-timed Petri nets, the soundness ok - and E-timed
work°ow nets is decidable. Another result is that soundness is uadidable
for type S- and A-timed work°ow nets. We prove it by transforming the type
S- and A-timed Petri nets associated to a deterministic counter macheinto
type S- and A-timed work°ow nets, respectively, and showing that the reach-
ability, coverability, boundedness, and quasi-liveness arel aindecidable for
them as well.

The thesis is self-contained and unitary. The chapters follow natural
order to achieve our goal of studying the soundness property fitme and
timed work°ow nets.
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Chapter 1
Petri Net Theory

In this chapter we establish basic terminology, notation, andesults in Petri
net theory that will be used in our thesis. For further details, tle reader is
referred to [43, 35, 24].

1.1 Petri Nets

The set of nonnegative integersor natural numbers (nonnegative rational
numbers nonnegative real numbersrespectively) is denoted b\N (Q4, R,
respectively) and the set opositive integers(positive rational numbers pos-
itive real numbers respectively) is denoted byN * (Q*, R ™, respectively).
We denote byN the setN [f ! g, where! is a symbol which does not belong
to N. We extend the relation< and the operations + andj to the setN
as follows:

2 n<! foralln2N;
21 +n=n+! =1 foraln2N [f !g;
21 ijn=!,foraln2N.

Set inclusionis denoted byu and strict inclusion by %. jAj stands for
the cardinality of the setA.

Given a function%: A! B, its restriction to C g A is denoted by%c.

If Y2is a function from a setA into N andr 2 N, then Y5 r denotes the
function (% r)(a)= Aa) r, forall a2 A, and %53 r denotes the function
(Y4 r)(a) = maxf£a) r; Og, for all a2 A.

1



2 Petri Net Theory

For a matrix | we denote byl! the transposeof | . We denote by0 the
vector whose components are all 0.

A multiset over a setA is a functionf from A into N . The numberf (a)
is called thenumber of occurrences o& into f. f is called nite if f (a) =0
for all but nitely many a 2 A. The cardinality of a nite multiset f over
A, denotedjf j, is 44 f(a). Itis usually written a2 f if f(a) > 0. The
basic operations with sets are de ned for multisets too. For instee, iff is a
multiset over A anda 2 A, thenf [f agis the multiset (f [f ag)(a) = f (a)+1
and (f [f ag)(a%) = f (a9 for any a°6 a.

For an alphabetV (i.e., a nonempty nite set), V" denotes the free monoid
generated byV under the operation of concatenation angd denotes the unity
of V. The elements ofV* are calledwordsover V. , is called the empty
word. jwj denotes the length ofw. A languageover V is any subset ofV*©.

A directed graphis a pair (V; E), whereV is a nonempty and nite set of
nodesand E is a set of ordered pairs of nodes frov called arcs.

A treeis a directed graph for which there is a distinct nodg, 2 V, called
the root of the tree, such that for every noder 2 V there exists a unique
path from vg to v. If v 2 V we denote byv* the set of direct successors of

Let A and B be two nonempty sets. An A;B)-labeled treeis a 4-tuple
A =(V;E;l;l,), where (V;E) is atree,l; : V! A is the labeling function
of the nodes, andl, : E ! B is the labeling function of the arcs. By
da (v; V9 we denote the path (unique, if it exists) fromv to vPin A. We write
VP92 da (v; V9 if v®is a node on the path fromv to V°

A ('nite) Petri net is a 4-tuple 8 = (S; T; F; W), where:

2 SandT are two nite nonempty sets (ofplacesand transitions, respec-
tively) such that S\ T = ;;

2 FU(SET)[ (TE S)is the °ow relation;

2W :(SET)[ (TES)! N is the weight function of § verifying
W(xy)=0i® (x;y) 2F.

When W(x;y) - 1 for all (x;y) 2 F, we will simplify the 4-tuple
(S;T; F; W) to the 3-tuple (S;T;F).
For eachx 2 S| T we denote:

2 *x = fyj(y;x) 2 Fgand call it the pre-setof x, and
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2 x* = fyj(x;y) 2 Fgand call it the post-setof x.

These notations are extended to subsed © S| T by union.

For a transition t we denote by ¢t the function given by ¢t(s) = W (t;s)j
W (s;t), for all placess 2 S.

TS stands for the setft*jt 2 Tg[f tijt 2 Tg.

Two transitions t; and t, arein con®ict if “t;\ “t, 6 ;.

A marking of 8 is any function M from S into N, usually denoted as an
S-indexed vectorM 2 NS/, As the operations with markings are operations
with functions or vectors, they are componentwise de ned. Gimetwo mark-
ingsM; and M,, we write M; - M, wheneverM(s) - My(s), for any place
S. Moreover, ifM(s) <M ,(s) for some places, then we write M; <M ».

For a places of § we denote byMg the marking given byMg(s) = 1 and
M(s) =0, for all s°6 s.

A marked Petri netis a pair°® = (8 ;My), where 8 is a Petri net andMy,
the initial marking of °, is a marking of 8.

Pictorially, Petri nets are represented as follows: placeserepresented
by circles, transitions by boxes, the °ow relation is representdaly drawing an
arc betweernx andy whenever ;y) is in the relation, and the weight function
labels the arcs whenever their weights are greater than 1. Aanrking M of a
Petri net is represented by drawingM (s) black tokens into circle representing
the places, for each places.

The ring rule of a Petri net § states that a transition t is enabledat a
marking M (or M enablest), denoted by M [tig, if M(s) , W(s;t), for all
s2 S. GivenT%u T, T{M) stands for the set of all transitions inT°which
are enabled at the markingM . If t is enabled atM , then it can re yielding
a new markingM °given by M qs) = M (s)j W(s;t)+ W(t;s), forall s2 S;
we denote this byM [tis M °.

The ring rule is extended usually to sequences of transitions by

2 M[,iM, for any marking M ;

2 M [wtiM ° whenever there is a markingv ®such that M [wiM ®and
M %%tiM © whereM and M °are markings,w 2 T°, andt 2 T.

When there is a sequence 2 T such that M [wis M °we say thatM Cis
reachable(from M) in 8 and w is a ring sequence(from M) in 8. [Misg
stands for the set of all reachable markings (frorivl ) in 8.



4 Petri Net Theory

The notation [¢i will be simpli ed to [ ¢iwhenever no confusion may arise.

Let 8 be a Petri net and x;;xx 2 S[ T. A path from x; to X, is a

sequencexs; Xo; i i Xk such that (Xj;Xj+1) 2 F,forall1- i - kj 1. The
path x1;X2;:::; X, is calledelementaryif x; 6 x; wheneveri 6 j. The path
X1; X2 111X is called acircuit if x; = Xg.

For a path c= X1;Xp;:::; Xk we denote by®(C) = fXxq;Xo;:::;Xkg

A Petri net is called weakly connectedor just connected if every pair of
nodesx andy satis es (x;y) 2 (F[ Fi 1) Itis called strongly connectedf
every pair of nodesx andy satis es (X;y) 2 F".

A Petri net § is called an S-graphif for all t 2 T it holds j’tj = jt*j = 1.

Anet §8°= (SSTCFCWO9 is a subnetof § if S°u S, T°u T, FO=
F\ ((S°£ TY(TOE SY), and W= Wjsq 1o (rq s9. §°is apartial subnetof
§if SOu S, Tou T,FOu F\ ((SP°£ TY(TOE SY), and W°= Wijro.

A subnet 8° of § is an S-componentof § if § °is a strongly connected
S-graph andT%= *S°[ SC.

A Petrinet 8§ = ( S;T; F; W) is covered byS-componentsif there exists
a seg of S-componegts 8§ = (Si;Ti;Fi;Wé), i = 1;:::;n, of 8 such that
S= i=1;:5n S, T= i=1;:5n Ti, and F = i=1;:5n Fi.

..........

Assume that the setsS and T of places and transitions of a Petri net are
S=fs;;¢¢rgand T = fty; ¢ ¢gt,g. Moreover, we assume that these two
sets are totally ordered by:

2 g1<¢C&sy;

2 <cece&t,.

The incidence matrixof § is an m £ n matrix |s de ned by:
ls(i;j)= W(t;s) i W(si;t)); foralll- i- mand1- j - n:

We denote byRank(lg) the rank of the incidence matrix of 8.

An m-dimension vectorJ is called anS-invariant of § if it satis es:

Jielg = 0
An n-dimension vectorJ is called aT-invariant of § if it satis es:

ls ¢J = 0
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Let ° = (8 ;Mg) be a marked Petri net. A @\_Iij;T)-IabeIed treeT(°) =
(V;E;lg;1,) is called the coverability tree of ° if it satis es the following
properties:

1. I3(vo) = My, wherevy is the root of T ;
2. for every nodev 2 V we have:

2 jvtj =0, if T(I(v)) = ; or there exists a nodev® 2 dr(vo;V),
VP8 v, such thatl;(v) = 11(V9);
2 v j = jT((v))], otherwise;

3. for every nodev 2 V with jv*j > 0 and everyt 2 T(l1(Vv)) there exists
a nodev®2 V such that:

(@ (v;v) 2 E;
(b) for everys2 S we have:
2 [3(V9(s) = !, if there existsv®®2 dr (Vo; V) such that

l1(VO9(SY) - 1(V)(sh+ W(t;s9) | W(set), for all s°6 s, and
11(v®)(s) <11(v)(s) + W(t;s) i W(s;1);
2 11(v9(s) = 11(v)(s) + W(t;s) i W(s;t);

(©) ly(v;\V9 = t.

1.2 Basic Decision Problems for Petri Nets

The analysis of Petri nets as concurrent system models lead toetimecessity
of solving some decision problems. In the sequel, we shall recak thasic
decision problems concerning Petri nets [15].

The reachability problem for marked Petri nets is to decide whether a
given markingM of a marked Petri net® = (8 ; My) is reachable formMy.

The reachability problem is decidable for marked Petri net§31, 27].

For a markingM of ° and S°% S, M jso is a submarkingof M .

The submarking reachabilityproblem for marked Petri nets is to decide
whether a given submarking of a markingl of a marked Petri net° =
(8 : M) is reachable fromM.
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The submarking reachability problem is recursively equivate to the
reachability problem [15], therefore it is decidable for méed Petri nets.

We say that a markingM is coverablein a marked Petri net® = (8§ ; M)
if there exists a markingM °2 [Myi such thatM - M?

The coverability problem for marked Petri nets is to decide whether a
given markingM of a marked Petri net® is coverable.

The coverability problem is decidable for marked Petri netf25].

A Petri net ° is bounded with respect to a marking/l if there exists a
natural number n such that Ms) - n, for every markingsM ° reachable
from M and every places. If n =1 then ° is calledsafewith respect to M.

The boundednesgroblem for marked Petri nets is to decide whether a
given marked Petri net® = (8 ; My) is bounded (with respect to the initial
marking My).

The boundedness problem is decidable for marked Petri net$H]2

A Petri net ° is called live with respect to a markingM if for every
marking M °reachable fromM and every transitiont, there exists a marking
M %reachable fromM ° such that M °fti .

The livenessproblem for marked Petri nets is to decide whether a given
marked Petri net ° = (8 ;My) is live (with respect to the initial marking
Mo).

Hack showed in [15] that the liveness problem is recursively egalent to
the reachability problem.

1.3 Conditional Petri Nets

Many real systems can not be properly modeled by classical Petets. This
fact led to considering extensions of Petri nets in order to betr t real
necessities. In [52]..-conditional Petri nets were introduced. These nets are
obtained by imposing a restriction on the ring rule.

Let L be an arbitrary family of languages. AnL -conditional Petri net is
a pair®° =(8 ;' ), where:

2 8 is a Petri net;

2 ' the L-conditioning function of °, is a function fromT into P(T")\L .
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A marked conditional Petri netis a 3-tuple® = (8 ;"M o), where (§;")
is a conditional Petri net andMg is a marking of § called theinitial marking
of °.

The ring rule of a conditional net® states that if M is a marking of°
and u 2 T7, the transition t is enabledat (M;u), denoted by M; u)[ti-., if
W(s;t) - M(s), for any places, andu 2 ' (t). If (M;u)[ti.., thent can re
yielding a pair (M % v), denoted by (M;u)[ti-.c(M%v), where M [tisM°and
vV = ut.

As for Petri nets, the transition rule can be be extended to sequees of
transitions.

Reachabilityand livenessare similarly de ned forL -conditional Petri nets
as for ordinary Petri nets, and these properties are decidabter L3 condi-
tional Petri nets (L ;3 stands for the family of regular languages) [51].

1.4 Petri Nets with Zero Tests

Another extension of Petri nets that we shall use in this thesis ishat of a
Petri net with zero-tests.

A Petri net with zero-tests(P Ng), also called aninhibitor Petri Net [4],
is a pair® =(8 ;J), where § is a Petri net andJ is a subset ofS£ T such
that F\ J = ;.

A transition t is enabledat a marking M in °, denoted byM [ti-, if M [tig
and M(s) =0, forall s2 pry(J) (pri(J) = fsj9t2 T : (s;t) 2 Jg). If t
is enabled atM in °, then it can re yielding a new markingM ° given by
MYs)= M(s)j W(s;t)+ W(t;s), for all s2 S; we denote this byM [ti- M °.

Pictorially, a pair (s;t) 2 J of a Petri net with zero-tests is represented
by an arc as in Figure 1.1.

o

Figure 1.1: Representation of a pair;t) 2 J

A marked PNy (MPNg) is a 3-tuple ° = (8 ;J; M), where (8;J) is a
P Ng and Mg is a marking of § called theinitial marking of °.
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1.5 Counter Machines

A deterministic counter maching DCM ) is a 6-tuple A = (Q; ;& ; C; Xo; 1),
where:

1. Q is a nite nonempty set of states @ 2 Q is the initial state, and
G 2 Q is the nal state;

2. C is a nite nonempty set of counters Each counter can store any
natural number, andXy : C! N is the initial content of the counters;

3. | is a nite set of instructions. For each non- nal state there is exactly
an instruction that can be executed in that state; forg there is no
instruction. An instruction for a state q is of the one of the following
forms:

2 jncrement instruction - 1 (q; c; )
g: begin
c:=c+1;

go to o°
end

2 test instruction - 1 (q;c; ¢ %

g:if c=0then goto
else begin
c=cj 1;
go to g*
end

Let A = (Q;;G;C;Xp;1) be aDCM . A con guration of A is a pair
(9;X), whereg2 Qandx : C! N. A con guration (q;Xx) is called initial
whenqg= @ and x = Xo; (g;X) is called nal wheng= ¢.

Let A=(Q;p;q;C;Xo; 1) be aDCM . We de ne the binary relation " 5
on the con gurations of A by:

(9;X) " A (6% x9 if one of the following holds:

1. there is an increment instructionl (g; ¢; ) such that x{c) = x(c) + 1
and x{c® = x(c9, for all ®2 Cif cg;
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2. there is a test instructionl (q; ¢; q; @) such that

(@) if x(c) =0, then ¢°= ¢ and x°= x;

(b) if x(c) 8 0, then ¢°= @, x{c) = x(c)i 1 andx{c) = x(c?), for
all 2 Cjf cg.

*a(7a) stands for the transitive (re°exive and transitive) closer of 4. If
(%; X0) “a(Q; X), then (q; X) is called reachable

The halting problemfor deterministic counter machines is to decide whether
a givenDCM reaches a nal con guration.

It is well-known that this problem is undecidable [34].
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Chapter 2

Time Constraints in Petri Net
Theory

The concept of time is neither explicit nor implicit in the oiginal de nition
of Petri nets because associating timing constraints to the awtiies repre-
sented in Petri nets may prevent certain transitions from ring destroying
the assumption that all possible behaviors of a real system are repented
by the structure of the Petri nets.

In [35] it was remarked that

"The addition of timing information might provide a powerful
new feature for Petri nets, but may not be possible in a manner
consistent with the basic philosophy of PNs"

Indeed, when dealing with the fundamental properties of Patnet models
and systems, with their analysis techniques and the associated qmutational
complexity, and with the equivalence between Petri nets andther models
of parallel computation, timing is not relevant.

In the last years, Petri nets were recognized as possible modelseal
concurrent systems, capable of coping with all aspects of pasitm and
con’ict in asynchronous activities with multiple actors. In this case, timing
is not important when considering only the logical relationsips between the
entities that are part of the real system. The concept of time lm®mes instead
of paramount importance when the interest is driven by real gpications
whose ezxciency is always a relevant design goal. In areas likerdhaare and
computer architecture design, communication protocols, argbftware system

11



12 Time Constraints in Petri Net Theory

analysis, timing is crucial even to de ne the logical aspects ofi¢ dynamic
operations.

When introducing time into Petri net models and systems, it wou be
extremely useful not to modify the basic behavior of the undering untimed
model. By so doing, in the study of timed Petri nets it is possibleat exploit
the properties of the basic untimed model as well as the avail@ theoretical
results. The addition of temporal speci cations therefore mustat modify
the unique and original way of expressing synchronization andagallelism
that is peculiar to Petri nets.

Di®erent ways of incorporating timing information into Petr nets were
proposed by many researchers during the last two decades; the d&de pro-
posals are strongly in°uenced by the speci ¢ application elds. Nowdays,
two main directions in using the time are recognized. One of &m, timed
Petri nets, considers the time as a duration [41, 40, 17] and aused for
performance evaluation of the systems. The other one, time Petrets, con-
siders time intervals [32, 33, 6] and are suitable to design andayse com-
munication protocols and study problems with recoverabiljit aspects. Other
extensions, as timing constraints Petri nets [50, 28], are inspd by both,
timed and time Petri nets.

