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Abstract In 1969, D. D. Stancu have introduced the Bernstein operators with arguments

real functions in p variables. Using weakly Picard operators and contraction

principle, C. Bacotiu studied the convergence of these operators’ iterates. In

the present paper good and special convergence for Bernstein operators in p

variables are investigated.
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1. INTRODUCTION

In [8], D.D. Stancu has introduced the Bernstein operators in p variables,

like as:

Definition 1.1. [8]. Consider the set

∆ =

{(x1, x2, ..., xp+) ∈ Rp : x1 > 0, x2 > 0, ..., xp > 0; x1 + x2 + ... + xp 6 1}

The operators Bn : C
(
∆

) → C
(
∆

)
defined by

Bn (f) (x1, ..., xp) =
∑

06i1+...+ip6n
pn;i1,...,ip (x1, ..., xp) f

(
i1
n , ...,

ip
n

)

for any f ∈ C
(
∆

)
and (x1, ..., xp) ∈ ∆ are called Bernstein operators with

arguments real functions in p variables.

The polynomials pn;i1,...,ip are generalizations of Bernstein fundamental poly-

nomials and are defined by

pn;i1,...,ip (x1, ..., xp) = n!
i1!i2!...ip!x

i1
1 ...x

ip
p (1− x1 − x2 − ...− xp)

n−i1−i2−...−ip

107
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for any (x1, ..., xp) ∈ ∆.

The set ν∆ = {(0, 0, ..., 0) , (0, 1, ..., 0) , ..., (0, 0, ..., 1)} ⊂ ∆ represents the

set of knots and if α0 = (0, 0, ..., 0) , α1 = (0, 1, ..., 0) , ..., αp = (0, 0, ..., 1) , then

ν∆ =
{
αk : k = 0, p

}
.

In the following, we present some properties of Bernstein operators in p

variables, which were studied in [8]:

(P1) Bn are linear and positive;

(P2) for any k = 0, p, eαk is a fixed point for Bn, so

Bn (eαk) (x1, ..., xp) = eαk (x1, ..., xp) , ∀ (x1, ..., xp) ∈ ∆;

(P3) Bn is an interpolation for any f ∈ C
(
∆

)
and for the knots of ν∆, so

Bn (f) (αk) = f (αk) , ∀k = 0, p.

Definition 1.2. [5], [6], [7]. Let (X, d) be a metric space.

1) An operator A : X → X is weakly Picard operator (WPO) if the sequence

of successive approximations (Am (x0))m∈N converges for all x0 ∈ X and the

limit (which may depend on x0) is a fixed point of A.

2) If the operator A : X → X is an WPO and FA = {x∗}, then the operator

A is called a Picard operator (PO).

3) If the operator A : X → X is an WPO, then the operator A∞ is defined by

A∞ : X → X, A∞ (x) := lim
m→∞Am (x).

The basic result in the WPO’s theory is the following characterization the-

orem

Theorem 1.1. [5], [6], [7]. An operator A : X → X is WPO if and only if

there exists a partition of X, X =
⋃

λ∈Λ

Xλ, such that:

(a) Xλ ∈ I (A) , ∀λ ∈ Λ;

(b) A|Xλ
: Xλ → Xλ is PO, ∀λ ∈ Λ.

In [7], I.A. Rus has introduced the notions of good and special WPO

Definition 1.3. . Let (X, d) be a metric space and A : X → X an WPO.

1) A : X → X is a good WPO, if the series
∞∑

m=1
d

(
Am−1 (x) , Am (x)

)
con-

verges, for all x ∈ X [7]. If the sequence
(
d

(
Am−1 (x) , Am (x)

))
m∈N∗ is
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strictly decreasing for all x ∈ X, the operator A is a good WPO of type M

[2].

2) A : X → X is a special WPO, if the series
∞∑

m=1
d (Am (x) , A∞ (x)) con-

verges, for all x ∈ X [7]. If the sequence (d (Am (x) , A∞ (x)))m∈N∗ is strictly

decreasing for all x ∈ X, A is a special WPO of type M [2].

Theorem 1.2. [4]. Let (X, d) be a metric space and A : X → X a WPO. If

A is a special WPO then A is a good WPO.

Theorem 1.3. [3]. The Bernstein operators in p variables Bn : C
(
∆

) →
C

(
∆

)
are weakly Pixard and B∞

n (f) = ϕ∗f , ∀f ∈ C
(
∆

)
, where the function

f ∈ C
(
∆

)
are given by

ϕ∗f (x1, ..., xp) = f (α0) + [f (α1)− f (α0)]x1 + [f (α2)− f (α0)]x2 + ...+

+ [f (αp)− f (α0)]xp, ∀ f ∈ C
(
∆

)
, ∀ (x1, ..., xp) ∈ ∆.

