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Abstract A MATLAB package, based on the Lanczos tau method, useful in the Lyapunov-
Schmidt (LS) method for nonlinear second order differential boundary value
problems of the type Lu = Nu is presented. Future applications to evolution
problems or bifurcation studies are also taken into account.

1. INTRODUCTION
The Lyapunov-Schmidt (LS) method, elaborated in the years 1906-1908 and

reformulated in a modern mathematical language by L. Cesari [3] after 1963
applies to some nonlinear equations of the type Lu = Nu, in the presence of
boundary conditions, considered on the domain of the linear operator L.

This method could be easily extended to the case of a nonlinear evolution

equation on a Hilbert space H (usually a L2 space) of the form
du

dt
= F (u) ≡

Lu+Nu, where the domain of F is dense in H. We can also use the Lyapunov-
Schmidt method to discuss the bifurcation problem x − λAx + G(x, λ) = 0,
x ∈ X, where X is a Banach space, A : X → X is a linear compact operator
and G : X × IR → X is a continuous mapping such that G(x, λ) = o(‖x‖) for
all λ ∈ IR.

Although it has been used for a long time only for the theoretical demon-
stration of the existence and branching of the solutions of such problems, the
LS method (or, by Cesari, the alternative method) is also very useful to the
effective approximation of these solutions.

We will present LISC, a MATLAB package based on the Lanczos-tau method,
for Sturm-Liouville problems with applications to the Lyapunov-Schmidt method
for nonlinear equations. The advantage of the LS method consists of the
important reduction of the dimension of the nonlinear system to be solved
together with the possibility to oversee the approximating errors. This advan-
tage occurring in some examples, proves that the LS method behaves better
than other known methods such as bvp4c or sbvp.
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2. THE LS METHOD
We assume that the linear part L of the equation Lu = Nu is a Sturm-

Liouville operator

Ly ≡ 1
r(x)

[−(p(x)y′)′ + q(x)y
]
, x ∈ [a, b]

y(a) cos α + (py′)(a) sin α = 0,

y(b) cos β + (py′)(b) sinβ = 0,

where 1/p, q, r are real-valued functions on [a, b], p(x) > 0, r(x) > 0 on [a, b],
p ∈ C1[a, b], q, r ∈ C[a, b]. It is well known that the eigenvalues of L form an
increasing sequence λ0 < λ1 < ... converging to infinity and the corresponding
eigenfunctions ϕn form an orthogonal (orthonormal) basis of the Hilbert space
L2

r(a, b). The asymptotic behaviour of the eigenvalues is λn ∈ O(n2).
A theoretical constructive variant of the LS method can be found in [7], [8].

Summarizing, the approximating algorithm is:
a) we are looking for an approximate solution of the equation Lu = Nu of

the form

u =
m∑

k=1

ckϕk +
N∑

k=m+1

ckϕk,

where 0 ≤ m ≤ N ;
b) by fixing u∗ =

∑m
k=1 ckϕk, we generate the associate function y(u∗)

performing the iterations

y0 = u∗, ys+1 = u∗ + HmNys = u∗ +
N∑

k=m+1

Cs
kϕk, s = 0, 1, ..., S;

c) with y = yS+1 as an approximation of the associated function, we can
write the system Lu∗ = PmNy of the determining equations, with the un-
knowns c1, ..., cm. This system of the form F (c1, ..., cm) = 0 is then numeri-
cally solved, by a suitable method, for instance by the Newton’s method. Every
evaluation of the function F means the reiteration of the b) step. Finally, thus
determined u∗ generates, also by the b) iterations, an approximation of the
solution of the equation Lu = Nu.

We remark that in the case of the Galerkin’s method, the approximating
solutions are being looked for under the form u∗ =

∑N
k=1 ckϕk, where the co-

efficients ck, k = 1, ..., N are determined from the equations (Lu∗−Nu∗, ϕk) =
0, k = 1, ..., N i.e.

(λku
∗ −Nu∗, ϕk) = 0, k = 1, ..., N.

These equations are got from the determining equations for m = N . If m = 0
the system of the determining equations disappears. The function associated
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with a certain u∗ satisfies the equation y = L−1Ny. Therefore, in this case,
the algorithm is reduced to the transformation of the equation Lu = Nu into
a fixed point problem. Obviously, this case arises only when the inverse L−1

exists and L−1N is a contraction.
The first version of our package applies only to the Sturm-Liouville case for

the linear operator L, in the form

Lu =
1

r(x)

[
d

dx

(
p(x)

du

dx

)
+ g(x)u

]
,

au′(0) + bu(0) = 0, cu′(1) + du(1) = 0.

There exists a Matlab package MATSLISE of V. Ledoux (2004), based on
the works of L. Ixaru which uses the so called CP methods to calculate the
eigenfunctions of Sturm-Liouville or Schrödinger operators but this package
works slowly. A more interesting package is MWRtools of R. A. Adomaitis
(1998-2001) [1] which uses spectral methods to calculate the eigenfunctions
of the Sturm-Liouville operator in order to solve some linear boundary value
problems.

In the next section we propose a Chebyshev-tau method to solve the Sturm-
Liouville problem in order to get a good basis ϕi, and the corresponding Matlab
package.