2.1 Time Petri Nets

In 1974 P.M. Merlin has introduced time Petri nets [32] to stugl the recov-
erability of computer systems. Later, in [33], time Petri nets ave been used
to design and analyze several practical computer communicati protocols.

Merlin's time Petri nets extend classical Petri nets by associaty a time
interval (1.(t);1,(t)) to each transition t.

De nition 2.1 A time Petri net (TPN) is a tuple ° = (8 ;1), where:

1. 8 = (S;T;F;W;Mp) is a marked Petri net, called thethe underlying
net of °;

2.1 :T! R* £R" is the time function of °, where for eacht 2 T,
I (t) = (11(t); 12(1)) with T4(t) <1 »(t).

I (t) is called the static interval of t. 1(t) and I,(t) are called static
earliest ring time of t (seft(t)) and static latest ring time of t (slft (1)),
respectively, and are relative to the moment at which was last enabled.
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In order to re, a transition of a time Petri net must be continuowsly
enabled from the moment it became enabled until the moment ites. When
a transition t res, the transitions which are disabled are those not enabled
after t removes tokens from the corresponding input places and befar
adds tokens to the corresponding output places. They includée transition
t. When an enabled transition is disabled by the ring of another e, its
enabling is interrupted. It is considered a newly enabled tresition if it is
enabled again after the transition that red adds tokens to thecorresponding
output places. If a transition is continuously enabled for a pévd of time
equal to its static latest ring time, then itis forced to re. Firing a transition
takes no time.

The ring rule in [33] is de ned as follows:

1. atransitiont may re if the input places oft holds enough tokens for a
period of time equal or greater theri (t). The ring of t removes the
corresponding tokens from each input place and adds the caap®nding
tokens to each output place;

2. if the input places of the transitionst holds enough tokens for a period
of time equal tol,(t), thent res.

Formal de nitions of the ring rule have been introduced later in two
distinct ways, and we shall discuss them further.

Example 2.1 Timing values like time-outs used to implement recovery from
losses of messages are very important in specifying communicatotocols.
Time Petri nets are suitable approaches for verifying that tese time-outs are
correctly set. The alternating bit protocol is an example of @rocess modeled
by aTPN.

This protocol transmits messages between two entities, allovgonly mes-
sages in transit at a time, over an unreliable transmission mediuniypothe-
ses on the behavior of the transmission medium are that the messagesc-
knowledgments may be lost in transit. Recovery form losses is doasing a
time-out and retransmitting: each sender records the time at lich it sends
a message and if an acknowledgment of its delivery does not metwithin a
given time, the message is retransmitted.

The selected mechanism must be suzxcient for recovering from lossesia
for preventing the acceptance of duplicate messages: upon g of a
message, the receiver must be able to decide whether this is a naessage
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or a duplicate. This problem is solved by numbering the messagqsjor
to transmission, with modulo-2 sequence numbers and, for everggket re-
ceived, an acknowledgment is sent that carries the sequencemter of the
received packet.

Figure 2.1 shows thel PN that model this protocol. Losses of messages
and acknowledgments are represented as transitions with notput places.
Estimates for duration of all elementary actions of the protool are provided.
Thus, retransmission of messages occur at a time comprised betweesn8
6 time units after the message has been sent. The interval estiredt for
losses and receptions of messages and acknowledgments; i5) @nd no time
constraint (the intervals (0; 1 )) are given for sending the numbered messages.

The meaning of the transitions are:

t; Send packet 0

t, Resent packet O

t; Receive acknowledgment O
ty, Send packet 1

ts Resent packet 01

ts Receive acknowledgment 1
t; Receive and release packet 0
ts Send acknowledgment O

ty Receive and reject packet 0
tio Receive and release packet 1
t;1 Send acknowledgment 1

t;» Receive and reject packet 1
t;3 Lose packet O

t;4 Lose acknowledgment O

ti;5 Lose packet 1

t; Lose acknowledgment 1

According to the time constraints, packet O can be sent at any momgby
“ring transition t;. In the time interval (0; 1) after the message was sent this
can be lost (transitiont,3 res) or received to destination (transitiont; res).

If the message was lost, the only transition that can be applied t3 which
means that the sender will resend the message in at least 5 and at mést
time units after the previous transmission. If the receiver gsetthe message, it
will send an acknowledgment (transitiortg res) in at most two units of time
after the message was received. As the message, the acknowledgosnbe
lost (transition ti, res) or received (transitiont; res) by the sender. If it
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t, (0.1)
g

S

t; (0,2)
ap,

ty, (0.1)
flp,

Spy

t; (5,6) s (0.1)

"

Sg

t, (0,1) t, (0.2)

ap;

1,6 (0,1)

Figure 2.1: The alternating bit protocol

was lost, the sender will resend the packet between the internaland 6 units
of time after the packet O was last sent. If the acknowledgmens ireceived,
the packet 1 can be sent (transitiont; can re). The acknowledgment is
received in at most 3 time units after the corresponding messageasvsent
preventing the sender to retransmit the same packet again.

Time Petri nets are used in [6] in order to model the behavior @analyse
the properties of time systems. A formal de nition of the ring ruke was
adopted. The de nition of a time Petri net slightly di®ers from he one in
[33] in sense that, from technical reasons, the static earliest arige static
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latest ring time of the transitions are nonnegative rational mmbers. Thus,
the time function of ° isdened asl : T! Qg £ (Q¢ [flg ) satisfying:

L(t) = (12(1); 12(1)
wherel(t) and I ,(t) are rationals such that:
20 I4(t)<1;
2.0 I(t)-1 ;
2 4(t) - la(t)if 1(t) 6 1.

We remark that I ((t) <1 ,(t) if I(t)= 1.

In practice, considering rational numbers for static intervis does not limit
the modeling and the analysis power of the systems.

For simplicity, in [6] it is supposed that the TP Ns are such that none
of the transitions may become enabled more then once \simultaausly".
Therefore, for any markingM and any transition t, it holds that there exists
a places such that M (s) < 2¢W(s;t).

De nition 2.2 Let ° = (8 ;1) be a time Petri net. A state of ° is a pair
(M; 1) consisting of:

1. a markingM of §;

2. a vector| of possible ring times. Each entry inl is a ring interval
and the number of entries inl is given by the number of transitions
enabled at the markingM .

| will vary during the behavior of the net according to the numler of
transitions enabled at the current marking. The entry inl corresponding to
a transition t de nes the minimum and the maximum time between which
the transition t is individually allowed to re. The bounds of this entry are
called the dynamic earliest ring time of t (eft(t)) and the dynamic latest
‘ring time of t (Ift (t)).

De nition 2.3 Let° = (8 ;1) be atime Petri net. The state Mg; 1), where
My is the initial marking of § and |y contains the static ring intervals of
the transitions enabled atM, in an arbitrary but xed order, is called the
initial state of °.
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In [6] a global watch is used to keep the timg elapsed since the rst
transition became enabled in thel P N.

De nition 2.4 A transition t is rable from the state (M;) at time W=
¢+ W, denoted by M; 1)[(t; u9i-, if the following conditions hold:

1. t is enabled in°® at the marking M, at time ¢:

2. the relative ring time p (relative to the absolute enabling timey) is
not smaller than eft(t) and not greater than the smallest of thdft 's
of all transitions enabled at markingM :

eft(t) - p- minflft (t%jM[t%.g

Condition 2 in De nition 2.4 should hold because the ring oft should
not disable any transition currently enabled atM by passing their dynamic
Ift .

De nition 2.5 Let ° be aTPN. If a transition t is rable from the state
(M; 1) attime [°= ¢+ , then the state (M % 19 reached from M; | ) by Ting

t at the relative time p, denoted by M;1)[(t; 19i-(M %19, is computed as
follows:

1. the marking M ®is computed like in classical Petri nets:

MYs)= M(s)i W(s;t)+ W(t;s); foralls2 S;

2. 1%is computed in three steps:

(a) remove froml the intervals that corresponds to the transition not
enabled at the markingM ©

(b) for all transition t°enabled at the markingM and not in con®ict
with t (transition which remains enabled) the intervals inl ° are:

(max(0; eft (19 i W;Ift (1Y W;

(c) for the newly enabled transitions atM ° and those which are en-
abled at M % were already enabled aM and in con®ict with t in
M, the intervals in | ° are set to the static ring intervals of the
corresponding transitions.



18 Time Constraints in Petri Net Theory

De nition 2.6 Let° be aTPN.

1. A ring scheduleis a sequence of pairs
Y= (t1; ) (t2; ko) 2 (th; bh):

2. A ring schedule %is feasiblefrom a state (M; 1 ), denoted M; 1 )[%-,

(M5 DI(tes ba)ie (M5 11)[(t2; pe)ie (M2;12) 120 (Mg 15 1n; 1)
[(tn; 13 bhi i (Mn;1n):

3. A state (M %19 is reachablefrom (M; 1) if there exists a feasible Ting
schedule¥ssuch that (M; 1 )[%-(M%19).

[(M;1)i- stands for the set of all reachable states ih (from (M;1)).

Let us assume that a transitiont, with ring interval ( eft(t);Ift (t)), is
enabled at the current marking and timeu has elapsed since it was enabled.
If a di®erent transition t°is red at time , the current Ting interval for
t becomes hax(0; eft(t) i W;Ift (t) i p). If the ring of t° makest twice
enabled, thent has two related ring intervals:

2 (max(0;eft(t) j Ww;lft (t)i W for the rst time it was enabled, and
2 (I4(t); 15(t)) for the second time it was enabled.

There are several interpretations for multiple enablednessd the ring
rule will depend on the chosen one. In a general interpretatip transitions
enabled several times simultaneously can be considered as iretegent oc-
currences of the same transition. Therefore, the occurrenceat is related
to the oldest interval has to re rst. The restriction that none of the tran-
sitions may become enabled more then once simultaneously is sidered
because the multiple enabledness complicates the notationhds, notation
like tenanled(k) for transition t multiple enabledk times should be used.

The set of states of a time Petri nets may be in nite because of the
very high or in nite number of time values that can be selecteda re a
transition at a given marking. State classes are proposed in [G] te ne a
“nite enumerative analysis method for characterizing the bedvior of aTP N.

De nition 2.7 Let ° be aTPN. A state classis a pair (M; D), where:
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1. M is a marking of°;

2. D, the ring domain of the class, is a set of ring domains.

The intuition is that a state class M;D) de nes a set of states, all of
them having the same markingvl . D is then the set of all ring domains of
these states.

Usually, D is the solution set of a system of inequalities in which variables
are associated to the transitions enabled by the markinigl :

D=ftjActt, hy

where A is a matrix, b a vector of constants andt is a vector of variable
depending on the enabled transitions.

State classes capture the idea of all possible ring times that mayccur
at a given marking.

In what follows, we assume that all transitions associated to the kiables
in t are ordered.t(i) will refer to the ith transition enabled at M .

De nition 2.8 Let ° be aTPN and (M;D) a state class of it. A transi-
tion t; is rable from the class M;D ), denoted \M; D)[t;i-, if the following
conditions hold:

1. t; is enabled at the markingM ;

2. the variablet(i) associated to the transitiont; must satisfy the system
of inequalities: (
Act, b
t(i) - t(j); forallj 6 i

wheret(j ) is the variable associated to thgth transition enabled atM .
The second inequality enforce that the ring oft; must occur before
the minimum of all Ift of all enabled transitions atM .

De nition 2.9 Let ° be aTPN and (M;D) a state class of it such that

D=ftjA¢t, by

The class M % DY reached from classNI; D) by Tring the transition t;
associated to the variable(f ), denoted (M; D )[t;i-(M;D 9, is computed as
follows:
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1. the marking M is computed by the classical rule:

MYs)= M(s)i W(s;ti)+ W(t;;s); foralls2 S;

2. D%is computed in three steps:

(a) add to the system that de ne domainD, the rability condition

(b)

(©)

for the transition ts, that is:

Act, b
t(f) - t(j); forallj,j 6 f:

All the times related to the variablest(j), ] 6 f, are expressed as
the sum of the time of the red transitiont; and the new variable
t%¢j ) with

t(G) = t(f)+ t%)
The variable t(f ) is eliminated from the system. The resulting
system may be written (see Lemma 2.1):

A00¢t00> bOO
0- tOO

where A% PPare computed fromA, b, the equations that de ne
the new variables, and eliminating the variables$(f ).

as for t(f), all variables corresponding to the transitions disabled
whent; res are eliminated from the system obtained after step
(a) (these transitions are those enabled a1 and not enabled at
M(§i W(Gt)).

add to the system obtained after step i) the inequalities cor-
responding to the new variable associated to the newly enabled
transitions (these transitions are those enabled &1, not enabled
at M(9; W(¢t;) and enabled atM 9. These variables must be-
long to the static ring interval of the corresponding transitions.

The new system of inequalities may be written as (see Lemma
2.1):
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A%¢t®, 1P

This system has as many variables as there are transitions enedbl
at M %and its solution set de nesD®.

De nition 2.10 Let ° be aTPN. ° is called T-boundedif there exists a
natural number k such that none of its transitions may be enabled more than
k times simultaneously by any reachable marking:

(9k 2 N )(BM 2 [(Mg;10)i-)(8t2 T)(9s2 S)(M(s) < (k+1) ¢W(s;t))
In the particular case thatk =1, ° is called T-safe.

Lemma 2.1 (General form) The ring domain D of classes for any T-
safeTP N can be expressed as solution sets of systems of inequalities of the
following form:

® - t(i)- ; foralli
tG) i t(k) - °j; forall jik;k 6

Proof  We shall prove that this is true for the initial class and that this
form is conserved by transition's ring.

The initial class is Mg; Do), where My is the initial marking of ° and Dg
is de ned as a set of inequalities of the form:

® - t(i) -
for all variables t(i) associated with the transitiont; enabled at the initial
marking, where®F = 14(t;), 2= I(t;).

By de nition, °j = _js i ®. These inequalities are redundant and do
not a®ect the solution set of the syster®?® - t(i) - 7.

So, the initial ring domain ful'lls the general form.

Let us assume that in the state clasd\; D ), D is the solution of a system
in general form and M % DY is the state reached form 1; D) by the Ting
of the transition t; . We shall show that the newly computed system has the
general form, too.

We shall follow the three steps in whictD®is computed.
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(a) After the step (a) of De nition 2.9 we shall have:

(b)

{ ® becomesnax(0;i °«i;® i ¢);

{ ~i becomesmin(°¢; i &);

{ °i becomesmin(°j; i ).
By de nition, ® , 0.

All inequalities containing variable t(f ) must disappear from the sys-
tem. t(f ) appears in:

& - t(f) ¥ (2.1)
t@)i t(f) - (2.2)
t(f)i t@i) - °s (2.3)
and does not appear in
® - t(i) - (2.4)
tG)i tk) - °i (2.5)
From 2.4 andt(i) = t(f)+ t%i), it comes® i t(f) - t%i) - — i t(f)
and from 2.1 we have
®i -t i &:

From 2.2 it comest®i) + t(f) t(f) - °;.
From 2.3 we havet(f) i t%i)i t(f) - °s, giving t°i) . i °f.
From 2.5 we havet®qj) + t(f) i t%%k)i t(f) - °i.
The new relationships between(j) and t(k) come throught(f ) as:
® - 1)+ t(f) -
@i t%) - tf)- i %)
and®  tk) - t(f) - i tRk)
giving tk) i t%j) - «i @
andt®j) i tRk) - ;i &
In the step (b) of De nition 2.9 we must successively eliminate from
the system the variables associated with the transitions disabledhen

t; res. Each elimination, for instance of variablet(e), corresponds to
the following transformation of the system:
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{ ® becomesnax(®;®.i °ei);
{ ~i becomesmin("i; e+ %ie);
{ °jx becomeamin (°jx;°je + “ek)-

t(e) appears in:

® - te) - o (2.6)
t(e)i t(k) - e (2.7)
t(G)i te - e (2.8)

and does not appear in
® - t(i) - (2.9)
tG)i t(k) - ° (2.10)

The proof is identically to step @). All inequalities containing variable
t(e) disappear from the system.

(c) This step corresponds to the introduction in the system of theari-
ables and inequations relative to the newly enabled transiths. Each
introduction of variable t(n) yields the following transformation of the

system:
{ ®, 7, °, foralli,j, k distinct from n, do not change.
{ The new variablet(n), when is introduced, is constrained by:
@ - tn)- 3
where® = 14(t,), § = I,(ty) and t, is the transition associated
to t(n).

{ The inequalities which establish the relations betweet(n) and
the others are:

t(n)j t(k) - °n, forallk, k6 n

tG)i t(n) - °p, forallj,j 6 n.
We shall chose values fot, and °j, such that these inequalities
are redundant:

0r‘||(=_ni ®(
°in = i G
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|

Using the ring rule between classes, a tree can be built. Its root tbe
initial class and there is an arc labeled witht from class M;D) to class
(M%DY if t is rable from (M;D) and its ring yields (M % D9).

In this tree each class have a nite numbers of successors, at most one
for each transition enabled at the marking of the class.

Any sequence of transitions rable in°® will be a path in this tree of
classes. The existence of a path labelédbetween two classesM; D ) and
(M %D9 of the tree is interpreted as follows: there exists two feasiblring
schedule (1; pu)(t2; o) 21 (T W) @nd (ticen s B )(tisz s Hes2) 122 (En s Hh) such
that

(Mo; To)[(te; Hu)(t2; ko) =2 (tks )T (M; 1)
[(tes s Hers ) (tis2 s ) 222 (tns ER)T(M G 19
where! =ty tes 2iity, (M;1) belong to class ¥1;D) and (M %19 belong
to class (M % D9).
The reachability graphassociated to the net is obtained from this tree by
grouping equal classes into the same one.

