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Abstract A mathematical model associated with two competing species is analyzed. Dy-
namics and bifurcation results for this model, existing in the literature or ob-
tained by us, are presented too.

1. THE MODEL OF TWO COMPETING SPECIES
Two similar species of animals compete with each other in an environment

where their common food supply is limited. The system of ordinary differential
equations (SODE) associated with the model who represents two species being
in competition is �

ẋ = r1x(1 − x/K1 − p12y/K1),
ẏ = r2y(1 − y/K2 − p21x/K2),

(1)

where x, y represent the two species, r1, r2 - the growth rates of these species,
K1,K2 -the carryings capacity of every species, p12 > 0 - the action of the
second population and p21 > 0 - the action of the first population. In this study
we consider r1, r2,K1 and K2 as fixed, such that in (1) only two parameters
occur: p12 and p21.

Due to physical reasons, the phase space must be the first quadrant (without
axes of coordinates). However, for mathematical reasons we consider also these
half-axes.

2. THE EQUILIBRIUM POINTS
The two populations are at an equilibrium point when they coexist without

affecting one other. The system (1) has the following equilibrium points:
- (0,0) (both species become extinct);
- (K1, 0) (species x survives and species y becomes extinct);
- (0,K2) (species y survives and species x becomes extinct);

-
�

K2p12 − K1

p12p21 − 1
,
K1p21 − K2

p12p21 − 1

�
(the two species coexist) if p12p21 = 1.

If p12p21 = 1 then only the equilibria (0, 0), (K1, 0) and (0,K2) exist.
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For p12p21 = 1, K2p12 − K1

p12p21 − 1
and K1p21 − K2

p12p21 − 1
must be greater than zero. There-

fore, for K2p12 − K1

p12p21 − 1
> 0 we must have either

�
K2p12 − K1 > 0,
p12p21 − 1 > 0,

⇔
�

K1/p12 < K2,
p12p21 > 1,

(2)

or �
K2p12 − K1 < 0,
p12p21 − 1 < 0,

⇔
�

K1/p12 > K2,
p12p21 < 1,

(3)

while for K1p21 − K2

p12p21 − 1
we must have either

�
K1p21 − K2 > 0,
p12p21 − 1 > 0,

⇔
�

K2/p21 < K1,
p12p21 > 1,

(4)

or �
K1p21 − K2 < 0,
p12p21 − 1 < 0,

⇔
�

K2/p21 > K1,
p12p21 < 1.

(5)

The number and the multiplicity of the equilibrium points depend on the
values of the parameters p12, p21.

The attractivity of the equilibrium point (x∗, y∗) is determined by the eigen-
values of the matrix�

r1 (1 − 2x/K1 − p12y/K1) −r1p12x/K1

−r2p21y/K2 r2 (1 − 2y/K2 − p21x/K2)

�����
(x∗,y∗)

. (6)

Let us analyze the attractivity and the nature of the equilibrium points for
various values of the parameters p12 and p21.

For p12 = p21 = 0 (1) becomes�
ẋ = r1x(1 − x/K1),
ẏ = r2y(1 − y/K2).

(7)

and the matrix (6) reads�
r1 (1 − 2x/K1) 0

0 r2 (1 − 2y/K2)

�����
(x∗,y∗)

. (8)

In this case there are four equilibrium points: (0,0), (K1, 0), (0,K1) and
(K1,K2). The equilibrium point (0,0) is a repulsive node since the eigenvalues
of (6) are λ1 = r1 > 0, λ2 = r2 > 0. The equilibrium point (K1, 0) is a saddle,
because the eigenvalues of (8) are λ1 = −r1 < 0, λ2 = r2 > 0. For (0,K2) the
eigenvalues of (8) are λ1 = r1 > 0, λ2 = −r2 < 0, so (0,K2) is a saddle too.
For (K1,K2) the eigenvalues of (8) are λ1 = −r1 < 0, λ2 = −r2 < 0, so, this
point is an attractive node.

For p12 �= K1/K2, p21 �= K2/K1 there are three or four equilibrium
points. (0,0) is a repulsive node since the eigenvalues of (6) are λ1 = r1 >



Continuous dynamical system associated with competing species 79

0, λ2 = r2 > 0. For the equilibrium point (K1, 0) the eigenvalues of (6)
are λ1 = −r1 < 0, λ2 = r2(1 − p21K1/K2). Therefore (K1, 0) is an at-
tractive node if λ2 < 0, i.e. p21 > K2/K1, and a saddle if λ2 > 0, i.e.
p21 < K2/K1. Similarly, for the equilibrium point (0,K2) the eigenvalues
of (6) are λ1 = −r2 < 0, λ2 = r1(1 − p12K2/K1). Therefore (0,K2) is an
attractive node if λ2 < 0, i.e. p12 > K1/K2 and a saddle if λ2 > 0, i.e.
p12 < K1/K2.