3. CHEBYSHEV-TAU METHOD

3.1. THE PROBLEM
The module Chebyshev of our package solves problems of the type

p2(x)u′′ + p1(x)u′ + p0(x)u = g(x), x ∈ (a, b) (1)

α11u(x11) + α12u
′(x12) = β1,

α21u(x12) + α22u
′(x22) = β2 (2)

using the Chebyshev-tau method.
For the moment let us suppose that a = −1, b = 1. A powerful method to

solve (1) is to express u as a Chebyshev series u(x) = c0
T0(x)

2
+ c1T1(x) + ...,

where Ti(x) = cos(i cos−1(x)) is the standard Chebyshev polynomial of order
i [5], [4].

For the practical implementation, we define the vectors c and t by cT =

(c0, c1, c2, ...), tT = (
T0

2
, T1, T2, ...) so that u(x) = cT t = tT c. By using the

properties of Chebyshev polynomials we have x · Ti =
Ti−1

2
+

Ti+1

2
, hence,

x · u(x) = cT XT t = (Xc)T t, where X0,1 = 1, Xii = 0, Xi,i−1 = Xi,i+1 = 1/2.
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Then, in general, xmu(x) = (Xmc)T t and f(x)u(x) = (f(X)c)T t for analyt-

ical functions f. Moreover,
u(x)
xm

= (X−mc)T
t if the l.h.s. has no singularity

at the origin. Of course, X is a tri-diagonal matrix, X2 is a penta-diagonal
matrix and so on but, in general, the matrix version funm(X)of the scalar
function f(x) or X−m = [inv(X)]m are no longer sparse matrices.

Similarly, let D be the differentiation matrix defining
dmu

dxm
= (Dmc)T t. The

matrix D is a upper triangular and its entries are

Dii = 0, Dij = 0 for (j − i) even and Dij = 2j otherwise.

Applying these formulae to equation (1), we get

(p2(X)D2 + p1(X)D + p0(X))c = g,

where G are the coefficients of the r.h.s. function

g(x) = g0
T0(x)

2
+ g1T1(x) + ...

The condition (2) can be formulated in a similar manner. We define tij =
tT (xij) so that it can be written in the form hT

i c = βi, i = 1, 2, where

hT
i =

2∑

j=1

αijt
T
ijD

j−1, i = 1, 2.

Define the matrices A =
∑2

i=0 Pi(X)Di and H = (h1, h2)T . Then the vector
c satisfies (

H
A

)
c =

(
β
q

)
(3)

of the form Ac = b, where β = (β1, β2)T .
Of course, in reality we cannot work with infinite matrices but only with

finite portions (N ×N) of them.
If instead of [−1, 1] we have another interval [a, b] for x, we use the change

of coordinates x = αξ +β where α =
b− a

2
and β =

b + a

2
, so that ξ ∈ [−1, 1].

We must change X to αX + βI and D to D/α.

4. EXAMPLES FOR LS METHOD
The package LISC is under construction. Here we present some test prob-

lems for nonlinear equations, using 50 grid points and 21 eigenfunctions. The
tutorials and the m-files of the package can be obtained by e-mail from the
author (dtrif@math.ubbcluj.ro) or from Matlab Central - File Exchange.
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For the moment, it is based on a Sturm-Liouville solver LiScEig for a bounded
interval (for the ϕi basis) and the files as.m and lisc.m which implement the
LS method.

Example 1. Solve the boundary value problem

x′′ + x = 0.5t− 0.5x3,

x(0) = 0,
x(1) + x′(1) = 0.

The eigenvalues of the linear part are λi = 1 − l2i , where sin li = −li cos li,
ϕi = ci sin (lit). The errors between our solution and the solution calculated
by bvp4c of Matlab is less than 14× 10−6.

Example 2. Consider the two-point problem for the Emden equation (with
a singularity)

y′′ +
2
x

y′ + y5 = 0,

y′(0) = 0, y(1) =
√

3
2

.

The general Sturm-Liouville operator now has the form
1
x2

(
x2u′

)′ = λu. The

closed-form solution reads y(x) =
(

1 +
x2

3

)−1
2

and the error is of order 1.e−5.

Example 3. If comes from the combustion theory [6],

−u′′ + Mu′ = DYoYfe
−

θ

T0 + u ,

Mu(0)− u′(0) = 0, u(1) = 0,

where Yo = −u + Yo1e
M(x−1), Yf = −u + 1 − eM (x−1), T0 = 0.118, Yo1 =

0.21, θ = 2.6. The computed solution for M = 6 and D = 5.5× 108 (with a
high gradient at the burning front) agrees well with those of [6].

5. CONCLUSIONS
The comparison between LISC and SBVP 1.0 of Auzinger [2] and bvp4c of

Matlab (see Matlab help) shows a computing time for LISC about 1 -2 times
larger. The Matlab profile reports show that about 75% of the computing
time was spent on computation of the eigenfunctions and only about 6% on
the effective computation of the numerical solution. But we have good reasons
to use LS method.
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We can build a database with known eigenfunctions. In the problems with
parameters, where we have (for example) bifurcations, or in evolution prob-
lems, we can use repeatedly the same eigenfunctions. The eigenfunctions carry
physical information, so that our LS solution has a better structure for stud-
ies. LS method could be easily extended to 2D or 3D (evolution) problems,
with non-invertible linear part. In all the cases, we finally have to solve a
very small nonlinear system, usually with m = 0, 1, 2 values, which also carry
information about bifurcation behaviour.
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