The convergence is in the space C
(
∆

)
.

In order to apply the characterization theorem of weakly Picard operators,

the partition of space C
(
∆

)

C
(
∆

)
:=

⋃
Λ∈Rp+1

XΛ

was considered, where XΛ :=
{
f ∈ C

(
∆

)
: f (αk) = λk, for k = 0, p

}
, for any

Λ = (λ0, λ1, ..., λp) ∈ Rp+1.

Proposition 1.1. [3]. The Bernstein operators in p variables satisfy the

following contraction property

‖Bn (f)−Bn (g)‖C 6
(

1− 1
pn−1

)
‖f − g‖C , ∀f, g ∈ XΛ. (1)

2. MAIN RESULTS

In this section, we study the good and special weakly Picard operators

convergence for Bernstein operators in p variables.

Using the inequality (1), we obtain the estimation

∣∣B1
n (f) (x1, ..., xp)−B∞

n (f) (x1, ..., xp)
∣∣ =

=
∣∣B1

n (f) (x1, ..., xp)−B1
n (B∞

n (f)) (x1, ..., xp)
∣∣ 6
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6
(
1− 1

pn−1

)
|f (x1, ..., xp)−B∞

n (f) (x1, ..., xp)| =

=
(
1− 1

pn−1

)
|f (x1, ..., xp)− {f (α0) + [f (α1)− f (α0)]x1 + ... + [f (αp)− f (α0)]xp}| 6

6
(
1− 1

pn−1

)
(p + 1)C, ∀ (x1, ..., xp) ∈ ∆,

where C = diam (Im f) = diam
(
f

(
∆

))
=

= max
{|f (x1, ..., xp)− f (y1, ..., yp)| : (x1, ..., xp) , (y1, ..., yp) ∈ ∆

}
.

∣∣B2
n (f) (x1, ..., xp)−B∞

n (f) (x1, ..., xp)
∣∣ =

=
∣∣B1

n

(
B1

n (f)
)
(x1, ..., xp)−B1

n (B∞
n (f)) (x1, ..., xp)

∣∣ 6

6
(
1− 1

pn−1

)∥∥B1
n (f)−B∞

n (f)
∥∥ =

(
1− 1

pn−1

)2
(p + 1)C, ∀ (x1, ..., xp) ∈

∆ .

By induction, for m ∈ N∗, we have

|Bm
n (f) (x1, ..., xp)−B∞

n (f) (x1, ..., xp)| =

=
∣∣B1

n

(
Bm−1

n (f)
)
(x1, ..., xp)−B1

n (B∞
n (f)) (x1, ..., xp)

∣∣ 6

6
(
1− 1

pn−1

)m
(p + 1)C, ∀ (x1, ..., xp) ∈ ∆.

So,
∞∑

m=1
|Bm

n (f) (x1, ..., xp)−B∞
n (f) (x1, ..., xp)| 6 C (p + 1)

(
pn−1 − 1

)
,

∀ (x1, ..., xp) ∈ ∆.

On the other hand, we have

∣∣B1
n (f) (x1, ..., xp)−B0

n (f) (x1, ..., xp)
∣∣ =

=

∣∣∣∣∣
∑

06i1+...+ip6n
pn;i1,i2,...,ip (x1, ..., xp) f

(
i1
n , ...,

ip
n

)
− f (x1, ..., xp)

∣∣∣∣∣ =

= C · ∑
06i1+...+ip6n

pn;i1,i2,...,ip (x1, ..., xp) = C, ∀ (x1, ..., xp) ∈ ∆ .

By induction, we have

∣∣Bm
n (f) (x1, ..., xp)−Bm−1

n (f) (x1, ..., xp)
∣∣ =

=
∣∣B1

n

(
Bm−1

n (f)
)
(x1, ..., xp)−B1

n

(
Bm−2

n (f)
)
(x1, ..., xp)

∣∣ 6
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6
(
1− 1

pn−1

)m−1
· C, ∀ (x1, ..., xp) ∈ ∆.

So,
∞∑

m=1

∣∣Bm
n (f) (x1, ..., xp)−Bm−1

n (f) (x1, ..., xp)
∣∣ 6 C · pn−1,

∀ (x1, ..., xp) ∈ ∆, ∀ f ∈ C
(
∆

)
.

From above results, we have the following

Proposition 2.1. The Bernstein operators in p variables are special weakly

Picard and good weakly Picard on C
(
∆

)
.
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