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1. INTRODUCTION

Let X be a real or complex Banach space. The differential equation

ẋ = Ax + R(x) (1)

is considered assuming that the following conditions are fulfilled.

I. A is a closed linear operator, mapping its dense in X domain D(A) in X.

II. The nonlinear operator R(x) is defined and continuous at all x belonging

to the open ball S ⊂ X of the radius p with center at the origin, and also

R(0) = 0. There exist constants K > 0 and β > 0 such that the inequality

||R(x1)−R(x2)|| ≤ Kmaxβ(||x1||, ||x2||)||x1 − x2||

holds for all t ∈ R+, x1, x2 ∈ S.

Remark 1. From condition II it follows that for all x ∈ S and any t ∈ R+
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the inequality ||R(x)|| ≤ K||x||1+β holds.

By the classical solution of DEq (1) on the semiaxis R+ = [0,∞) we under-

stand the continuously differentiable on R+ function x(·), with x(t) ∈ D(A),

identically satisfying (1) on R+. Together with the nonlinear DEq (1) consider

its linearization, namely the linear DEq

ẋ = Ax. (2)

Note that DEq (1) and DEq (2) have the classical trivial solution x(t) = 0.

For (1) and (2) consider the Cauchy problem: to find their classical solutions

satisfying the initial condition

x(0) = a. (3)

Problem (1), (3) generates an abstract dynamic system, its solutions corre-

spond to trajectories in phase space X and the function x(·) = 0 corresponds

to an equilibrium point of (1).

We are interested in conditions under which the trivial solution of DEq

(1) is Lyapunov stable or asymptotically stable. In this way we essentially

generalize the Lyapunov theorem [1] about asymptotic stability upon linear

approximation (2).

Previously we have considered this problem under the additional assumption

that the operator A is the generator semigroup U(t) = exp(At) of the class

C0.

In [3]-[4] it was established that if this additional condition is fulfilled, then

the asymptotic stability of the trivial solution to DEq (1) takes place. Also the

more complicated case was studied when the operator R depends on t. Even

the increasing of R together with t was assumed, but it was compensated by

the exponential decreasing of the semigroup [5], [6]. In particular, under the

fulfilment of the restriction on the semigroup, the operator A is continuously

invertible [2], i.e. its range is coincident with all space where the inverse of

operator A is bounded.
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2. REDUCTION METHODS FOR THE SOLVING

OF THE PROBLEM

Here we study the case when the operator A is non-invertible. Apparently,

here more typical is the case of the Lyapunov stability of trivial solution to

DEq, but not the case of its asymptotic stability. Further, it is supposed that

the operator A satisfies the following very general conditions.

III. The set V = N(A) of zeroes of the operator A is nontrivial, closed and

has in X a direct complement U, such that the space X can be represented in

the form of direct sum X = U ⊕ V . The range W = R(A) of the operator A

is nontrivial, closed and has in X a direct complement Z such that the space

X can be represented in the form of direct sum X = W ⊕ Z.

As the finite-dimensionality of the subspaces V and Z is not assumed, the

problem of the generalization of the notion of Fredholm operator arises.

The projection method we use goes back to A.M. Lyapunov and to our ex-

tension to branching theory in the Banach spaces [8].

Let P be the projector of X on U , and Q the projector of X on W . Then

I−P is projector of X on V . Set in (1) x = u+v, where u = Px, v = (I−P )x

and project the obtained problems (1), (3) and (2), (3) on U and V to get the

following system of Cauchy problems

u̇ = PAu + PR(u + v), u(0) = Pa, (4)

v̇ = (I − P )Au + (I − P )R(u + v), v(0) = (I − P )a. (5)

For the further investigation suppose the following additional condition.

IV. The restriction of the operator PA to the subspace U is the generator of

the exponentially decreasing semigroup U(t) = exp(At) of class C0 such that

there exist the constants M > 0 and α > 0 such that for all t ∈ R+ = [0, +∞)

the inequality ||U(t)|| ≤ Mexp(−αt) is fulfilled.

Using the semigroup U(t) the system of DEqs (4)-(5) becomes the system

of integral equations

u(t) = U(t)Pa +
∫ t

0
U(t− s)PR(u(s) + v(s))ds, (6)
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v(t) = (I − P )a +
∫ t

0
(I − P )[Au(s) + R(u(s) + v(s))]ds. (7)

If (u(t), v(t)) is the continuous on R+ solution to the integral equations

(6)-(7) then x(t) = u(t) + v(t) will be called the generalized solution of the

Cauchy problem (1), (3).

Remark 2. From the conditions I-II it follows that for any continuous

and bounded on R+ pair of functions (u(t), v(t)) the right-hand sides in the

formulae (6)-(7) are also continuous on R+ functions. Our nearest aim is

the study of the continuous and bounded solutions of the system of integral

equations (6)-(7) on the positive axis. We are interested also in the case where

u(t) and v(t) are exponentially decreasing at t → +∞. Consider the linear

Cauchy problem (2), (3), which by using the projection method, becomes

u(t) = U(t)Pa, v(t) = (I − P )a +
∫ t

0
(I − P )Au(s)ds.