De nition 2.11  Two state classesil; D) and (M % D9 are equalif M = M
andD = D°

In what follows we shall show that the reachability and the boudedness
are undecidable for time Petri nets.

We shall present the proof given in [23] where it is shown that timPetri
nets can simulate deterministic counter machines.

Let A=(Q;;G;C;xo;1) be aDCM . We associate to it a time Petri
net °°= (8 ;1) as follows:

2 for each instruction| (q; c; §) we de ne a structure as in Figure 2.2.

2 for each instruction| (g; c; & o°y we de ne a structure as in Figure 2.3.
A con guration %= (q;x) of A is simulated by the state My; |3,) where:

8

> 1 if s= s,

My(s)= _ O if s=s7,8¢°2Qif qg,
x(c) ifs=sg,8c2C,
and | 3, contains the static ring intervals of the transitions enabledat M,

We call ° = (°%(Mgy,;1s,)) the TPN associated toA.
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qu—> 40 Sy

)

Figure 2.2: The structure associated to the instruction (qg; c; §)

t(2,3)

S

Figure 2.3: The structure associated to the instruction (q; c; ¢ %)

Lemma 2.2 LetA=(Q;m;G;C;Xp;1)beaDCM, ° be its associated time
Petri net, and %= (qg;x) and 32 = (d%x9 be two con gurations of A. Then,
the following properties holds:

1. if (9;%) " a (%9 then, there exists a transitiont and a time p such
that in ° we have:

(M 1)[(t; )i - (Mg 1 99);

2. if (Ms, 1)[(t; )i (Msg; l5p) for somet 2 T and p2 Q™ then

(@9 " a (A x9:

Proof (1) Let ¢ be the momentMs, was reached.
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If (q;%) ~a (6% x9 by an increment instruction | (g; c; @), then in °, the
only transition enabled atM, ist. t can Tre at any time p= ¢+ I with
12, 0, reaching the state Msp; 1 5p).

If (g;%) ~a (6%x9 by a test instruction 1(q;c; g; ) and x(c) = 0 then
¢ = . According to the structure in Figure 2.3,t is the only transition
enabled at the markingMs, in © and it can re at any time between 2 and 3
units of time once it became enabled, yielding the statéM(sy; | 3p).

If (q;%) A (0%x9 by a test instruction 1(q;c;q; ) and x(c) > 0 then
°= q. At the marking M, there are two enabled transitiong and t But t°
must re at most one unit of time after it become enabled, disabligt which
must wait at least two units of time before ring. The state reachd after t°
Tres at any time p= ¢+ L with 0 - 0. 1, is Mag; 1 sp).

(2) In the state (Ms, 1) of ° there is one token in the places; and
X(c) token in each places;. If sy has one output transitiont then, in A the
instruction for the state q is an increment onel (g;c; ). The Ting of t at
time pyields the new state Msy; 1 5p) with one token in sy, X(C) +1 tokens in
sc and x(c” tokens insY, ¢ 8 c® This state corresponds to the con guration
8= (% x9 reached by executing the instruction (g;c; ) in A

If sq has two output transitions t and t° then, in A the instruction for
the state q is a test instruction 1 (q;c;q; ). The ring of (t;p) at (Mg, l3,)
corresponds to the situation in which the countecis 0 and the ring of (t% 1)
at (Mg, 15 corresponds the situation in whichx(c) > 0. In both cases, the
state (Myp; | 39) reached by ring (t; p) or (t% ) at (Mg |5, is associated to the
con guration ¥ = (% x9 reached by executing the instructionl (q; c; q; &)
inA. —

We de ne now two new time Petri nets obtained from the time Peirnet
° associated to aDCM A :

2 °; = (8 1;11;(My,;15,)) is obtained from ° as described in Figure 2.4,
where ty;:::;t, are new transitions with time intervals (Q1). The
initial marking M3, marks all the places ad s, does.

2 25 =(8 2;12;,(Mg;14,)) is obtained from ° as described in Figure 2.5,
wheres-is a new place. The initial marking is

(
2 _ Ms,(S); s2 S
M3 (s) = 0; s=s
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Q @all s-{s| c-C}) Q

P Oy
/\@

Figure 2.4: Undecidability of reachability forTP N

2

(all t-T)
4

Figure 2.5: Undecidability of boundedness fof PN

Theorem 2.1 Let A =(Q;;¢;C;Xo;1) be aDCM, ° be its associated
time Petri net and °;, i = 1;2, be theTP Ns constructed as above.

1. the state My, I3, such that

1, s=sq4

M:(s) = 0; S6 sq

is reachable in°, if and only if A halts;

2. °, is bounded if and only ifA halts.

Proof (1) If A halts then (;X0) ~a (G ;X). According to Lemma 2.2
in ° a state whose marking has a token i, and some tokens in some,
is reachable from the initial state. This state is reached ifi; as well. At
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this state, we can re the transitionst; which remove tokens from places,
yielding the state (Mg, I5). Therefore (M3, 15, is reachable in°;.

Conversely, if M, 15) is reachable in°; then, there exists a feasible ring
schedule! such that (M, ; 13,)[! i-,(Ms, I3). According to Lemma 2.2, inA
we have (p; Xo) ~ a (¢ ;X) which means thatA halts.

(2) If A halts then the nal state ¢ is reached after applying a nite
numbers of instructions. Thus, in all markings of’, each place can hold a
“nite numbers of tokens. Therefore?, is bounded.

Conversely, let°, be bounded. If we assume thad does not halt, then in
A an in nite sequence of instructions can be applied. According tbemma
2.2, an in nite sequence of transitions is ring, each transitiomdding a token
in s. Thus, s-holds an in nite number of tokens contradicting the fact that
°, is bounded. —

Corollary 2.1  The reachability and the boundedness are undecidable for
time Petri nets.

Proof  Follows from Theorem 2.1.—
In what follows, we shall give two suzcient conditions for boundgness
([6D.

Lemma 2.3 Let° =(8 ;1) be a T-boundedTPN. If ° is unbounded then,
there exists an in nite sequence of state classeM {;Do);(M1;D1);::: in
which all classes are pairwise di®erent, such that:

(Mo; Do)[tsi-(My; Dy)[tai-:::
wheret; 2 T.
Proof If ° is unbounded then, for anyn 2 N there exists a state class
(M; D) reachable from Mg; Do) such that M (s) > n, for some places 2
S. Since each state class has only a nite number of successors, frora th

de nition of the ring rule, there exists an in nite sequence of stée classes
reachable from Mo; Do)

with (M;;D;) 6 (M;;D;), forall i;j ,i 6 j, and there existst; 2 T such that:
(Mo; Do)[tai- (Myq; Dy)[taie 111t
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Theorem 2.2 (SC1) A T-bounded TP N ° is bounded if there is no pair of
state classesNI; D) and (M % D9 reachable from the initial state class such
that:

(@) (M%DY is reachable from ;D );
(b) MYs), M(s), forall s2 S.
Proof  Assume that® is unbounded and consider the in nite sequence
' =(Mg;Do);(M1;Dy);

de ned in Lema 2.3. Sinc€ is T-bounded, there is only a nite number of
“ring variables associated to the enabled transitions at any m&ing. Hence,
there is only a nite number of domains. As state classes are pairwid®er-
ent, there exists an in nite subsequence

1 9= (M;,;Di,); (M,; Dyi,); 1

igr
of ! such thatM;, 6 M;, foralli;j,i6 j and! 0 contains two state classes
(M;D) and (M%D9 with Mqs), M(s), forall s2 S.

Theorem 2.3 (SC2) ATPN ° is bounded if no pair of states classe®/(; D)
and (M % D9 reachable from the initial state class holds the following cwli-
tions:

(@) (M°DY is reachable from |1;D);
(b) M%s), M(s), forall s2 S;
(c) D°= D;

(d) forall s2fs2 SjMYs) >M (s)g we haveM (s) > maxfW(s;t)jt 2
Tg.

Proof Assume that ° is unbounded and consider the in nite sequence
I %from Theorem 2.2. Since the number of distinct subsets & is nite ! °
must contain an in nite subsequence which has two state classég;[D ) and
(M%D9 such thatD = DS M°, M and8s2fs2 SjMYs) >M (s)g we
have M (s) > k (s), where k is any mapping associating an integer with any
place. Because a transition's ring can remove maximumaxf W (s;t) jt 2



30 Time Constraints in Petri Net Theory

Tg tokens, k may be chosen to be greater then all related transition weights
for any places: k(s) = maxfW(s;t) jt2 Tg. —

It is clear that (SC2)) (SC1).

The second type of ring rule for time Petri nets have been intrduced in
[36]. The time Petri nets are de ned like in [6].

Because it is easier to study the behavior af P Ns whoseseft and slft

are natural numbers it is shown that for eachTPN can be found another
one which have naturalsseft and slft .

Denition 2.12 Let° = (8§ ;1) and °%= (8 %19 be two time Petri nets, °
and °%are time equivalentif the following properties holds:

1.8=8°¢

2. There exists a constant 6 0 such that, for eacht 2 T we have:

(@ l,(t)= 1 ifandonlyif 19(t)= 1 ;

(b) 14(t) = Oifand only if 19(t) = 0 and I,(t) = O if and only if
13(t) = 0;

(c) :7% = cif 19(t) 6 0;

(d) :7% = cif 1(t) 6 0.

Theorem 2.4 Let° be aTPN. Then, there exists aTPN °%with 1°; T !
N £ (N [flg ) which is time equivalent with °.

Proof  We compute the least common multiplec of the denominators of
all 1,(t) and I5(t), t 2 T. Then, we de nel Xt) and I13(t) as the product of
I1(t) and I5(t) with c. —

All the TP Ns used below, have the time function de ned fronT into
N £ (N [flg ).

Before giving the de nition of the ring rule we shall present thenotion
of state as de ned in [36].

De nition 2.13 Let° =(8 ;1) be atime PetrinetandJ : T! QI[f #g.
A pair (M;J) is calleda stateof ° if:

2 M is a reachable marking in §;



Time Petri Nets 31

28t(t2 TAW(s;t) - M(s),foralls2S) J(t) - I,(t));

28t(t2T"9 s2 SsuchthatW(s;t) >M (s)) J(t) =4#).

An interpretation of a state is as follows: in the net each transion t has
a watch. The watch does not work J(t) = #) at the marking M if t is
disabled atM . If t is enabled atM the watch of t shows the time ((t))
elapsed sincé was last enabled.

De nition 2.14 Let° beaTPN. A state (Mg; Jo) is called theinitial state
of ° if
( :
Jo(t) = 0; if W(s;t)- M(s), forall s2 S;
ORY™  #. if 9s2 Ssuchthat W(s;t) > M (s).

Unlike [6] where it is speci ed the time at which a transition res, n [36]
the time is explicitly passed. The ring rules are essentially theame, but
there are de ned completely di®erent methods for building theeachability
graph foraTPN.

De nition 2.15 A transition t is ready to re at the state (M;J), denote
by (M;J)[ti., if

1. W(s;t) - M(s), forall s2 S;
2. 14(t) - J(1).

The transition t is ready to re at the state (M;J) if t is enabled at the
marking M and the watch oft shows itseft or a later time.

De nition 2.16 Let22 T[ Q. We write (M;J)[2i-(M%J9 if one of the
following cases applies:

1. if 2=t then:

(@) tisreadyto re at (M;J);
(b) MYs)= M(s)j W(s;t)+ W(t;s), forall s2 S and
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(c)
% #; if 9s2 SsuchthatW(s;t) >M qs);
%) = J(t); if W(s;t)- M(s)» W(s;t)- M{s), foralls2 S
3 A\ t0=;, for all t°2 T; 96 t;
©0; otherwise;

2. if2=(r) for somer 2 Q, then:

@ 8t(t2TAJIM)6# ) J()+r - I,1):
(b) M°= M and
()

( .
%) = #; if 9s2 S such that W(s;t) >M (s);
T JM)+ o if W(s;t) - M(s), forall s2 S.

We say that the state (M ¢ J9 is reachablefrom (M;J) in ° if there exists

of all reachable states irf (from (M;J)).

De nition 2.17 1. Let° be aTPN, (M;J) and (M%J9 two states of
it, w2 T and » 2 (Q¢)™*1. The state (M;J) changes into the state
(M©J9 byw and », denoted by M; J )[w,i (M J9, if

a) w=_, then (M%J9=(M;J)and (M;JI)[,i(M;J);

b) (M;Jd)[w,t i(M%J9 if there exists two states M %°J% and
(M 9903000 siich that (M: J )[w,i (M %30, (M 9 JO§[ti (M 0003 00p
and (M %039 ri(Mm % J9.

2. Let° be aTPN and (M;J) a reachable marking of it. The sequence
w2 Tcan re at (M;J)in °, ((M;J)[wd) if there exists a sequence of
rational numbers» and a state M % J9 such that (M; J )[w,,i (M ¢ J9.

3. Let° beaTPN and (M;J) a reachable marking of it. The sequence
w 2 T° can integer{ re at (M;J) in °, ((M;J)[wgi) if there exists a
sequence of integersand a state M ¢ J9 such that (M; J )[w,i (M % J9.
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De nition 2.18 A TPN ° is said to be of nite delay if 1,(t) < 1 , for all
t2T.

De nition 2.19 The state (M;J) is called aninteger-stateif for each en-
abled transitiont at M, J(t) is an integer.

Time Petri nets have generally an in nite number of states. Howey,
only a nite number of integer-states belong to each marking af TPN of
“nite delay.

De nition 2.20 The graph R-((My; Jo)) is called the reachability graphof
a TPN if its nodes are integer-states reachable fromM(y; Jo) and its arcs
are de ned as triples (M;J);r; (M%J9), respectively (M;J);t; (M%J9),
where M; J)[ri-(M%J9% and (M;J)[ti-(M % J9.

De nition 2.21 A TPN ° is boundedif there exists a natural numbern
such that M (s) - n, for every state M;J) reachable from Mg;Jo) and
every places 2 S.

The following results are proved in [36].

Theorem 2.5 Let ° be aTPN of nite delay. ° is bounded if and only if
R:((My; Jo)) is nite.

De nition 2.22 L. is called thelanguageof aTPN ° if
L- =fwjw2 TN (Mg; Jo)[Wd-0:
De nition 2.23 Let ° be aTPN and L. its language.
1. A transition t is calledlive at (M; J) if
8(MGIN(MGIY 2 [(M;J)i-)
9(M %3%(M 3% 2 [(M%I9i- ~ (MPI%ti-):
2. ° islive if all the transitions t are live in °.
3. L. is calledlive if

8w8t(w2 L-"t2T)9 uu2T " wut2L-))
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Theorem 2.6 Let ° be aTPN. ° is live if and only if L- is live.

Let ° = (8 ;1) be aTPN of nite delay and (M;J) a state of it. We
shall transform ° into a time equivalent TPN °“ = (8 ;1) as follows:
Let
30t = ( #; if 9s2 S such that W(s;t) > M (s);
M=o it w(s;y - M(s) foralls2s.
wherep;; g 2 N .
We considerl ® such that

15(8) = 1a(t) or;

15(t) = 1,(t) ¢r:

where

( )

r = the least common multiple of %j W(s;t) - M(s); foralls2 S

It holds 1°(t) 2 N £ N, foreacht 2 T.
Let ( .
3°(t) = #; if J(t) =#,;

J(t) ¢r; otherwise.

foreacht 2 T.
It is clear that J°(t) 2 N [f #g.

Theorem 2.7 Let ° be aTPN of nite delay, (M;J) a state of it, °7,
(M*®;J%) be de ned as above. Then,Nl;J) is reachable in° if and only if
(M*%;J%) is reachable in°"“.

In [37] two classes of time Petri nets which have the same livenessd
boundedness behavior are presented. The rst class contains athé Petri
nets whose transitions can (but do not have to) re immediatelyThe second
one is de ned by the constraint: theslft of all transitions are in nite. Thus,
in these nets each transition has to wait for a certain time in aler to re
when it becomes enabled but it can not be forced to re at any tim

The following properties are structural ones and thereforeasy to be
proved.
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Proposition 2.1 Let° =(8 ;1)beaTPN suchthatl,(t)=0,forall t2 T.
The following properties holds:

1. §is unbounded if and only if° is unbounded, and
2. 8islive if and only if ° is live.

Proof (1) Let8 be unbounded. We shall show that’ is unbounded too.
We have to prove that

8nN(N2N )9 (M;J)9s((M;J) 2 [(Mg;Jg)i- *s2 SNM(s)>n)):

Because 8§ is unbounded, for each natural number there exists a reach-
able markingM " 2 [Myig and a places 2 S such that M"(s) >n.
Since the markingM " is reachable in § there exists a sequence

Mo[tli Ml[tzl o [tkl M=M n
We consider the statesNl;; J;) with
( .
0, ifW(s;t):- M(s), foralls2 S
#; if 9s2 S suchthat W(s;t) >M (s).
It is easy to see that the sequence

Ji(t) =

(Mo; Jo)[t2i (M 1; I)[tai i [tki(Mi; J) = (M™; 3™

is enable in° too. Therefore, the state My;Jx) = (M";J") is reachable in
°and (M";J") satisesthat 9s2 S: M"(s) > n.
The converse is straightforward.

(2) Let § be live. Then

8t8M (t2 TAM 2 [Mqgis )9 MAMO2 [Mig ~ MTtisg)):

We shall show that® is live too.
Let (M;J) be an arbitrary reachable state and be an arbitrary transition
of °. It is enough to show that

IM%IY((M®I9 2 [(M;d)i- » (MEIOti-: (2.11)

The inequality I.(t) - JYt) is always true, becausd .(t% = 0, for all
t°2 T. Thus, we are looking for a state ¥1% J9), reachable from M;J) in
°, with the property: W(s;t) - MYs), for all s2 S.



