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Abstract In 1969, D. D. Stancu have introduced the Bernstein operators with arguments
real functions in p variables. Using weakly Picard operators and contraction
principle, C. Bacotiu studied the convergence of these operators’ iterates. In
the present paper good and special convergence for Bernstein operators in p
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1. INTRODUCTION

In [8], D.D. Stancu has introduced the Bernstein operators in p variables,

like as:

Definition 1.1. [8]. Consider the set

\VAl>

{(x1,22,.;zpp) ERP 121 20, 2020,...,2p 2 0; 21 +22+ ... + 2, < 1}

The operators By, : C (Z) —C (Z) defined by

Bu(f)@ttp) = 5 Duivsy (1) £ (3,0, %)

0<ir+..+ip<n
for any f € C (Z) and (z1,...,xp) € A are called Bernstein operators with

arguments real functions in p variables.
The polynomials py;, .. i, are generalizations of Bernstein fundamental poly-
nomials and are defined by

n! i1

. . — _nt ip _ _ . . n—i1—iz—...—lp
Priityoosip (T1y ooy Tp) = ilial il L1 -+ Tp (I—a1—22— ... — 2p)
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for any (1, ...,7p) € A.

The set vx = {(0,0,...,0),(0,1,...,0),...,(0,0,....,1)} C A represents the
set of knots and if ap = (0,0, ...,0) ,a1 = (0,1,...,0), ..., = (0,0, ...,1) , then
vy = {ar: k=0,p}.

In the following, we present some properties of Bernstein operators in p
variables, which were studied in [8]:

(P1) B,, are linear and positive;

(P2) for any k = 0, p, eqy is a fixed point for By, so

By, (eak) (x1, ..., Tp) = €ak (T1, ..y xp), ¥ (21, ..., xp) € A,

(P3) B, is an interpolation for any f € C (Z) and for the knots of vz, so

By, (f) (ak) =f (ak) ,Vk = 0,p.

Definition 1.2. [5/, [6], [7]. Let (X,d) be a metric space.

1) An operator A : X — X is weakly Picard operator (WPO) if the sequence
of successive approzimations (A™ (x¢)),,cy converges for all xg € X and the
limit (which may depend on xq) is a fixved point of A.

2) If the operator A : X — X is an WPO and Fs = {x*}, then the operator
A is called a Picard operator (PO).

3) If the operator A : X — X is an WPO, then the operator A is defined by
A*® X - X, A® (z) := lim A™ (x).

m—0o0

The basic result in the WPQO’s theory is the following characterization the-

orem

Theorem 1.1. /5], [6], [7]. An operator A : X — X is WPO if and only if
there exists a partition of X, X = |J X\, such that:

(a) Xy €I(A), VAeA; e

(b) Alx, : Xo — X is PO, VA € A.

In [7], I.A. Rus has introduced the notions of good and special WPO

Definition 1.3. . Let (X,d) be a metric space and A: X — X an WPO.
o0

1) A: X — X is a good WPO, if the series y., d(A™ ! (z),A™ (z)) con-
m=1

verges, for all x € X [7]. If the sequence (d_(Am_l (z), A™ (l’)))meN* 18
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strictly decreasing for all x € X, the operator A is a good WPO of type M

[2]-
2) A: X — X is a special WPO, if the series >, d(A™ (z),A> (x)) con-
m=1

verges, for all x € X [7]. If the sequence (d (A™ (x), A (2)))pen- @5 strictly
decreasing for all x € X, A is a special WPO of type M [2].

Theorem 1.2. [4]. Let (X,d) be a metric space and A : X — X a WPO. If
A is a special WPO then A is a good WPO.

Theorem 1.3. [3]. The Bernstein operators in p variables By : C (Z) —
C (Z) are weakly Pizard and BL° (f) = ¢y, Vf el (Z), where the function
fec (Z) are given by

@F (@1, 2p) = [ (o) + [f (1) = fao)] 21 + [f (a2) — f (a0)] 22 + ..+

+[f (ap) = f(a0)]ap, V f€C(A), V (x1,...,xp) € A.

The convergence is in the space C' (Z) .
In order to apply the characterization theorem of weakly Picard operators,
the partition of space C (Z)
C(A):= U Xa
A€Rpt1
was considered, where X := {f € C (A) : f (ay) = A\, for k =0, p}, for any
A= (Ao, M,y Ap) € RPFL

Proposition 1.1. [3]. The Bernstein operators in p variables satisfy the

following contraction property

1
1Bu (f) = Ba (9)]l0 < (1 - pnl) I —glo Vg Xn ()

2. MAIN RESULTS

In this section, we study the good and special weakly Picard operators
convergence for Bernstein operators in p variables.

Using the inequality (1), we obtain the estimation
‘Bq:-lb (f) (ZUl, '-'7mp) - B'rcio (f) (l‘l, cey xp)‘ =

= | By, (f) (@1, . mp) = By (B (f)) (1, .o mp) | <
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< (1= 7)1 @1 ) = B () (@1, p) | =

= (1= 750) 1 @10 ) = {F (00) +[F (01) = f (@0)] 21 + o+ [ () = f ()] 2} <
< (1 - %) (p+1)C, Y (21,...,2,) € B,
where C = diam (Im f) = diam (f (B)) =
= max {|f (21, s 2p) — F (Y1, ooer )| 1 @1, 2p) (U1, s p) € AL,
[B2(f) (21,0 2p) = B (f) (@1, 00)] =

= |B, (B}, (1)) (1, s 2p) = By (B2 (f)) (21, ., 3p)| <

< (1— p,},l) IBL(f) - B (f)|| = (1— pn£1>2(p+ 1)C, Y (21,...,3p) €
A .

By induction, for m € N*, we have

1By (f) (21, s p) = B2 (f) (@1, -0 2p)| =

N

= By (Bt () (@1, mp) — By (B (f)) (w1, -, 7p)]

< (1 — pn1,1> p+1)C, V (21,....,2p) € A.

So, f;l B (f) (@1, oo ) — B (f) (21, )| < C(p+1) (o7 — 1),
Vo (21,...,2p) € A.

On the other hand, we have
‘Bylz (f) (1'1, '-'71"}7) - B7(’)L (f) (1:17 ey J:P)‘ =

— - +Z+A _ Pnsitsiz,e..ip (T15 s Tp) f (%, - %”) — fx1, .. xp)
<ir+...+ip<n

=C- > Prsitin,eip (X150 Tp) = C, V (21, ..,2p) € A
0<i1+..+ip<n

By induction, we have
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< (1— ! >m_1-C’, V o(x1,...,zp) € A.

pnfl

So, §1|B,T () (@1, s 2p) = BE=L(F) (21, o )| < C - Y,
V (z1,...7p) €A,V feC(A).

From above results, we have the following

Proposition 2.1. The Bernstein operators in p variables are special weakly

Picard and good weakly Picard on C (Z) .
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