Let us see what happens with the other equilibrium points. The eigenvalues
of (6) for the point

�
K2p12 − K1

p12p21 − 1
,
K1p21 − K2

p12p21 − 1

�
are

λ1,2 =
1

2(p12p21 − 1)
{−[r1(1 − p12K2/K1) + r2(1 − p21K1/K2)]±�

[r1(1 − p12K2/K1) + r2(1 − p21K1/K2)]
2−

−4r1r2(1 − p12K2/K1)(1 − p21K1/K2)(1 − p12p21)}1/2
	

and they are the roots of the characteristic equation

λ2 − tr A λ + detA = 0, (9)

where

A =
1

p12p21 − 1

�
r1 (1 − p12K2/K1) r1p12 (1 − p12K2/K1)

r2p21 (1 − p21K1/K2) r2 (1 − p21K1/K2)

�
. (10)

We have
detA =

r1r2

p12p21 − 1
(1 − p12K2/K1) (1 − p21K1/K2) . (11)

If detA < 0, then λ1, λ2 have different signs, while if detA > 0 then λ1, λ2

have the same signs. Hence, in order to determine the sign of detA we have
two possibilities.

i) p12p21−1 > 0. From (2) and (4) we have that K1/p12 < K2 and K2/p21 <
K1. It follows that 1 − p12K2/K1 < 0, 1 − p21K1/K2 < 0, so detA < 0. Thus
λ1, λ2 have different signs , so the fourth equilibrium point is a saddle.

ii) p12p21 − 1 < 0. From (3) and (5) we have that K1/p12 > K2 and
K2/p21 > K1. It follows that 1 − p12K2/K1 > 0, 1 − p21K1/K2 > 0, therefore
detA > 0. Thus λ1, λ2 have the same signs , so the fourth equilibrium point
is a node. On the other hand we have

trA =
1

p12p21 − 1
[r1(1 − p12K2/K1) + r2(1 − p21K1/K2)] < 0; (12)

it follows that λ1, λ2 < 0, thus this node is attractive.
If only one parameter p12 or p21 is zero, the nature of the equilibrium point

is the same like in the previous case.
For p21 = K2/K1, p12 �= K1/K2, (1) becomes�

ẋ = r1x (1 − x/K1 − p12y/K1) ,
ẏ = r2y (1 − y/K2 − x/K1) .

(13)
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The equilibrium points are (0,0), (K1, 0), which is a double point, and (0,K2).
The equilibrium (0,0) is a repulsive node, (K1, 0) is a saddle-node and (0,K2)
is a saddle if p12 < K1/K2 and an attractive node if p12 > K1/K2.

For p12 = K1/K2, p21 �= K2/K1, (1) becomes�
ẋ = r1x (1 − x/K1 − y/K2) ,
ẏ = r2y (1 − y/K2 − p21x/K2) .

(14)

The equilibrium points are (0,0), (K1, 0) and (0,K2), which is a double point.
The equilibrium (0,0) is a repulsive node, (K1, 0) is a saddle if p21 < K2/K1

and it is an attractive node if p21 > K2/K1. The equilibrium point (0,K2) is
a saddle-node.

For p12 = K1/K2, p21 = K2/K1 we have p12p21 = 1. In this case (1) becomes�
ẋ = r1x (1 − x/K1 − y/K2) ,
ẏ = r2y (1 − y/K2 − x/K1) .

(15)

and there are the following equilibrium points (0,0), (K1, 0), (0,K2) and the
set of the points situated on the straight line 1 − x/K1 − y/K2 = 0. The
point (0,0) is a repulsive node, while (K1, 0), (0,K2) are saddle-nodes. The
points situated on the straight line 1 − x/K1 − y/K2 = 0 have the form
(α,K2(1 − α/K1)) with α ∈ [0,K1]. In this case, at (α,K2(1 − α/K1))

A =

� −r1α/K1 −r1α/K2

−r2K2(1 − α/K1)/K1 −r2(1 − α/K1)

�
. (16)

We have

tr A = −r1α/K1 − r2(1 − α/K1) < 0 and detA = 0.

Thus the equilibrium point (α,K2(1−α/K1)) is a saddle-node (degenerated).

3. THE PARAMETRIC PORTRAIT AND THE
PHASE PORTRAIT

Fig. 1.
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The discussion in Section 2 shows that in the parameter space there are ten
regions corresponding to topologically equivalent dynamical systems. In fig.
1. we represent this parametric portrait.

In fig. 2. it is represented the phase portrait corresponding to each of
the ten cases. This shows that,in spite of their unrealistic significance for the
population dynamics, the equilibria (0,0), (K1, 0), (0,K2) heavily contribute
to the phase portrait and to the dynamic bifurcation diagram. On the other
hand, the topologic type of the nonhyperbolic equilibria was not investigated.
All these will be studied elsewhere.

Fig.2.
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