36 Time Constraints in Petri Net Theory

Since M; J) is areachable state irf it is easy to see thatM is a reachable
marking in §. Because § is live there exists a markingv ° reachable fromM

with

M = MM o [tliMP= MO
in 8§ and W(s;t) - M{s), forall s2 S.

Ja(t) = J(1)

g IYL): i W(S:t) - Misp(s) A W(s:t) - M(s), forall s2 S
A A

0 —
Jiv () = 3 #; if 9s2 S such that W(s;t) > M .1 (S);
0 otherwise
foreachi =0;:::;rj 1

Obviously, this last sequence can re irf (from (M;J)) and therefore
the state M%J9% = (M2 J?) is a state that satis'es 2.11.

Conversely, let® be live. Then, for each transitiont 2 T and each state
(M;J) reachable from Mq;Jo) in ° there exists a state {1 %J9 reachable
from (M;J) and t is ready to re at (M %J9. We shall show that § is live
too.

Let M be an arbitrary marking reachable fromM, and t an arbitrary
transition of 8. We have to show that

IMIAMPO2 [Mig ™ MTtig):

(

(1) = 0; if W(s;t)- M(s), foralls2 S

#; if 9s2 S suchthat W(s;t) >M (s).
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it is easy to see that this sequence can re ih. Therefore, M;J) = (My;J;)
is a reachable state fromNl; Jo) in °.
Because® is live, we can nd a state M % J9 with the property:

(M%39 2 [(M;3)i- ~W(s;t) - MYs); forall s2 S:M4(t) - Iqt):

Let (M;J) = (MG IDrotdrsi (M ID[0roi 2 [trki (My; Jk) = (MG J9.
We have that

M = MMt : oo [tSiM2 = M
and W(s;t) - Mqs) forall s2 S.

Proposition 2.2 Let ° = (8 ;1) be aTPN such that I,(t) = 1, for all
t 2 T. Then, it holds:

1. §is unbounded if and only if° is unbounded, and

2. 8is live if and only if ° is live.

Proof (1) Let8 be unbounded. We shall show that’ is unbounded too.
Let n be an arbitrary natural number. Then, because of the unbounde

ness of § there is a places 2 S and a reachable markingl of § such that

M (s) > n. Thus, in § there exists a sequenc®[t;iMq[toi :::[tkiM = M.
We consider the state sequence

(M 0, Jo)[roi (Mg, Jg)[tll (M 1, Jl)[rli (M f, \]f)[tzl (M 2, Jz)[rzi L

[tci (Mi; J)lrii (M5 3) (2.12)

The sequence 2.12 can re i because thesIft of all transitions are
in nite. Thus, the state (M;J¢) where M = My is reachable in°® and
therefore® is unbounded.

Conversely, the proof is obvious.

(2) Itis easy to prove this direction using the same constructioas in
the proof of the Proposition 2.1 (2).

Conversely, let® be live, that is, for each transitiont 2 T and each state
(M; J) reachable from Mg; Jo) there exists a M % J9 reachable from M;J)
such thatt is enabled at M %J9. We shall show that § is live too.
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Let M be an arbitrary marking reachable fromMy and t an arbitrary
transition of 8. There exist the sequenceMy;:::;M, = M and ty;:::;t,
such that in 8 we have

Mo[tiiM[toi 2 [thiMy = M:

Analogously to the construction in the proof of the Proposition 2 (2),
we obtain a state M;J) 2 [(Mg;Jo)i-. Now we can nd a sequence ifi,
starting with the state (M; J ) and ending with a state in which the transition
t is ready to re (analogously to the proof in Proposition 2.1 (2)) —

2.2 Timed Petri Nets

Timed Petri nets have been introduced by Ramchandani in 19741] as a tool
for performance analysis of real-time systems [40, 57, 42, 1These kinds of
Petri nets are simply obtained by associating ring nite time dumations to
each transition of ordinary Petri nets. The classical ring rule \as modi ed
to account for the time it takes to re transitions.

In 1980 timed Petri nets were used by Ramamoorthy and Ho for perf
mance evaluation of asynchronous concurrent systems [40]. thar, in 1985
(1987), Holliday and Vernon considered a little modi ed versioof these nets
in order to evaluate the performance of computer systems [17hey added
about durations also ring frequencies and resources to the traitions in the
net.

Between 1980 and 1985 general references could be done atereids
variant of timed Petri nets from 1980 [57] and Razouk and Phes's variant
[42].

Previous studies of 1989 are concentrated in showing how timé&btri
nets can be used for performance analysis of the systems. The papgr
Starke from 1989 [49] is probably the rst one that initiates a stdy on the
nature and properties of these types of nets. Starke de nes tichéetri nets
as follows:

De nition 2.24 A timed Petri net (T4PN) is a tuple ° = (8 ; ), where:

2 §=(S;T;F;W;Mp) is a marked Petri net called theunderlying net of
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2 +: T ! Ry, is the duration function of ° that associates to each
transition a nonnegative real number.

For each transition t, the number Ht) is interpreted as the duration of
the ring of t, that is, if t res at time , the corresponding numbers of
tokens are removed from the pre-places bfat time  and the corresponding
numbers of tokens are added on the post-placestofit time — + #t).

The duration function £ of a T4P N is pictorially represented by labeling
each transitiont by (t).

De nition 2.25 Atransition t is enabledat a markingM in ° ifitis enabled
at M in 8.

Several ring strategies have been de ned for timed Petri net49, 45, 46,
56, 22], and all of them are based on the concept ofstate

The ring strategy used by Starke in [49] is the so-calle@arliest ring
schedule According to it, if a transition t is enabled at the markingM at
time , it is obliged to re at that time.

The duration £(t) = 0 raises problems in determining the marking at time
points > 0 because a ring sequence that yields to the moment should
uniquely determine the marking at that moment. If£(t) = O for a transition t
that is enabled at time , then t can change the marking without consuming
time. For this reason, there are considered positive durationgt) > 0 for
all transitions t. Moreover, there are assumed the valuest) to be rational,
thatis, +: T ! QF.

Since T is nite, the time scale can be stretched in such a way that
within the new time scale all the durations are positive naturanumbers (by
multiplication with the least common multiple of the denomirators of all
quotients £(t)) without changing the structure of the reachability set and,
therefore, without changing the properties of the net.

De nition 2.26 A discretely timed Petri netis a timed Petri net°® = (§ ; 1),
where+:T! N7,

Due to the fact that in [49] there are considered only discreteltimed
Petri nets we shall refer to them as being 4P N.

In [49] transitions neither are allowed to re concurrently wih themselves
nor are allowed to start a second ring before the rst one is nishedMore-
over, themaximum ring rule is used, that is, at any point of time, a maximal
set of concurrently transitions (naximal step is red.
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De nition 2.27 Let° = (8 ;1) be aT4PN. A state of° is a pair (M; u),
whereM is a marking of 8§ andu is a functionu: T! N.

u(t) = 0 means that t is not currently ring at the state (M;u) and
u(t) > 0 is the time elapsed since the transition has started its ring.
The initial state of ° is (Mg;0), where Qqt) =0 forall t2 T.

De nition 2.28 Let° = (8 ;¥) be aT4PN and (M;u) a state of it.
1. AsubsetU u T is astepat (M;u) if

(@ u(t)=0forall t2 U;
(b) if U =; then u is not identically zero;
© " LuW(sit) - M(s), forall s2 S.

2. U is amaximal stepat (M;u) if U is a step at (M;u) and there is no
stepU%at (M; u) such that U ¥ U°

Therefore, a step at the state M; u) is a set of transitions which are not
currently ring at ( M; u), such that there are enough tokens to re them all
concurrently. The empty set is a step at the stateNl; u) if u is not identically
zero, that is, if there is at least a transition which is ring at (M; u).

De nition 2.29 Let ° = (§ ;1) be aT4PN, (M;u) a state of it and U a
maximal step at (M;u). The ring of U at (M;u) at time  yields the new
state (M % u9 at time ~ + 1, denoted by (M; u)[Ui- (M % u9, where:

P P p
1. MYs) = M(9)i  u W(S;t)+  taunsp=1 WESIH yy=2ny; 1 W(ES),

forall s2 S;
8
2 1 ift2 U™ Ht) > 1,
2.uqt) = _ u(t)+1; ift2Tj UNO<u(t)<z(t)i L
0 otherwise.

The ring of a step at a state at time  yields a new state at time + 1.
The marking at the time — + 1 automatically considers the e®ect of ring
all the transitions in the step which have the ring duration 1 ard of the
transitions which are already ring and whose ring durations edpse at time

+1.
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In [49] it was shown that discretely timed Petri nets working uder the
maximum ring rule are equivalent with classical Petri nets andhere were
presented two conditions under which a live Petri net remainsve if arbitrary
“ring durations are imposed to transitions.

The approach in [45] extends the one in [49] by considering sseponsist-
ing of multisets of transitions (and not necessarily sets of trartgns).

In this case, astate is de ned as a pair formed by a markingM and,
instead of a functionu : T ! N, it is considered a nite multiset of pairs
MO: TE£NT ! N suchthat, foranyt 2 T and any¢ , Ht) we have
MAqt;¢) = 0. Mqt;¢) > 0 means that there areM qt; ¢) instances of the
transition t currently ring and each of them has¢ i 1 units of time until
their completion.

The ring rule is exactly the one in [49] adjusted to multisets ofransitions
(the weights W (t; s) and W (s; t) are multiplied by the multiplicity of t in the
multiset that res).

A step semantics is associated to a timed Petri net as follows:

De nition 2.30 Let ° = (8 ;+) be aT4PN and My a marking of 8. We
say that %= Mo[Roi :::Mp; 1[Rn, 1iM, is a nite timed step sequencef °,
denoted byMg[34M if:

28i2f0;,¢¢inj 1g: R; is a multiset of transitions overT (which can
be empty);

28i2f1,¢eing M 1[Ri; 11M;, whereM;, 1 and M; are markings of 8.
From ¥we can construct a corresponding step sequence

= Mo[RY Yi¢ ¢RI MiM,;
denoted byM[¥)iM , where:

2 1< ,< ¢¢¢& | are moments of time;

2 ROis a nonempty multiset of transitions inT.

De nition 2.31 Let ° = (8 ;+;Mp) be a markedT4PN, s2 S, andk; 2
N .
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1. A marking M is reachable (strictly reachable at the instant ) in
° if there exists a nite timed step sequencéasuch that Mo[¥%M
(Mo[34 )iM).

2. ° iss,k-linearly unboundedf there exists somg, , k and some markings
M reachable fromMg such that M (s) , ¢.

3. ° isuniformly s-linearly unboundedf for all markings M reachable from
M, there exists somg, 2 N and some markingsM °reachable fromM
such that Mqs) , ¢.

4. A transition t is -live if for any reachable markingM there exists a
marking M © strictly reachable fromM at the instant ~ which enables
t. ° is -live if all transitions of ° are -live.

5. A marking M of ° is deadif there exists no transition enabled aM . °
can -deadlockif there is some markingM strictly reachable fromMg
at the instant ~ which is dead.

In [45] it is e®ectively shown how discretely timed Petri nets oabe
simulated by classical Petri nets. As a consequence of this simutatiall the
problems mentioned above are decidable for discretely tim&etri nets.

There are situations in the analysis of a system when it is necessdoy
consider rational or even real positive ring durations for trasitions. Such
timed constraints appear more or less explicitly in the papenraritten until
1990. The ring strategy is di®erent than the one above for the sa of
rational or real time durations because on the axis of ratiohar real numbers
there is no more an immediate next time of a certain instant [46 Thus, it
has to be considered the e®ect of the ring of a step at the instant athich
it occurs.

For timed Petri nets with rational durations a marking evolutionis de-
‘ned. If we know the state at an instant and we want to apply a step at
time + ¢, even if in the time interval [; + ¢] no transition res, we have
to update the state by applying all the transitions that are curently ring
and complete their ring during this time, and then to apply the step.

De nition 2.32 Let° =(8 ;1) be aT4P N with rational positive durations,
(M; M 9 a state of it at an instant — 2 Q and ¢, 2 Q. Then, if there are no
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transitions that re in the time interval [ ;  + ¢], the obtained marking at
time  + ¢ is

EV((M;M 9;¢) = (M MJ);
where:

P

P
1. My(S) = M(S)*+ 12, @ende) M AL ®) CW(t;s), forall s2 S

C,=ft2Tj9®2 Q* :MYt®) > 0" ®- ¢g,

End(t;¢) = f®2 Q" j M{t;®) > 0" ®- (g, for eacht 2 Cy;

2. MXt 9 = MAL; 0+ ).

De nition 2.33 Let° = (8§ ;+) be aT4P N with rational positive durations,
(M; M 9 a state of it at an instant —, and ¢, 2 Q.

1. A multiset of transitions R is enabledat the state (M; M 9 at time ~ + ¢,
(assuming that nothing else has been red in the meantime) if folhe
marking M1; M) = Ev((M;M 9; ¢) we have:

852 S; My(s), X R(t) ¢CW (s;1):

t2T

2. If a multiset of transitions R is enabled at a state ¥1; M 9 at an instant
~ + ¢, the ring of it at that instant yield at the same time the state
(M 1; M19) given by:

@) My(s)= My(s) i i o1 R(t) EW(s;t), for all s2 S;

CRE: 0= )

(b) Mot 9= MXt;79; otherwise.

The ring rule is the same for the case of real durations and in theaper
it was shown that the strict reachability problem is decidabldor timed Petri
nets with rational and real durations.

New ideas of timed constraints appear in 1995 in [56]. Startifigom the
studies connected with the testing of asynchronous systems masteby Petri
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nets in [56] there are considered three ring rules for discréyetimed Petri
nets. Further, another variant of ring rules [22] have been adkd to the
ones mentioned above. Moreover, in [22] the passage of timellsveed in a
continuous manner. These variants are the ones we shall use i thesis to
de ne timed work°ow nets.

The timed Petri nets we shall consider in the sequel are like thenes in
[49] with the di®erence that the underlying net is not a markedne and+
is a function from T into N, in other words, there are allowed zero ring
durations.

The behavior of these variants of timed Petri nets is based onéffollowing
idea: each transitiont is decomposed into two partst( ;t' ), wheret™ is the
part which \starts the activity of t" by applying W(s;t) forall s2 S, andti
is the part which \ends the activity of t" by applying W(t;s) for all s2 S.
First t* must re; once it red, it lasts for a time duration according to the
type of behavior and thent! is allowed to re.

Because in the rest of this section we shall use only such kind of netg
shall refer to them asT4P N instead of discretely timed Petri nets.

The behavior of suchlT4P N is based ortimed stateswhich can be de ned
as in [49]. However, we shall prefer the following variant.

De nition 2.34 A timed statesof a T4PN ° = (8 ;%) is a tuples M; C; 1,
where:

2 M is a marking of §;
2 Cu T is a subset of transitions callecturrent transitions;

2 %:C! N istheresidual time functionof the current transitions (“4t)
is the residual time of transition t).

De nition 2.35 A marked timed Petri Net(mT4P N) is a 3-tuple
°=(8 ;£ (Mo;;5));

where (8;1) is a T4PN and (My;;;;) is a state of (§;+) called the initial
state of °.

In the sequel, we shall present, with slight modi cations, the foutypes
of ring rules (L, E, A, and S) that have been introduced in [56] and [22].
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De nition 2.36  Let ° be aTqPN and2 2 T8 [f (r)jr 2 N jf Ogg. We
write (M; C;%3[2i- (M & C% %) if one of the following cases applies:

1. if2 = t* then:

(@) t62C and M [tig;

(b) MYs)= M(s)j W(s;t), forall s2 S, C°= C[f tg, and At) =
vt (tx(1)g;

2. if2=1ti then:

(@) t2 C and “4t) = 0;
(b) Mqs)= M(s)+ W(t;s), foralls2 S, C%= Cif tg, andB= Yo,

3. if2=(r) forsomer 2 N jf Og, then:

(@ r- minfAt)jt 2 Cg; (type E behavior)
) (Ti CO)(M)=:; (type A behavior)
() (Tj C)(M)=; andr - minft)jt2 Cg; (type S behavior)
(d) M°= M, C%°= C,andB= Y4 r.

In the de nition above, items 1, 2, and 3(d) de ne thetype L (or liberal)
behavior items 1, 2, and 3(a)(d) de ne thetype E (or mixed) behavior items
1, 2, and 3(b)(d) de ne thetype A behavior and items 1, 2, and 3(c)(d) de ne
the type S (or strict) behavior[56, 22]. 1(a) (2(a), 3(a), 3(b), 3(c)) is usually
called the enabling rule while 1(b) (2(b), 3(d)) is called the computation
rule. When the enabling rule is satised forz 2 TS [f (r)jr 2 N jf Ogg,
we will say that 2 is enabledat (M; C;%) (or (M;C;¥) enables?) and write
(M; C;%*9[2i- As we can see, there is no enabling rule fér= (r) in the case
of type L behavior. 2 is called atransition if 2 2 T$, and atime transition if
22f(r)jr2N jf Ogg.

In the case of typelL behavior, passage of time is allowed in any timed
state no matter how large is the time duration (which may excektransition
durations); in the mixed case, time is allowed to pass only if naansition
duration will be exceeded. In the case of typA behavior, time may pass if
no not-activated transition (i.e., transition in T j C) can start at the current
state. The strict case simply combines the cas&s and A.
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Remark 2.1 Unlike Starke's de nition [49], the ring of a transition does
not change the current time. In order to allow the changing ofime, a time

transition is introduced in the above de nition. Because by rirg a transition

the time is not changed, sequences of transitions may be appliene by one
simulating this way the ring of a step (not necessarily a maximal ie).