Substitute u(t) in the second equation and calculate the integral to obtain

the generalized solution of linear the Cauchy problem in the form

x(t) = U(t)Pa + (I − P )a + (I − P )[U(t)− I]Pa. (8)

Due to the asymptotic behavior of U(t), we have the exponential decreas-

ing U(t)Pa → 0 as t → +∞. The other components in the right-hand side

are bounded. Consequently, the trivial solution of (2) is Lyapunov stable in

the class of generalized solutions. It is not difficult to find conditions guaran-

teeing the asymptotic stability of trivial solution. Let the projectors P and

Q be equal. Then (I − P )A = 0. If furthermore the additional condition

(I − P )a = 0 is satisfied, then the stability of trivial solution will be asymp-

totical in the class of generalized solutions. It turns out that for the nonlinear

equation (1) the situation can be analogous.

Following [3], introduce a convenient family of Banach spaces of abstract func-

tions.

Definition. Let γ > 0. The space of continuous functions u(t) defined on

R+ and taking values in X, with natural operations of addition and multiplica-

tion by scalars, having finite norm |||u|||γ = supR+ ||u(t)||exp(γt) is called Cγ.
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Note that Cγ is a Banach space. For γ = 0 we have the limit case - the space

C0 of bounded on R+ continuous abstract functions. Write system (6)-(7) in

the form of the operator equation

x = Da + F (x) (9)

with unknown x = (u, v), where u ∈ Cα, v ∈ C0 and the parameter a ∈ X.

Here Da = (U(t)Pa, (I −P )a), while the operator F (x) is defined by the pair

of integral terms in the right-hand sides of integral equations. For the inves-

tigation of the equation (9) apply to it the implicit operator theorem without

assumption about differentiability of the operator F , which was formulated

and proved in [2]. As the partial illustration after some technical estimates we

get the following assertion.

Theorem. Let the conditions I-IV, R(v) = 0, ∀v ∈ V be fulfilled and Q=P.

Then there exist the numbers r∗ > 0, ρ∗ > 0 such that for any a, ||a || ≤ ρ∗
the equation (8) has in the ball ||x|| ≤ r∗ the unique continuous bounded on

R+ solution x = x(t, a). This solution is continuous on a in the ball ||x0|| ≤ ρ∗
and x(0) = a. If in addition Pa = a then x ∈ Cα.

The proof of the theorem is carried out following the scheme described in

detail in [3]. In the first part of the proof the Lyapunov stability for the triv-

ial solution of (1), in the class of the generalized solutions is established. In

the second part, under some additional restrictions, its asymptotic stability is

proved. Analogously to [3], under Hölder property of the operator R(x), the

stability of trivial solution in the class of classical solutions can be proved too.

We hope that the theorem conditions will be essentially weakened.

We now characterize another possible way of stability questions investiga-

tion. Postulate the boundedness of v(t) on R+. Using the implicit operator

theorem, for all sufficiently small ||Pa||, from integral equation (6), find the

function u as an operator depending of v, i.e. u = uv(t). Substitute this op-

erator in (7). As a result of this we get the following operator-integral equation
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v(t) = (I − P )a +
∫ t

0
(I − P )[Auv(s) + R(uv(s) + v(s))]ds. (10)

Any assertion about the stability of solution v ∈ C0 of equation (10) goes to

the corresponding assertion about Lyapunov stability for trivial solution of

DEq(1).

In the stability questions, equation (10) or the analogous Cauchy problem

for the DEq obtained by substituting u = uv to Cauchy problem (6) plays

the same role as the Lyapunov-Schmidt branching equation in the branching

theory of solutions of nonlinear equations.

Consider now the usually encountered in practical applications classical case

of the Fredholm operator A. Here along with the projection method one can

use another method going back to E. Schmidt and transferred by us to linear

operators acting in Banach spaces [8]. Assume that in (1) the subspaces N(A)

and N(A∗) are n-dimensional with the bases {ϕi}n
1 and {ψi}n

k respectively,

and {γj}n
1 , {zl}n

l are the bi-orthogonal to them systems. In [8] the following

statement was established.

Lemma. The operator Ã· = A·+∑n
1 < ·, γi > zi is continuously invertible.

This assertion was called by us the generalized Schmidt lemma in honor

of the German mathematician Erhard Schmidt who has proved the analogous

fact in the particular case of a linear integral operator acting in the space

of continuous functions. The operator Ã, for which we propose the name of

regularizer of Fredholm operator A, allows us to write the DEq (1) in the form

ẋ = Ãx + R(x)−
n∑

1

ci(t)zi. (11)

The functions ci(t) occurring in the right-hand side of (11), and depending on

the unknown solution x(t) of Cauchy problem (1)-(2), are functionals, deter-

mined by formulae

ci(t) =< x(t), γi >, i = 1, 2, ...n. (12)
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In order to perform the computations of this functionals we proceed as follows.

Applying to both parts of (11) the functional γk, k = 1, 2...n we get

ċk =< Ax, γk > + < R(x), γk >, ck(0) =< a, γk >, k = 1, 2, ..n. (13)

Investigation of the systems (11)-(12) and (11)-(13) leads to different variants

and interpretations of conclusions about stability of the trivial solution of DEq

(1). The condition of equality of projectors P and Q, used in the above means

simplicity of the Jordan structure of the operator A (all Jordan chains for

zeroes of the operator A have unit lengths). However, it turns out to be ap-

propriate to use the general form A-Jordan structure of the operator A, the

field where is working the author group [7].
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