Moreover, in the caseA time may pass if no not-activated transitions can
start allowing the simulation of the maximal steps.

A T4P N whose behavior is of typeX, whereX 2 fL;E;A;Sg, is called
an X -timed Petri net (XT4PN).

The concepts of \ ring sequence" and \reachability" forXT4P N are in-
troduced as for classical Petri nets:

De nition 2.37 Let ° be anXT4PN. We say that %2 (TS [f (r)jr 2
N if 0g)”is a ring sequence(from (M; C; %)) in ° if there exist a timed state
(M % C%18 such that (M; C;A[%-(M % C% ). We call the state (M % C% 19
reachable(from (M; C;%)) in °.

[(M; C;%3i- stands for the set of all reachable timed states fronM; C; %)
in °.
De nition 2.38 1. An XT4PN ° isbounded with respect to a timed state
(M; C; %) if there exists a natural numbern such that M{s) - n, for

every timed state M ¢ C% 19 reachable from M; C;%) and every place
s2S.

2. ° is calledlive with respect to a timed stat€M; C; ) if for every timed
state (M ¢ C% 19 reachable from M; C; %4 and every transitiont, there
exists a timed state (M % C%149 reachable from M ¢ C% %9 which en-
ablest™.

3. A transition t of ° is called quasi-live with respect to a timed state
(M; C; 1) if there exists a timed state M % C 18 reachable from M; C;
%3 which enablest* .

4. ° is called quasi-live with respect to a timed statéM; C;%) if each
transition of it is quasi-live with respect to (M; C; .

5. A timed state (M % C%%9) is called coverable with respect to a timed
state (M; C; ) if there exists a timed state (M °9C% 149 reachable from
(M; C; %) such that M°. M99
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De nition 2.39 Let ° = (8 ;%) be an XT4PN, whereX 2 fL;E;A;Sg,
(M; C; ) a state andt a transition of °.

1. IftisinC, thent is calledactiveat (M; C;%); otherwise,t is not active
at this state.

2. A sequence¥s2 (TS [f (r)jr 2 N jf 0gg)® is called anactivating
sequence fot at (M; C;%) if t is not active at this state,t* 624 and

(M; C; %A M CEA["i;
for some state M1 % C%19).

3. %is called adeactivating sequence far at (M; C; %) if t is active at this
state, ti 624 and

(M; C; A% (M S COAt i
for some state M1 % C%14).

Remark 2.2 It is important to note that for L-, E-, or A-timed Petri nets,
once a transition got activated there exists a deactivation segnce for the
transition. Let (M; C;%) be a timed state. In the case of typ& behavior any
transition t 2 C can be deactivated by the sequencét))t! . For type E be-
havior, we repeatedly deactivate (as above) the transition i the minimum
residual time in the set of current transitions untilt is reached.

As a conclusion, the property §) below holds true for typeL and type
E behaviors:

(@) (M;C;U[AME;55);
for someM?, M and some¥consisting of only transitions inC and time
transitions.

For the case of typeA behavior, things are a little bit more evolved. Given
a transition t 2 C, in order to deactivate it we rst activate all transitions
in Tj C that can be activated (in an arbitrary order), then we apply atime
transition to urge the transition t (i.e., to make O its time duration in the
set of current transitions), and then applyti . We emphasize that ¢) is not
necessarily guaranteed in this case.

In the case ofS-timed Petri nets there may be active transitions that
cannot be deactivated. For example, if we consider th8-timed Petri net
in Figure 2.6, we can easily see that the transitioty cannot be deactivated
once it was activated.
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Figure 2.6: Under the typeS behavior,t; cannot be deactivated once it was
activated

Example 2.2 We shall consider the process of releasing a construction au-
thorization. This process can be modeled as in Figure 2.7. Thames of the
transitions are quite suggestive. First, a person must apply for aauthoriza-
tion. The application is registered. If it is a new applicatio, a tax calculus

is performed. After the payment of the taxes, the receipts areegistered and
the documents are sent for evaluation. A veri cation of the dagments is then
performed. If more documents are needed or more taxes has ® fayed, a
corresponding request is sent. Otherwise, the documentationgsocessed in
order to release the authorization.

calculate_taxes pay_taxes
—
) 5 1 30 60
' O—L—0O—4]

apply register 5 180

send_request_for_

more_documents
\ .

send_request_for_
paying_more_taxes

send_for_evaluatiorverification

; 0
processmg_NOlE

check_processin

0 80
a6o|_—(_—{ 1% J—O—[1—o

processing_documentation  processing_OK release_authorization

Figure 2.7: Releasing a construction authorisation

Every task in the process above needs an amount of time for comfobn.
For example, the process of processing the documentation tak&®0 units
of time to complete, but it can be delayed. Therefore, once ¢hpreset of
the transition processing .documentation holds, the processing of the doc-
umentation process may start and it will be complete after at kst 360 units
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of time. Thus, we are naturally led to considerind-T4P N in order to model
such kinds of processes.

There are situations when the process of releasing an authotipa has a
deadline and, therefore, the tasks of the process cannot beayeld more than
the time needed for their completion. Such cases can be natllyanodeled
by ET4PN.

Another constraint usually considered in the process of releasiag au-
thorization is to require for each task to interrupt its current activity while
some previous task is sending data to it. Therefore, in this cagéne cannot
pass as long as there are tasks enabled in the systeAT 4PN are the most
suitable to model such processes.

A natural combination of the last two cases leads t&T4P N.

Lemma 2.4 If an XT4PN ° is unbounded with respect to a timed state
(Mg; Co; ¥2), whereX 2 fL;E;A;S g, then there are two timed states (1; C;
13 and (M % C%19 reachable from Mo; Co; %) such that M <M %and C =
(o

Proof Let° =(8 ;%) be anunboundedXT 4P N with respectto (My; Co; ¥a),
whereX 2 fL;E;A;Sg. Then, for anyn 2 N there exists a timed state
(M; C; %) reachable from Mo; Co; %) such that M (s) > n for some place
s. Therefore, there exists an in nite sequence of states reachabirom
(Mo; Co; %),

(My1; Cy;%); (M2; Co; %) 11

such that
Mi<M,< ¢¢ce

As eachC; is a subset of a nite set, it follows that there arei and j such
that |<] , M <Mj,andCi = Cj. m

2.2.1 Liveness and Boundedness for LT4PN

Given an LT4PN ° = (8 ;%) we associate to it a Petri net & called the
untimed Petri net associated to°. This Petri net is obtained by replacing
each transitiont in §, as it is given in Figure 2.8(a), by the structure given
in Figure 2.8(b) (we emphasize that the newly added arcs haved weight
1).
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Figure 2.8: Constructing the untimed Petri net for anLT4P N

De nition 2.40 A good markingof §°is any marking M of §° satisfying
M (s) + M (sY) = 1, for any transition t 2 T.

As we can easily see, any reachable marking from a good markinggih
is a good marking too. Figure 2.9(a) shows ahT4PN ° together with a
marking M of it, and Figure 2.9(b) shows its associated untimed Petri net
§%together with a good marking of it.

Let ° be anLT4PN and §°its associated untimed Petri net.

To any timed state (M; C; %) of °© we associate a good markinyic of §°

by: 8
M(s); ifs2S
% 1; if s= s forsomet2Tj C
Mc(s)= _ O if s= s0for somet2 T C,
% 0; if s= s, for somet 2 C
-1 if s= s for somet 2 C,

for any s 2 S°

Conversely, any good markingM © of §° can be considered as being as-
sociated to some timed stateNI; C;%) of °, whereM = MYs, C = ft 2
TjMs;) = 0g, and %is an arbitrary function from C into N .

For example, the marking in Figure 2.9(b) is associated to themed state
(M; C; Y2, where M is the marking in Figure 2.9(a),C = ft,g, and %is a
corresponding residual time.

Now, we can prove the following result.
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Figure 2.9: Example of untimed Petri net

Theorem 2.8 Let° = (8 ;%) be anLT4PN and §°be its associated untimed
Petri net. Then, the following properties hold:

(1) for any two timed states (M; C;¥) and (M % C% %9 of ° and any2 2 T8,

if
(M; C;¥[2i- (M C% %)
then M¢[2igoM &;

(2) for any two good markingsM ¢ and M2, of ° ¢ any residual times¥and
9 and any2 2 T8, if Mc[2isoM Qo then either (M; C;3[2i- (M % C% 1)
or

(M; C;9A[ri-(M; C; % r)[2i-(M% C% 13

for somer > 0.
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Proof (1) trivially holds from the de nition of § °© For (2), we remark
‘rst that the property trivially holds if 2 = t* for some transitiont. As
for 2 = ti we have to take into consideration two cases. H{t) = 0, then
(M; C;[ti i- (M C%%9); otherwise, consider = %t) and

(M; C;W[ri-(M; C; % r)[ti i-(M%CS%
holds. —

Corollary 2.2 The reachability, boundedness, and liveness properties are
all decidable forLT4P N.

Proof Follows easily from Theorem 2.8 and from the fact that these
properties are decidable for Petri nets—

The type L behavior rule we have adopted does not allow more instances
of a same transition to run in the same time because a new instance of
a transition t may re only if no other instance oft is currently running.
Formally, t* can be applied to a timed state M; C; %) only if t 62C.

2.2.2 Auto-concurrency for LT4PN

\Auto-concurrency” in a timed Petri net means that a new instance of some
transition may be started while other instances of the same trarign are still
running. For example, the veri cation of a document in the tined work°ow
net in Example 2.2 may be started while another document is dtlinder the
veri cation process.

To allow \auto-concurrency"”, just removing \t 62C" is not enough be-
causeC is a set and ring multiple instances oft will add to C only one
instance oft. Therefore, in such a case, only one instance towill be termi-
nated.

In order to allow auto-concurrency, timed states should be dead as
triples (M; C; %), where:

2 M is a marking;
2 C is a multiset overT;

2 js a function from T into the set of all nite multisets over N such
that j4t)j = C(t) foranyt2 T.
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For example, if exactly two instances of a transitiort are currently run-
ning, then C(t) should be 2. Each instance has a residual time and, therefore,
%t) should be a nite multiset overN of cardinality 2.

Now, the type L behavior rule can be easily rede ned for this case.

De nition 2.41  We write (M; C;%[2i-(M%C% if one of the following
cases applies:

1. if 2=t* then:

(8) Mltis;

(b) Mqs)= M(s)j W(s;t) forall s, C{t)= C(t)+1, Cqt) = C(t9
forany t°6 t, 14t) = Yt)[f H(t)g, and A% = %4tY for any t°6 t;

2. if2=1ti then:

(@) C(t) > 0 and 02 “t);

(b) MYs)= M(s)+ W(t;s) forall s, Cqt)= C(t); 1,CYtY)= C(t9
for any t°6 t, 4t) = %t) i f Og, and 24t%) = %4t9 for any t°6 t;

3. if2=(r) forsomer 2 N jf Og, then:

(@) M°= M, C°= C, and 8= Y4 r.

A T4P N under the typeL behavior rule de ned above is called abT4P N
with auto-concurrency

All the results developed forLT4P N can be easily rewritten forLT4P N
with auto-concurrency.

The construction of the untimed Petri nets for aLT4P N is changed as in
Figure 2.10.

Let ° be anLT4P N with auto-concurrency and &its associated untimed
Petri net. To any timed state (M; C;%) of ° we associate a markinglc of
§%by:

M(s); ifs2S

Mc(s) = C(t); if s= s for somet2 T,

for any s 2 S°
Conversely, any markingM ° of §°can be considered as being associated
to some timed state M;C;%) of °, whereM = MYs, C(t) = M{s,), and
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Figure 2.10: Constructing the untimed Petri net for anLT4P N with auto-
concurrency

%is an arbitrary function from T into the set of all nite multisets over N
such that j%4t)j = C(t), for any transition t.

Now, Theorem 2.8 can be rewritten identically fol.TqP N with auto-
concurrency, except for the fact that \good markings" should b replaced by
\markings" in the item 2 of the theorem.

Theorem 2.9 Let ° = (8 ;%) be anLT4PN with auto-concurrency and &
be its associated untimed Petri net. Then, the following prop&es hold:

(1) for any two timed states (M; C;%) and (M % C% %) of ° and any2 2 T§,
if
(M; C;¥[2i- (M5 C% %)
then M¢[2igoM &o;
(2) for any two markings M¢ and M2, of °° any residual times¥and %3
and any2 2 T3, if Mc[2isoM Qo then either (M; C; %3[2i- (M % C% ) or
(M; C; Alri« (M; C; ¥4 r)[2i- (M5 C5 )

for somer > 0.
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Proof (1) trivially holds from the de nition of § © For (2), the property
trivially holds if 2 = t* for some transitiont. If 2 = ti and 02 4t), then
(M; C; [t i-(M%C%19): otherwise, consider 2 ¥t) and

(M; C;W[ri- (M; C; % 1)t i-(M%C5%1
hOldS. [

Corollary 2.3 The reachability, boundedness, and liveness properties are
all decidable forLT4P N with auto-concurrency.

Proof Follows easily from Theorem 2.9 and from the fact that these
properties are decidable for Petri nets—

2.2.3 Liveness and Boundedness for ET4PN

In this subsection we shall prove that the reachability, livengs, coverability,
and boundedness properties are decidable fDET4P N. In order to do that,
we considerPetri nets with zero-tests on bounded placese reduce those
properties formET4P N to the same properties for Petri nets with zero-tests
on bounded places, and we show that the reachability, livenessverability,
and boundedness problems are decidable for the last nets.

De nition 2.42 A Petri Nets with zero-tests on bounded placéP Noy) is
an mP Ng ° = (8 ;J; Mg) such that

(9k , 0)(BM 2 [Myi-)(8s2 S)(s2 pri(J)) M(s) - k):
Proposition 2.3 Reachability and liveness folP Noy, are decidable.

Proof We shall reduce reachability and liveness fdP Noy, to the same
properties forL 3-conditional Petri nets.

Let ° = (8 ;J;My) be aP Nyy. Without loss of generality we may assume
that for any t 2 T there exists at most one placs 2 S such that (s;t) 2 J.
Moreover, we assume thatJj =1, and let J = f(s;t)g.

Let k be such that

(BM 2 [Mgi-)(8s2 S)(s2 pri(J)) M(s) - k):
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De ne the conditional Petri net °°=(§ ;";M o), where
( :
9 = T if 96 t
~ fu2T9e¢u(s)=0g; otherwise

for any transition t° BecauseM (s) - k for any reachable markingM and
s 2 pri(Jd), we can easily prove that (t) is a regular language. Therefore,°
is an L s-conditional Petri net. Moreover, it is straightforward to see that the
reachability and liveness for are equivalent to the reachability and liveness,
respectively, for°® As these two properties are decidable fdr;-conditional
Petri nets, we conclude that they are decidable fdP Noy, as well. —

Proposition 2.4 Coverability and boundedness are decidable f&Ngy,.

Proof For PNgw, the coverability tree is nite and can be e®ectively
constructed as for ordinary Petri nets but with the di®erencehiat ! will be
never used for places ipry(J).

Both coverability and boundedness follow by a simple inspectioof the
coverability tree. —

Now we are in a position to attack the boundedness and liveness pes-
ties for E-timed Petri nets.

Given anmET4PN ° = (8 ;%;(Mg;;;;)) we associate to it an inhibitor
Petri net °° = (§ %J; M), called the untimed Petri net associated to’, as
follows:

2 a transition t¢ is associated to each transitiort of ° and each subset
C p T which does not containt (intuitively, t& says thatt is the
transition to be activated when the set of current transitionss C);

2 a transition t. is associated to each transitiort of ° and each subset
C p T which does contairt (intuitively, t- says thatt is the transition
to be deactivated when the set of current transitions i€);

2 a placesc is associated to each subs& p T (intuitively, a token in
Sc says that C is the set of current transitions);

2 a placesy) is associated to each transition (intuitively, s will hold
1(t) tokens whent is activated);



Liveness and Boundedness f&T4P N 57

2 two placess;- and s;; are associated to each transition (these two
places will control the beginning and the end, respectivelgf the tran-
sition t);

2 atransition timec is associated to each nonempty subs€pu T. This
transition will simulate the time passage when the set of currentran-
sitions is C by removing exactly one token at a ring from each place
Si(t) with t 2 C;

2 J = f(syr);th)JC U T ~ t2 Cgis the set of test arcs.

The °ow and weight functions are illustrated in Figure 2.11.

Oy ¢ (9 e wo)

all sz with Cs T

time CHt}

Figure 2.11: Constructing the untimed Petri net for anmET4P N

The initial marking of °%is M given by:

1; ifs=s+ forallt2 T

fs=s, forallt2T

ifs=s.

ifs= sy forallt2 T

if s=scforall Cu T suchthatC 6 ;;

Mg(s) =

% Mo(s); ifs2S

coro

for any s 2 S°



58 Time Constraints in Petri Net Theory

It is easy to see that the places.) can contain at most(t) tokens in
any reachable marking (fromMQ); therefore, the associated untimed Petri
net °%is a Petri net with zero tests on bounded places.

To any timed state (M; C;%) of ° we associate a marking/l c., of °°by:

ifs=s, forsomet2 T C
if s= s+ for somet 2 C

if s=s; forsomet2 C

: if s= s¢

0; if s= sco for someC®6 C
“t); if s= sy for somet 2 C

0; if s = s for somet 2 C,

Mcy(S) =

PR OO

S M(s): ifs2s
%1; if s= s+ forsomet2 T C

for any s 2 S°

Conversely, any reachable marking/ ° of °° can be considered as being
associated to some timed stateM; C;%) of °, whereM = MYg, C = ft 2
TiMYs+) = 0g, and %t) = M Ysyy)) for all t 2 C.

Now, we can prove the following result.

Theorem 2.10 Let ° = (8 ;%;(My;;;;)) be an mET4PN and °° be its
associated untimed Petri net. Then, the following propertiebold:

1. for any two timed states M;C;% and (M%C%%9) of ° and any2 2
TS [f (r)jr 2 N g, if (M;C;%[2i-(M%C%3 then
(@) McaplPci=oiM Loy, if 22 TS, or
(b) Mcpltimegi-oiM oy, if 2=(r) for somer 2 N ;
2. for any two markingsM csy and M .. of °%and any transition2 2 T°,
if M(C;:l/z) [2| °0; M(OCO;l/Q) then
(@) (M;C;%[%i-(MECC, if 22ftg;thg, or
(b) (M;C;¥[(1)i-(M;C;¥H), if 2 = timec.
Proof (la) If2=1t",thent2 C andM [ti-. From the de nition of M.,

we haveM cy(Si+) =1 and Mc.yy(sc) = 1. Therefore, it is easily seen that
Mcpltci-oiM (0(:0;1/9)-
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If 2 = ti, thent 2 C and %4t) = 0. Hence, Mc.a(Sxy) = 0 and
Mcas(Sc) = M@cw(si ) = 1. Therefore, t. is enabled at the markingM ¢,
and its Ting yields the new markingM o,z .

(Ib) If 2=(r), thenr - minf¥t) jt 2 Cgand M ccy(S«)) = “At), for
all t 2 C. Therefore,M cyltimegi-oiM oy .

(2a) If 2= t¢&, then M(cuy(s+) = 1. Hence we haveM [ti, t 2 C and it
is easy to see thatl; C;A[t"i-(M % C% ).

If 2= tL, then Mcay(si ) = 1 and M(ca(Syy) = 0. Hencet 2 C and
¥t) = 0. Therefore (M;C;[ti i-(M % C%1).

(2b) trivially holds from the de nition of M c.y. —

Corollary 2.4 The reachability, boundedness, and liveness properties are
all decidable formET4P N.

Proof  Directly from Theorem 2.10, Proposition 2.3, and Propositior2.4.
|

2.2.4 Liveness and Boundedness for ST4PN

In what follows we shall show that reachability, coverability boundedness,
and quasi-liveness are all undecidable f&T4P N. The proof technique is by
reducing the halting problem for deterministic counter madmes to each of
these decision problems.

The halting problem of aDCM remains undecidable even if the following
constraints are imposed:

2 6 G;

2 the instruction that is executed in any stateq does not return the
machine to the initial state ¢, that is:

{ ifl(g;c;d) 21, then 8 op;
{ ifl(gc;q&9 21, thend®6 g and %6 o;

2 there is a path fromq, to any stateq2 Qif g (a path from a state

that, for any 1 - i <1, 1(g;¢c;q:1) 2 1 or1(g;c;q+1;0 2 | or
1 (g;c;f9g+1) 2 I, for somec and o°;
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2 in the initial con guration all counters hold the number 0.

We shall show how deterministic counter machines as those desedb
above can be simulated by T4P N.

Let A = (Q;m;G;C;Xo;1) be aDCM . We associate to it anS-timed
Petri net °°as follows:

2 to each increment instructionl (q; c; §) we associate a structure as in
Figure 2.12, wherd is a transition which has the time duration O;

t

Sq©—> —»Q S

S

Figure 2.12: The structure associated td(q;c; )

2 to each test instruction| (g; ¢; ¢ o°Y we associate a structure as in Fig-
ure 2.13, where the time durations of all transitions are 0 egpt the
one oft9 which is 1.

S

c tll1

Figure 2.13: The structure associated td(q; c; ¢ o9
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We shall consider this timed net under typeS behavior.
A con guration %= (q;Xx) of A is simulated in ° by the timed state
(Mg, ; ;) where:

8
21 ifs=sg

My(s) = _ x(c) if s=scforallc2C,
-0 otherwise

(My,;;;;) simulates the initial con guration ¥ of A.
We call ° = (8§ ;) the STyPN associated toA.

Lemma 2.5 LetA=(Q;%;G;C;Xo;1)beaDCM, ° =(§ ;1) be its associ-
ated S-timed Petri net, and %= (q;X) and %= (% x9 be two con gurations
of A. Then, the following properties hold:

1. if 3 5 ¥ then there exists a ring sequencev in ° such that
My ;50w (Msg; 55 5);

2. if (Mg ;;;)[wi-(Msp;;;;) for some ring sequencev and there is no
other intermediate state M0, ; ;;) in the ring sequencew, then

Ya A VA

Proof (1) If (g;x) A (d%x9 by an increment instruction | (q; c; d), then
xqc) = x(0) +1 and x{c) = x(c9, for all °6 c. Then, according to the
construction in Figure 2.12, the only transition that can beqi its ring in °
is t. Becauset(t) = 0, the transition t must complete its ring at the same
time removing the token froms, and adding a token in bothsp and s.. The
new yielded marking is exactlyMsp. Thus, (My; ; ;;)[t"t1 i(Msg;; ;).

If (0;%) ~a (6% x9 by a test instruction | (q;c;q; ) and x(c) = 0, then
o® = o and xYc) = x(c), for all counters c. As in the marking M3, of °
there is only one token ins, and no token ins¢, according to the structure
in Figure 2.13 the only transition which can begin its Ting ist?. Thus,
(M ;3 It 1S (DS > 7 1(Mag; 5 55).

If (;%) ~a (6%x9 by a test instruction 1 (q;c; q; ) and x(c) > 0, then
= & xqc) = x(c)j 1, and x{c) = x(c9, for all counters® & c. In
the marking My, of ° there is one token insy and x(c) tokens in s.. Thus,
the only transitions enabled at the state K4, ;;;) are t¢ and t% We can
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Tre t% and, because its duration is 0, it must complete its ring by ap-
plying t%i which yields a state whose marking i#1s. Thus, in °© we have
(Mo ;5 It %% (Mg 5 5).

(2) In the state (M, ;;;) there is one token in the places, and x(c)
tokens in each countec. If sy is connected to a transitiont as in Figure 2.12,
then the instruction associated to the stateq is an increment onel (q;c; &)
and the next state reachable fromNls, ; ;;) and whose set of current tran-
sitions is empty is obtained by ring the sequencev = t*ti . The marking
in this state is M3p and it corresponds to the con guration¥4 obtained by
executing the instruction| (q;c; 4 in A.

If sq has two output transitions t and t° then the instruction associated
to the state q is a test instruction 1 (qg; c;q; ). In order to reach the next
timed state whose set of current transitions is empty we can apptwo ring
sequencesv = t%®t%i or w = t4 t% t% (1)t%t* t% . The rst one corresponds
to the situation in which the countercis 0 and the second one to the situation
in which x(c) > 0. In both cases, the markingV s reached by applyingw at
(Ms, ; ;) is associated td¥? reached by executing the instruction (q; ¢; q; i)
in A.

The two ring sequences above are the only ones possible in the kiag
(My;;;;) because, if there is at least a token irs. and t% Tres, then t9
must apply as there are no other enabled transitions. The Ting o} adds
a token in s¢ enabling two new transitionst% and t% . If t% Tres, as the
duration of t9 is 1 and° works under typeS behavior, t° must be innitely
red. Thus, the transition t9 could not complete its ring. —

We de ne now three newS-timed Petri nets obtained from the S-timed
Petri net ° associated to 8DCM A :

2 °)=(8 1;4; (Mg}ﬂ; ;7;)) is obtained from ° as described in Figure 2.14,

marking My, marks all the places asvl;, does.

2 °,=(8 2, ; (Mgﬁo; ;;;)) is obtained from ° as described in Figure 2.15,
wheres-s a new place. The initial markingM 330 marks s-by zero tokens,
and all the other places asvl,, does.

2 °3=(§ 5;43;(M3;;;;)) is obtained from° as described in Figure 2.16,
wheret'is a new transition with time duration 0. The initial marking
M3 marks all the places asvly, does.
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Q (all s=S-{s,}) Q

e
ZERNG

Figure 2.14: Undecidability of coverability forST4P N

2

(all t-T)
Ny

Figure 2.15: Undecidability of boundedness f& T3P N

Now, we obtain the following results:

Theorem 2.11 Let ° be the ST4PN associated to aDCM A and °;, | =
1,2; 3, be theST4P Ns constructed as above. The following properties hold:

1. atimed state My, ;;;) such that My(s, ) = 1 is reachable in°® i® A
halts;

2. the timed state My, ; ;;), where

( 1. s=5s
- v S= Sq
M+{s) 0; otherwise,

is coverable in°; i® A halts;

3. °, is bounded i®A halts;
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Q (all s~S-{s,}) Q

S

R

Figure 2.16: Undecidability of quasi-liveness fo8 T4P N

4. tin °3 is quasi-live I®A halts.

Proof (1) If A halts then (op; Xo) ~ a (¢ ;X). According to Lemma 2.5,
the timed state (M, ; ;;) such that My(s, ) =1 is reached in°.

If (Ms,;;;) is reachable in° then, there exists a ring sequencen
such that (My,;;;;)[wi-(My,;;;). According to Lemma 2.5, inA we have
(%p; X0) ~ a (¢ ;x) meaning that A halts.

(2) If A halts, according to Lemma 2.5, the stateNlsy;; ;;) such that
Myp(Sq ) =1 and Msp(s) , O, for somes 2 S, is reachable in°. (Msy;;;;)
is reachable in°; as well and we haveMs, - Mgyp.

If (Ms,;;;) is coverable in°; then there exists a reachable timed state
(M;C;¥ such that My, - M. Thus, M(sq) = 1. This timed state is
obtained from a reachable timed stateNlsy; ;;;) of ° by applying somet;,

i =1;¢¢Wr. Therefore,My(s, ) =1 and A halts.

(3) If A halts then the nal state ¢ is reached after applying a nite
numbers of instructions. Thus, in every reachable marking 6f, each place
will hold a nite numbers of tokens. Therefore,’, is bounded.

If °, is bounded and we assume tha& does not halt, then we can apply an
in nite sequence of instructions form the initial state. Accordiag to Lemma
2.5, in°, an in nite sequence of transitions is ring, each transition addig
a token in s-contradicting the fact that °, is bounded.

(4) If A halts then in °3 a state whose marking has a token isy is
reachable from the initial state.t* can be red at this state.

If tis quasi-live in°3 then there exists a reachable timed state which
enablest”. The marking of it must have a token ins, and the only timed
state which satisfy that condition is Mg, ;;;), where % = (¢ ;x). This
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timed state is reachable in° as well and according to Lemma 2.5 we have
(; Xo) ~ A (0 ;%) in A. Therefore, A halts. —

Corollary 2.5 The reachability, coverability, boundedness, and quasi-live
ness problems are all undecidable f@-timed Petri nets.

2.2.5 Liveness and Boundedness for AT4PN

In what follows we shall show that reachability, coverability boundedness,
and quasi-liveness are all undecidable f&T4PN. The proof technique is
similar to the one for S-timed Petri nets, except for the fact that the simu-
lation of counter machines is a little bit more subtle.

In this case, an increment instruction (q; c; ) is simulated by a structure
like the one in Figure 2.17, wheré has time duration 0,x = 1 if ¢°= g or
the instruction in ¢is an increment one, andk = 2 if the instruction in ¢is

a test one.

s( > X )y

S

C
Figure 2.17: The structure associated td(q; c; 4

A test instruction | (q; c; & oy is simulated by a structure like the one in
Figure 2.18, where the durations of all transitions are 0 exgethe one oft
which is 1, and thex's on those two arcs have a similar meaning as the one

in Figure 2.17.
We shall consider this timed Petri net under theA behavior.

A con guration %= (q;x) of A is simulated by the timed state My, ; ;;),
where:

g 1 if s= sy and g= ¢ or there is an increment instruction inq
2 if s= sy and there is a test instruction inq

3 X(c) ifs=scforallc2C,

0 otherwise
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Sc

Figure 2.18: The structure associated td(q; c; ¢ ¢®. The place sq will be
marked by two tokens

(My;; ;) simulates the initial con guration ¥ of A.
° =(8 ;1) is called the AT4P N associated toA.
Now, we can prove a similar lemma as fds-timed Petri nets.

Lemma 2.6 LetA=(Q;%p;¢;C;Xo;1)beaDCM,° =(8 ;1) beits associ-
ated A-timed Petri net, and %= (q;x) and 32 = (¢® x9 be two con gurations
of A. Then, the following properties hold:

1. if % o ¥4 then there exists a ring sequencea in ° such that
(M55 )wi-(Mag; ;5 3);

2. if (Mg, ;;;)[wi-(Msp;;;;) for some ring sequencev and there is no
other intermediate state Msyq; ; ;;) in the ring sequencew, then

A

Proof (1) If(q;X) " a (6% x9 by an increment instruction | (g; c; d), then
in ° My, has only one token in the places; and x(c) tokens in the places
s., for all countersc. According to the construction in Figure 2.17, the only
transition that can begin its ring in ° ist. Becauset(t) = 0, the transition
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t must complete its ring at the same time removing the token forns, and
adding a token in bothsg and s¢. Thus, (Ms; ;;;)[t tii-(M3;55).

If (q;X) " a (0% x9 by a test instruction 1(g;c;q; %) and x(c) = 0 then
¢°= q and x¥c) = x(c), for all countersc. In ° the only transition enabled
at My, is t9. Thus, we have My, ;;; )[t% (Dt t* t%i- (Msg;;;3).

If (q;%) " a (6%x9 by a test instruction 1(q;c;q; ) and x(c) > 0 then
in°, at (My,;;;), we can apply the sequence? t t° t° which yields the
new timed state Msyp;; ;).

(2) If in the state (Mg, ;;;) there is one token in the places, then,
the instruction applied in A is an increment onel (g; ¢;d) and in ° we have
(Mg, 5[t tiie(Msg;;;;). The timed state (Msyp;;;;) corresponds to the
con guration 34 obtained by executing the instructionl (q;c; @) in A.

If there are two tokens in the places,, then the instruction applied in
A is a test instruction | (q; c;q; &). In order to reach the next timed state
whose set of current transitions is empty, we can apply two ring sgiences
w = t99t%0 109t or w = t% (2)t9t*t%, where2 2 N*. The Trst one
corresponds to the situationx(c) = 0 and the second one to the situation
x(c) > 0. In both cases, the markindV s» reached by applyingw at (Ms; ; ;;)
is associated to¥® reached by executing the instructior (g; c;q; &) in A.

The two ring sequences above are the only ones possible in the kiag
(Mg, ; ;) because, ift9" Tes st or t9° Tres Trst but it is immediately
followed by t9", then no matter how the other transitions are applied, the
placessy and sy, will be never marked. Thus, no next state can be reached.

[

By a similar construction as the one in the previous subsection ercan
easily obtain that the reachability, coverability, boundedhess, and quasi-
liveness problems are all undecidable f@é-timed Petri nets.
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Chapter 3
Work°ow Net Theory

In this chapter we shall present the basic concepts on classicalriwimw nets,
the two approaches considered in characterizing the soundngssperty of
a work°ow net, and the complexity of the algorithms used to dede this

property.

3.1 Work°ow Management Systems

In the last years theWork°ow Management Coalitionmade a concerned ef-
fort for standardization, speci cation, and analysis of work°owmanagement
systems [58]. In spite of this e®ort the eld still lacks precise de tons
for some of its concepts. Avork°ow management systens de ned by the
Work°ow Management Coalition as follows [59]:

A system that de nes, creates and manages the execution of work-
°ows through the use of software running on one or more work°ow
engines, which is able to interpret the process de nition, intact
with work°ow participants and, where required, invoke the usef

IT tools and applications.

Work°ow management systems give concrete form to the essentialneo
cepts, techniques and methods for work°ow managementWork°ow man-
agementsupports business processes in organizations and involves mamag
the °ow of work through an organization. Awork°ow is a representation of
a given process that consist of well-de ned set of activities reésl astasks
Work°ows are case-basedhat is, every piece of work is executed for a speci ¢
case

69
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Each of the tasks in the process represented by a work°ow serves \egi
function, has some information input requirements and may gerate infor-
mation as part of its output. The tasks in a work°ow are executedn a
speci ¢ order. Because of this order, theonditions which correspond to
causal dependencies between tasks must be identi ed. A conditibold or
does not hold. Each task hapreconditionswhich should hold before the task
is executed andpostconditionswhich should hold after the task is executed.
Some tasks has to be executed for many cases. A task which need to be
executed for a speci ¢ case is calledwork item. Most work items are exe-
cuted by aresource A resource can be a human, a device, or a program. A
resource classs a group of resources with similar characteristics. A resource
class which is based on functional requirements is calledae.

A work°ow has three dimensions [2]:

1. the case dimension,
2. the process dimension, and
3. the resource dimension.

The case dimension means that all cases are handled individyallin
the process dimension the tasks and the routing along this taskseaspec-
i ed. In the resource dimension, the resources are grouped intoles and
organizational units.

It is very important to relate work°ows with well established malels of
computation. Two formalisms for modeling work°ows have been ggested.

One formalism for work°ow modeling is based on work°ow graphs [448].
They provide a more direct way of modeling work°ows and are badeon
directed acyclic graphs, with two types of nodes, tasks and catidns. The
graph has one node with no incoming °ows, called the initial na&g and one
node with no outgoing °ows, called the nal node. Work°ow graphsan be
used to identify structural con®icts in process models, such as d#lack and
lack of synchronization.

Another approach for work°ow modeling is based on Petri nets (wk°ow
nets). Van der Aalst identi es three main reasons for using Petri ne for
work°ow modeling and speci cation [2]:

2 Petri nets possess a formal semantics and an intuitive graphicapre-
sentation;
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2 Petri nets can explicitly model states and a clear distinctiorcan be
made between the enabling and execution of a task;

2 the abundance of available and theoretically proved analysiechniques.

3.2 Work°ow Nets

Modeling a work°ow process de nition by Petri nets is straightfovard: tasks
are modeled by transitions,conditions are modeled by places andasesare
modeled by tokens. Two requirements should be satis ed by a Petrenthat
model a work°ow system. The rst one require that a work°ow net should
have two distinguished places: amnput placei and an output placeo. A
token in i corresponds to a case which needs to be handled and a token in
0 corresponds to a case which has been handled. The second requergs
speci es that every transition and place should contribute to th processing
of cases which means that every transition and place should be arpath
from placei to placeo.

De nition 3.1  [1] A work°ow net (WN) is a Petri net 8 = (' S; T; F) with
the following properties:

1. § has two special places and 0. The placei satises’i = ; and it is
called the input place of §, and the placeo satiseso = ; and it is
called the output placeof §;

2. every nodex 2 P [ T in the graph of § is on a path fromi to o.

In the rest of this chapter we will consider Petri nets 8§ such thatfor all
(x;y¥) 2 F we haveW(x;y) - 1.

The routing of cases is a main issue for the rst two dimensions of a
work°ow net [3]. In [59] four types of routing are identi ed: sequentia)
parallel, conditional and iteration.

Sequential routingis used to deal with causal relationships between tasks.
In Figure 3.1 tasksA and B are executed sequentially: taslB is executed
after the completion of taskA. Place s, models the causal relationship
between tasksA and B.

In a parallel routing two ore more tasks are executed in parallel. Parallel
routing normally commences with an AND-split and conclude wittan AND-
join. In Figure 3.2 the execution of AND-splitA enables both taskB and
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Figure 3.1. Sequential routing

C and AND-join D is enabled after the execution of both task8 and C,
that is, D is used to synchronize two sub°ows.

AND-split AND-join

Figure 3.2: Parallel routing

Conditional routing is used in situations where a routing of a case may
depend on the work°ow attributes, the behavior of the environmnt, or the
workload of the organization. Two building blocks are used tanodel a
choice between two or more alternatives: OR-split and OR-joinIin Figure
3.3 a choice is made betweds and C, and the execution of one of these two
tasks is followed by the execution obD.

OR-split OR-join

Figure 3.3: Conditional routing

A iteration is a cycle involving the repetitive execution of one or more
tasks. In Figure 3.4 taskB and C may execute several times. Iteration is of-
ten considered to be an undesirable form of routing because irm@sponds to
the repetitive execution of the same task without making any &d progress.
There are situations in real systems where iteration cannot bev@ided. For
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example, in Example 2.2, the documentation supplied by a persds incom-
plete or more taxes has to be payed.

D e Ll e e e s O

S1 tq S7) to S3 ta Sy ty S5
Figure 3.4: Conditional routing

The correctness, e®ectiveness, and exciency of the business procgss su
ported by the work°ow management system are vital to the organaion. In
the sequel, we shall focus on the veri cation of work°ow nets' cactness.

3.3 Soundness Property

One of the most important correctness properties of a work°ow igroper
termination which means that starting form the initial marking (with only
one token in the initial place) it is always possible to reach #amarking with
only one token in the nal place. This concept have been met si@c70's in
[14] and [38]. In [40] a Petri net is said to be properly termirieng if it always
terminates in a well-de ned manner such that no tokens are leiit the net. A
system is guaranteed to function in a well behaved manner witbbany side
e®ects on the next initiation if the Petri net that model the systm satis es
is properly terminating.

There is one more requirement which says that there should In® dead
transitions. These two properties de nes the correctness criterion called
soundness This concept was proposed in [1] by Wil van der Aalst in the
context of modeling work°ow systems by Petri nets and it gained ucth at-
tention both from the work°ow management community and the P&i net
community. In [1] the de nition of soundness requires anotherrpperty to
be satis ed: the state containing only one token in the nal place shuld be
unique. As we shall see, this third property can be derived fromhé other
two.

De nition 3.2 A WN 8§ is called soundif it satis es the following proper-
ties:

1. My 2 [Mi, for any M reachable fromM;;
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2. 8t2 T)OM 2 [M;i)(Mti).
Remark 3.1 The third property in the de nition of soundness in [1] is:

(8M 2 [Mii)(M(0), 1) M = My):

As it was shown in [16], this property can be derived from De nitn 3.2 (1)
and (2). Indeed, letM be a reachable marking such thaM (o) , 1. If we
assume thatM, =1 and M (s) , 1 for some places 6 o, or M (0) > 1, then
the marking M, would be never reachable froM because each transition
in § has at least an output arc ando’ = ;.

The concept of soundness is closely related to the one of \homerkiag".

De nition 3.3 Let ° = (8 ;My) be a marked Petri net. A markingM of °
is called ahome markingif M 2 [M 3 for all M°2 [Myi.

It is clear that the rst property from De nition 3.2 can be replaced by:
\M, is a home marking of°\

Along the years, two major approaches for deciding soundness adeen
proposed. The rst one, due to van der Aalst, reduce the soundness plem
to the liveness and boundedness of a Petri net associated to therkiow net
for which the soundness property is studied. The second approactduce
the soundness problem to the \home marking" problem. In what ftows we
shall discuss these two approaches.

3.3.1 The closure of a Work°ow Net

De nition 3.4 [1] A Petri net § is called a closure of an WN §, if § is
obtained from 8§ just by adding a new transitiont® and two arcs ©;t") and

(t%0).

As two closures of the sam®/N § di®ers only by the \name" of the new
added transition, we may say that the closure is unique and alwaydenote
the new transition by t°.
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time_out

send_questionnaire

process_questionnaire
no_processing

register archive

evaluate

processing_required process_complaint

(@)

t*
[

time_out

send_questionnaire

process_questionnaire
no_processing

register archive

evaluate

processing_required process_complaint

(b)

Figure 3.5: The work°ow net for processing of complaints (a) anits closure

(b)

Example 3.1 Let us consider the example for processing of complaints.
First the complaint is registered, then in parallel a questionaire is sent to
the complainant and the complaint is evaluated. If the comglinant returns
the questionnaire within a week, the task process questionnaireexecuted.
If the questionnaire is not returned within a week, the result bthe ques-
tionnaire is discarded (task time-out). Based on the result of # evaluation,
the complaint is processed or not. The actual processing of thengplaint is
delayed until the questionnaire is processed or a time-out hasaurred. Fi-
nally, task archive is executed. Figure 3.5 (a) shows the work#onet which
models the processing of complaints and Figure 3.5 (b) shows ttlesure of
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this work°ow net.

Now we can characterize the soundness property of a work°ow net ity
closure as follows:

Theorem 3.1 [1] A work°ow net § is sound if and only if its closure§ is
live and bounded.

Proof Assume that§ is live and bounded with respect toM;. We consider
amarkingM reachable fromM; in §. Clearly, M is also reachable if§. Since
§ is live there exists a markingM ° reachable formM such that M qt®i5.
Obviously, M° , M,. If we assume thatM®> M, then, by Ting t°
a marking M ®°which satis esM %> M is obtained contradicting the fact
that § is bounded. Therefore, De nition 3.2(1) holds true. The fatthat
De nition 3.2(2) holds true follows directly from the liveness property of8.

Conversely, assume that 8 is sound and. We can easily see that
[Miis = [Miig

because Ting oft™ in § returns the net to the marking M;. Hence, to show
that § is bounded with respect toM; it su+ces to show that § is bounded
with respect to M.

Now, let us assume that® is not bounded with respect toM;. Then,
there are two markingsM and M ° reachable fromM; such that M°> M
[35]. Since § is sound there exists a ring sequenéesuch that M [¥%sM,.
SinceM °>M we haveM 9% s M %and M %> M , contradicting the fact that
§ is sound.

Let us prove now that§ is live with respect to M;. Let M be a marking
reachable fromM; in § and t be an arbitrary transition. M is reachable from
M; in § as well, and since § is sound we have thaM, is reachable fromM
in 8. This shows that M, is reachable fromM in § too.

By M,[t°igM; and by the property in De nition 3.2(2), there existsM°
reachable fromM; (both in § and in 8) which enablest. Therefore, § is
live. —

The veri cation of the soundness property is reduced to checlgrwhether
its closure is live and bounded. Therefore, standard Petri nebased analysis
tools can be used to decide soundness.
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Most of the work°ow management systems abstract from states betwee
tasks (states are not represented). Because of that, every cleis made
inside an OR-split building block. In a Petri net such a block caesponds to
a number of transitions sharing the same set of input places. Thisaans that
for these work°ow management systems, a work°ow procedure corresde
to a free-choice Petri net. Therefore, it make sense to consideee-choice
Petri nets.

De nition 3.5 [1] A Petri net § is called free-choiceif for every two tran-
sitionst, andt, “t;\ * t, 6 ; implies“t, = t,.

There are excient algorithms to decide boundedness and livesgefor free-
choice Petri nets, hence to decide soundness of free-choicekaw nets.
Moreover, a sound free-choice work°ow net is guaranteed to bdesa

De nition 3.6 Let 8§ be a Petri net. § is called well-formedif there exists
a marking M such that (§; M) is live and bounded.

Lemma 3.1 [1] A sound free-choice work°ow net is safe.

Proof Let § be a sound free-choice work°ow net an@ its closure. § is
free-choice and well-formed. Hencg,is covered byS-components [8]. Since
(8;M,) is free-choice, live, and bounded, as shown in [8], the bountieach
places2 S'is

X . . - .
minf  M;(s%j (S®T®F9Y is an S-component of§ containing sg = 1:
s9250

Therefore, § is safe and so is 8.

Safeness is a desirable property because it makes no sense to havihe
tokens in a place representing a condition. A condition is dier true (1 token)
or false (no tokens).

Although most work°ow management systems only allow for free-cloe
work°ows, free-choice work°ow nets are not a completely satistacy struc-
tural characterization of \good" work°ows. If a work°ow can be nodeled
as a free-choice work°ow net it should be done so because for ftheice
work°ow nets there are excient analysis techniques.

Another approach to obtain a structural characterization of good" work-
°ows, is to balance AND/OR-splits and AND/OR-joins. Two parallel °ows
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initiated by an AND-split should not be joined by an OR-join and two alter-
native created by an OR-split should not be synchronized by an AN[»in.
We shall formalize the concept in the following de nition.

De nition 3.7 1. A Petri net § is well-handledif for any pair of nodes
x andy such that one of the nodes is a place and the other a transition
and for any pair of elementary pathsc; and ¢, leading from x to vy,

®c)\ ®(c) = fx;yg) ¢ = c.

2. A Petri net 8§ is well-structuredif its closure § is well-handled.

Well-handled Petri nets and well-structured work°ow nets hag a number
of nice properties.

De nition 3.8 Let 8§ =( S;T;F) be a Petri net and §° a partial subnet of
) if c\ (S°[ T9Y = fxq;xn0.

We classify the handles according to the the nature of their rstrad last
nodes asSS-, ST-, TS-, and T T-handles.

De nition 3.9 Let § be a Petri net.
1. §is structurally boundedif (8§ ;M) is bounded for all markingsM of §.

2. §is structurally live if there exists a markingM of § such that (§ ;M)
is live.

Lemma 3.2 [1] A strongly connected well-handled Petri net is well-fored.

Proof Let 8 be a strongly connected well-handled Petri net. Clearlythere
are no circuits that have ST-handles nor TS-handles. Therefn the net is
structurally bounded and structurally live [12]. Hence, it is wll-formed. —

Moreover, there are ezxcient algorithms to verify soundness fowell-
structured work°ow nets.

De nition 3.10 A Petri net 8§ is elementary extended non self-controlling
if for every pair of transitions t; and t, such that “t;\ °t, 6 ;, there does
not exist an elementary pathc leading fromt; to t, such that“t;\ ®c) = ;.
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Lemma 3.3 [1] Let § be a work®°ow net. If § is well-structured, then § is
elementary extended non-self controlling.

Proof Assume that § is not elementary extended non self-controlling.
This means that there is a pair of transitionst; and t, such that *t,\

‘t,. 6 ; and there exist an elementary pathc = tq;po;ts;:::;pc;t lead-
ing from t; to t, and “t;\ ®c) = ;. Let pp 2 "ty \ “tx. ¢ = ptc and
C = puti;p2ito;iii;pk;te are paths leading fromp, to tx. Clearly, ¢; is

elementary. Sincec is elementary andp, 2 ®(c) becausep; 2 ‘ti, ¢ is
also elementary. Asc; and ¢, are both elementary paths,c; 6 ¢, and
®(c1) \ ®(cy) = fpi;teg we conclude that§ is not well-handled. —

Lemma 3.4 [1] A sound well-structured work°ow net is safe.

Proof  Let § be sound and well-structured and§ be its closure. § is
non-self controlling and it is covered bys-components [5].i is a node of any
S-component 8% T%F% M;). Since eachS-component is strongly connected
and M; marks the placei with a token, eachS-component ig live [8]. There-
fore, egghS-component 6% T%F%M,) is b-bounded, where ,50M;(s) - b
[8]. As 4 s0Mi(S) =1, each S-component is safe. Hence§ is safe and so
is 8.
]

Lemma 3.5 [1] The soundness for well-structured work°ow nets can be
solved in polynomial time.

Proof  Let 8§ be a well-structured work°ow net. Its closure is elementar
extended non self-controlling and structurally bounded. As fabounded el-
ementary extended non self-controlling Petri nets the probm of deciding
whether a given marking is live can be solved in polynomial tien[5], the
problem of deciding whether §; M;) is live and bounded can be solved in
polynomial time. Therefore, the soundness for well-structudework®ow nets
can be solved in polynomial time—

3.3.2 Soundness and Home Markings

We recall that, using the de nition of the home marking, a work°ev net is
sound if M, is a home marking of it and any transition is quasi-live. There-
fore, deciding the soundness property can be reduce to the homerking
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problem (which consist in deciding whether a given marking isf@ome mark-
ing) and to the quasi-liveness problem of each transition of theork°ow
net.

The home marking problem is decidable as it was shown in [10].

Theorem 3.2 [10] The home marking problem is decidable for marked Petri
nets.

To decide if a transition is quasi-live we can use the coveralylitree of
the work°ow net. More precisely, for each transitiort, we de ne the minimal
marking M, at which t is enabled as beindgv(s) = W(s;t), for all s 2 S.
Then, the transition t is quasi-live if M, is coverable in the work°ow net.
Since the coverability problem is decidable, we obtain thahe quasi-liveness
problem is decidable as well and we can use the coverabilityel to decide
it.

3.4 Complexity

Since the soundness of a work°ow net is equivalent with the bouedness
and liveness of its closure, then to decide the soundness of work°pets is
as hard as to decide the boundedness and liveness of Petri netdisTtwo
properties are decidable for Petri nets and we shall show thahey have very
large complexities [11].

Boundedness was proved decidable by Karp and Miller in [25] tothe
algorithm they gave turned out to be inexcient. In 1978, Rack® gave an
algorithm to decide boundedness [39] that works in®2°9" space, for some
constant c. Racko®'s result is re ned in [44] by Rosier and Yen. Their
algorithm have complexity ZX'°9%(] + log n) space, wherek is the number
of places,| is the maximum number of inputs or outputs of a transition,
and n is the number of transitions. They also have shown that, ik is kept
constant, then the problem isP SP ACE-complete fork , 4.

The problem of deciding boundedness B SP ACE-complete even for
classes of simple Petri nets.

De nition 3.11 Let ° = (8 ;My) be a marked Petri net.

1. A sequenceMy[tiiM4[toi¢ ¢ ft,iM,, wheret; 2 T, j = 1;:::;n, and
M; are markings of §, is called anite path. A path is completeif it
cannot be extended.
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2. ° is asingle-path Petri netif it has only a complete path (only a tran-
sition is enabled at every reachable marking).

Theorem 3.3 [18] Boundedness problem iB SP ACE-complete for single-
path Petri nets.

To decide if a Petri net is single-path is as hard as to decide nadedness
for them.

Theorem 3.4 [18] The problem of recognizing a single-path Petri nets is
PSP ACE-complete.

There are several classes of Petri nets whose boundedness can big el
more ezcient.

De nition 3.12 Let ° = (8 ;M) be a marked Petri net. We shall assume
that each circuit c = Xq; Xz; ¢ ¢, begin with a place and we denote bpl(c)
the set of places irc.

1. cis calledminimal if pl(c) does not properly include a set of places in
any other circuit.

2. chas asink if for some markingM reachable fromMy and somew 2 T°
and M ° such that M [wiM ©, we haveM (s) > 0, for somes 2 pl(c) but
M{s) = 0, for all s 2 pl(c). cis calledsinklessif it does not have a
sink.

3. ° is asinkless Petri netif each minimal circuit of it is sinkless.

4. ° is a nor[;nal Petri net if every minimal circuit ¢ and each transition
t; satisfy ¢ ,pq ls(isj), O (the ring of a transition at any marking
can not decrease the number of tokens of a minimal circuit).

Theorem 3.5 [21] Boundedness problem iso-NP -complete for sinkless and
normal Petri nets.

Theorem 3.6 [21]

1. The sink detection problem isNP -complete for Petri nets.
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2. The problem of determining whether a Petri net is normal i€0-NP -
complete.

De nition 3.13 Let ° = (8 ;M) be a marked Petri net. ° is a con’ict-
free if for every places with more then one output transition, every output
transition of s is also its input transition.

Theorem 3.7 [20] The boundedness problem for con’ict-free Petri nets is
solvable inO™ time, wheren is the number elements of the incidence matrix
of the Petri net.

In [15], Hack has shown that the liveness problem is recursivelgevalent
to the reachability problem. The computational complexityof the liveness
problem is open, there exists partial solution for di®erent cdaes.

Theorem 3.8 The liveness problem is:
1. PSP ACE-complete for safe Petri nets [7];
2. co-NP -complete for free-choice Petri nets [23];
3. polynomial for bounded free-choice Petri nets [13];

4. polynomial for con®ict-free Petri nets [19].

In 1992 Kemper and Bause [26] give a polynomial time algorithmhich
decide if a free-choice Petri net is structurally live and streturally bounded
and has a live initial marking. The complexity of the algorihm is estimated
in the worst case toO(n*) with n = max(jSj;jTj).

In [8] Desel and Espartza describe an ezxcient algorithm which cbles
whether a free-choice Petri net satis es both properties, livesss and bound-
edness.

The algorithm is based on the rank theorem given below.

De nition 3.14 Let § be a Petri net, and x a node of it. Thecluster of x,
denoted by k], is the minimal set of nodes such that

2 x 2 [x];

2 jf a places belongs to k] then s* is included in [x];
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2 jf a transition t belongs to k] then °t is included in ].
We denote byCsg the set of clusters of 8.

Theorem 3.9 [8] Let § be a free-choice net|g be its incidence matrix, and
Cs the set of clusters of 8. § is well-formed if and only if:

it is connected and has at least one place and one transition;
it has a positive S-invariant;

it has a positiveT -invariant;

-

Rank(ls) = jCsji 1.

Corollary 3.1 [8] Given a free-choice marked Petri net, we can decide in
polynomial time if it is live and bounded.

Corollary 3.2 [1] The soundness of free-choice work°ow nets can be solved
in polynomial time.
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Chapter 4

Time Constraints in Work°ow
Net Theory

The work°ow management is a complex process including de nitig veri -
cation, monitoring, control, optimization of processes thatre often subject
to timing constraints. Traditional work°ow models support representation
of external events and simultaneous actions and are able toadevith the
combination of sequential relationship and concurrency.

Time plays an important role in the management of business presses.
Business processes try to reduce turnaround times and improveopess ex-
ecution duration estimates in order to improve competitiveass. Many of
them have time-related restrictions, including bounded exeation durations
for activities and subprocesses and absolute deadlines assodiatéh activ-
ities and sub-processes. Consequently, time management shouldplaet of
the core management functionality provided by work°ow systemt control
the life cycle of business processes.

Time planning relies on estimates based on experience. Time mage-
ment during the execution of a process becomes even more irmaor when
time monitoring is essential for adjusting plans to avoid deanfle misses.

In the remainder of this thesis we shall present some extensionsnairk-
°ow nets with timing constraints, each one corresponding to a tyg of Petri
net introduced in Chapter 2.

85
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4.1 Time Work°ow Nets

De nition 4.1 A TPN ° =(8 ;1) is called atime work°ow net (T WN) if
its underlying net is a work°ow net.

The de nition of the soundness property of time work°ow nets is siitar
to the one of classical work°ow nets.

De nition 4.2 A TWN ° = (8 ;1) is calledsoundif it satis es the following
properties:

1. Mo;;) 2 [(M;1)i, for any (M;1) reachable from M;;1o);
2. (8t2 T)(912 Qg O(M;1) 2 [(Mi;1o)i)((M; 1)I(t; Wi).

Like classical work°ow nets, the soundness property of a time workto
net can be characterized by its closure.

De nition 4.3 A TPN *=(§;1) is called aclosureof aTWN ° =(§ ;1)
if § is obtained from § just by adding a new transitiont® and two arcs ; t°)
and (t%; i), and setting the static interval of t® to (0; 0).

Theorem 4.1 ([30]) A TWN ° is sound if and only if its closure® is live
and M; is a home marking of*.

Proof If a TWN ° is sound then the liveness of the transitions iff is
equivalent with the fact that ° has no dead transition.—

Now, we can give the characterization theorem for soundness pesty of
a time work°ow net:

Theorem 4.2 A TWN ° is sound if and only if its closure” is bounded and
live with respect to (Mi; l).

Proof Let° be aTWN and * its closure.

Assume that* is bounded and live with respect to ;). In order to
prove that De nition 4.2(1) holds, we consider a reachable statgM; | ) from
(Mi;lp) in °. Clearly, (M;1) is also reachable in* from (M;;1,), and the
liveness property shows that there existsM 19 reachable from M;1 ) in =
such that (M % 19[(t"; Wi+, wherep is the time at which the marking M %19
is reached.
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Clearly, M°, M,. If we assume thatM °> M , then, by Ting t° a state
(M %1% which satis esM %> M ; is obtained. However, this contradicts the
fact that = is bounded. Therefore, De nition 4.2(1) holds true. The facthat
De nition 4.2(2) holds true follows easily from the liveness mperty of °.

Conversely, assume that is sound. Let us assume that is not bounded
with respect to (Mj;lp). Then, for all n 2 N there exists a state (;1)
reachable from M;;lo) and somes 2 S such that M (s) > n. Thus, there
existst 2 s’ such thatt may re at (M;|) twice successively. Therefore,
for all n 2 N there existss® 2 t* and two times |y and [, such that
(M; D[(t; p)(t; )i=(M %19 and MYs9) > n. If we repeat the previous pro-
cess, then for all %19 reachable from (M;1) there iss 2 S such that
M {s) > n. Then, there exists a feasible Ting schedule at\;| ) such that
(M; )[®~(M%19 and M Y0) > n, which contradicts the fact that (My; ;) is
reachable from M;1).

Let us prove now that* is live with respect to (Mj; o). Let (M;l) be a
state reachable from ;1) in © andt be an arbitrary transition. (M;1) is
reachable from (;; 1) in ° as well, and sincé is sound we have that,; ;)
is reachable from ;1) in °. This shows that (M,; f (0; 0)g) is reachable from
(M; 1) in * too.

By (My; T(0; 0)g)[(t%; wi-(Mj;1o), wherepis the moment M,; f (0; 0)g) is
reached, and by the property in De nition 4.2(2), there exists time ° and
a marking (M 19 reachable from M;; o) (both in ° and in ®) such that t
is rable at (M%19 at time % Therefore,* is live. —

We can give a similar proof for Theorem 4.2 by using the ring rule
introduced in [36]. Therefore, for the following two classed tme work°ow
nets the soundness property is equivalent with the soundness pesty of
their underlying nets.

Theorem 4.3 Let° =(8 ;1) beaTWN suchthatl(t) =0, forall t2T.
° is sound if and only if its underlying net § is sound.

Proof  Follows directly from Theorem 4.2 and Proposition 2.1

Theorem 4.4 Let° =(8;1)beaTWN suchthatl,(t)=1,forallt2 T.
° is sound if and only if its underlying net § is sound.

Proof  Follows directly from Theorem 4.2 and Proposition 2.2
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In [9] an extension of time work°ow nets, calledogical time work°ow
nets, is presented. Their underlying nets 8 = §; T, F) are inhibitor nets.
Besides ordinary transitions, a logical time work°ow net have tar sets of
logical transitions (one of logical input transitions and onef logical output
transitions) and two types of places (control places and intéace places). A
logical expression is associated to each logical transition. Feach place of
interfacep we havej(*s[ s°)\ Tj=1andforallt2 T, t andt® include one
control place at least, respectively. The input and output plees are control
places.

The ring rule is the same as the one for time Petri nets with test @s
except that:

2 a logical input transition is enabled at a state if all its input places
satisfy the logical expression associated with the transition;

2 if a transition is enabled at a state, then it removes tokens oylfrom
those pre-places which are not contained in a conjunctive dlse of the
logical expression associated to the transition;

2 after the ring of a logical output transition all its output pl aces must
satisfy the logical expression associated with the transition;

The soundness property for logical time work°ow nets is de ned dsr
time work°ow nets. Theorem 4.2 holds true for logical time Petmets too.

4.2 Timed Work°ow Nets

In this section we shall introduceX -timed work°ow nets, whereX 2 fL;E;
A; Sg. We shall de ne the soundness property for these types of timed vker
°ow nets and we shall study this property for each type of these n&t

Every type of timed Petri net gives rise, in a very natural wayfo a timed
work°ow net

De nition 4.4 A XT4PN ° =(8 ;4), whereX 2fL;E;A;Sg, is called an
X -timed work°ow net (XT4WN) if its underlying net is a work°ow net.

The soundness property for timed work°ow nets can be de ned in a sim
ilar way as for classical work°ow nets and time work°ow nets.
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De nition 45 An XT4qWN ° = (8 ;#), whereX 2 fL;E;A; Sg, is called
soundif it satis es the following properties:

1. My;;;;) 2 [(M; C;%i, for any (M; C;%) reachable from M;;;;;) (i
is the input place ando is the output place of the underlying work°ow
net of °);

2. 8t2 T)(O(M;C;%2 2 [(My;;55)I)((M; C; At ).

Remark 4.1 If ° = (8 ;%) is a soundXT4qWN, where X 2 fL;E;A;Sg,
then the following property holds true:

B(M;C; %3 2 [(Mi;;5;)i)(M(0), 1) M = My):

Indeed, let (M; C; %) be a reachable timed state such thaM (o) , 1. If we
assume thatM, =1 and M(s) , 1 for some places & o, or M (0) > 1, then
the timed state (My;;;;) would be never reachable fromM; C;%) because
each transition in ° has at least an output arc ando’ = ;.

Remark 4.2 De nition 4.5(1) also enforces that all transitions of a sound
XT4WN will eventually be deactivated once they become active (seeRark
2.2).

4.2.1 Soundness of LT4qWN and ET4qWN

In this section we shall show that forX -timed work°ow nets, whereX 2
fL;E g, soundness is decidable and it can be reduced to the boundedness
and liveness properties foKX -timed Petri nets.

De nition 4.6 An XT4PN *>=(8§;4), whereX 2fL;E;A;Sg, is called a
closureof anXT4qWN ° = (8 ;1) if § is obtained from § just by adding a new
transition t* and two arcs Q;t%) and (t%;i) and * is obtained by extending+
to t° by #(t") = 0.

Theorem 4.5 An XT4WN °, whereX 2fL;EGg, is sound if and only if its
closure is bounded and live with respect toM;; ;).
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Proof Let° be anXT4WN, whereX 2 fL;Eg, and * its closure.

Assume that* is bounded and live with respect to 1;;;;;). In order
to prove that De nition 4.5(1) holds, we consider a timed state M1; C; %)
reachable from M;;;;;) in °. Clearly, (M;C;%) is also reachable irf" from
(M;;;;;), and the liveness property shows that there existdV % C% %) reach-
able from (M;C;% in © such that (M %C%¥9[t*"i-. We may assume that
C%= 8= because, otherwise, we can deactivate all transitions @° by
applying only time transitions and transitions in C° and this way we obtain
a greater marking thanM ° which still enablest®.

Clearly, M°, M,. If we assume thatM °> M , then, by Ting t** andt®
(in this order) a timed state (M %; ;;) which satis esM %> M ; is obtained.
However, this contradicts the fact that® is bounded. Therefore, De nition
4.5(1) holds true. The fact that De nition 4.5(2) holds true bllows easily
from the liveness property of*.

Conversely, assume that is sound. It is easily seen that
[(Mi555)ie = [(Mis555)i-

because ring oft” in © returns the net to the timed state (M;;;;;). Hence,
to show that * is bounded with respect to M;;;;;) it suxces to show that
° is bounded with respect to M;;;;;).

Now, let us assume that’ is not bounded with respect to M;;;;;). By
Lemma 2.4 there are two timed statesN; C; %) and (M % C% %) reachable
from (M;;;;;) suchM®>M and C°= C. Since® is sound there exists a
‘ring sequence¥asuch that (M; C;Q[%-(My;;;;).

For LTqWN it is easily seen that a ring sequencé? can be constructed
such that M2 C%[34-(M%;;;) and M > M ,, contradicting the fact
that ° is sound.

In case ofETqW N, we transform3zinto a new ring sequence as follows.
First, remove from %the rst occurrence of each transition inC°% Then, we
remove all time transitions; let¥; be the sequence such obtained. There exists
a deactivating sequencg for all transitions in C% Moreover, 1 consists of only
time transitions and transitionsti with t 2 C% Let (M C%¥[ui(M4;;;;).
Transform now %; into a sequence¥’s by inserting time transitions so that
(Mq;;55)[3i(M; ;) (it is easy to see that this can be always done). Now,
the sequenceé’® = u3% leads the work°ow net from M % C%19) to (M%9; ;).
Moreover, according to the ways4 was obtained, we haveM °°> M ,, which
contradicts °'s soundness.
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Let us prove now that® is live with respectto M;;;;;). Let (M;C;) be
a timed state reachable fromM;;;;;) in * andt be an arbitrary transition.
(M; C; Yy is reachable from M;;; ;;) in ° as well, and sinc€ is sound we have
that (My;;;;) is reachable from M; C;%) in °. This shows that My;;;;) is
reachable from M;C;%) in * too.

By (Mo;;;;)[t" t°i-(M;;;;;) and by the property in De nition 4.5(2),
there exists (M % C% 39 reachable from M;;;;;) (both in ° and in *) which
enablest™. Therefore,* is live. —

As we have seen, the soundness property P yWN, whereX 2 fL;E g,
can be reduced to the boundedness and liveness properties¥dryP N. This
is similar to the soundness property for work°ow nets [1].

If we want to study the soundness property of a giveKTqWN ° = (§ ; 1),
whereX 2 f L; E g, then what we have to do is to construct the untimed Petri
net §° associated to the closuré of °, and then to study the boundedness
and liveness properties o8 with respect toM;. Theorem 2.8 shows thaf

is bounded (live) with respect to M;;;;;) if and only if §%is bounded (live)
with respect to M; . Moreover, in case oLTqWN and LT4WN with auto-

concurrency,§ can be constructed in linear time with respect to the size
(number of places and transitions) of . This shows that checking soundness
of ° is as hard as checking soundness of 8.

Corollary 4.1 The soundness property is decidable f&T4WN, whereX 2
fL;EQ.

Proof  For LT4WN it follows from Theorem 4.5 and Corollary 2.2 and for
ET4WN it follows from Theorem 4.5 and Corollary 2.4

4.2.2 Undecidability of Soundness for  ST4WN and
AT4WN

In what follows, we shall show the decidability status of the soumiss prob-
lem for type S- and A-timed work°ow nets. We shall prove that the type
S- and A-timed Petri nets associated to aDCM can be transformed into
type S- and A-timed work°ow nets, respectively, and the reachability, cove

ability, boundedness, and quasi-liveness are all undecidabte them as well.
As a direct consequence, soundness is undecidable for typeand A-timed

work°ow nets.
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The S- (A-) timed Petri net associated to aDCM, de ned in Section
2.2.4, might not be timed work°ow net with input places,, and output place
Sy for two reasons:

2 there are places 6 s, such that’s = ;;

2 there are places 8 s; such thats” = ;.

If this is the case with theS- (A-) timed Petri net de ned in Section 2.2.4,
then we add to it a new places® and a new transitiont® with time duration
0, we connects® and t” by a self-loop, we add an arctf; s) for each place
S8 s With “s=;, we add an arc §;t°) for each places 6 s, with s° = ;,
and we add the arcs §g,;t") and (t%; sq ).

One can easily prove that theS- (A-) timed Petri net de ned as above
is an S- (A-) timed work°ow net, and we shall call it the S- (A-) timed
work°ow net associated to &CM .

In order to show the undecidability of coverability, boundedess, and
quasi-liveness folST{WN (AT4WN) we will de ne three newS- (A-) timed
work°ow nets obtained from theS- (A-) timed work°ow net ° associated to
aDCM A as in Section 2.2.4:

Q (all s~S-{s, }) Q

S

Y¢

Figure 4.1: Undecidability of coverability for ST{WN and AT4WN

2 % =(8 1;4; (Ma}o; ;7)) is obtained from ° as described in Figure 4.1,

transition with time duration 1, and s, is a new place. The initial
marking My, marks s, by zero tokens and all the other places &y,
does.
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2 °,=(8 5 1; (M3§0; ;7:)) is obtained from ° as described in Figure 4.2,
where s-and s, are new places and”is a new transition with time
duration 0. The initial marking M§9 marks s, and s-by zero tokens,
and all the other places asvl, does.

= A
\éfi‘fma@ .

Figure 4.2: Undecidability of boundedness fo8 TyWN and AT4WN

2 °3=(8 313, (M%; ;7)) is obtained from ° as described in Figure 4.3,
where s, is a new place and~is a new transition with time duration
0. The initial marking M% marks s, by zero tokens and all the other
places asvly, does.

Q (all s=S-{s, }) Q "

S

R

EiHQSo

Figure 4.3: Undecidability of quasi-liveness fo8 T{WN and AT4WN

The nets de ned above are timed work°ow nets of typ& (A) with the
input place sq, and the output places,. Theorem 2.11 holds true for thes-
and A-timed work°ow nets associated to &©CM too.

Corollary 4.2 The reachability, coverability, boundedness, and quasi-live
ness problems are all undecidable f@-timed work°ow nets and A-timed
work°ow nets.
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As the soundness concept requires quasi-liveness (De nition 4.8k ob-
tain:

Corollary 4.3 The soundness problem fo6-timed work°ow nets and A-
timed work°ow nets is undecidable.
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