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We consider the system of ordinary differential equations{
ẋ = gx2 + 2hxy + ky2,
ẏ = lx2 + 2mxy + ny2,

(1)

and the group GL(2,R) of center-afine transformations{
x′ = αx+ βy
y′ = γx+ δy

(
Δ = det

(
α β
γ δ

)
= 0
)
, (2)

where x′, y′ are new variables. The variables and all coefficients are real.
Denote by E(a) the Euclidean space of the coefficients from the right-hand

sides of system (1) , where a = (g, h, k, l,m, n) ∈ E(a), and the point from
E(a), which coresponds to the system obtained from the system (1) with
coefficients a under a transformation q ∈ GL(2,R), by a(q).

Definition 1. The polynomial K(x, y, a) of the system (1) coefficients and
the phase-plane coordonates is called a center-affine comitant of this system,
if the identity

K(x′, y′, b) = Δ−gK(x, y, a),

where g ∈ Z, and b is a vector of new coefficients, is fullfiled for any
q ∈ GL(2,R), a ∈ E(a), and x, y.

If K does not depend on variables x, y, then it is usually called the center-
affine invariant of system (1).

Hereinafter we need the following center-affine invariants and comitants
from [2] for system (1):

I7 = aαpra
β
αqa

γ
βsa

δ
γδε

pqεrs, I8 = aαpra
β
αqa

γ
δsa

δ
βγε

pqεrs,

I9 = aαpra
β
βqa

γ
γsa

δ
αδε

pqεrs, K1 = aααβx
β ,
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K5 = apαβx
αxβxqεpq, K6 = aααβa

β
γδx

γxδ,

K7 = aαβγa
β
αδx

γxδ, K9 = aααpa
β
γqa

γ
αβx

δ, (3)

where a1
11 = g, a1

12 = a1
21 = h, a1

22 = k, a2
11 = l, a2

12 = a2
21 = m, a2

22 = n.
Definition 2. The set O(a) = {a(q)|q ∈ GL(2,R)} is called the GL(2,R)-

orbit of the point a for system (1).
It is considered that dimRO(a) = rank(M1), where M1 is the matrix, con-

structed on coordinate vectors of the Lie algebra operators for system (1).
The set S ⊆ E(a) is GL(2,R)-invariant, if for any point a ∈ M the orbit

O(a) ⊆ M.
In [1, pag.208] the following theorem is proved.
Theorem 1. GL(2,R)-orbit of a system (9) has dimension:

4, forK5(K9 + β) ≡ 0; (4)

3, forK5(K1 +K7) ≡ 0, K9 + β ≡ 0; (5)

2, forK5(K1 +K7) ≡ 0, K1 +K7 ≡ 0; (6)

0, forK1 ≡ K5 ≡ 0. (7)

where K1,K5,K7,K9 are form (3), and β is the discriminant of K5 and is
writen as

β = 27I8 − I9 + 18I7. (8)

Remark 1. The sets S1, S2, S3, S4, defined by conditions (4), (5), (6),
(7) form GL(2,R) decomposition of the space E(a) of system (1) coefficients,
i.e

4⋃
i=1

Si = E(a), Si
⋂
i�=j

Sj = �,

and each Si is GL(2,R)-invariant.
In [2, pag. 75, 78] 32 geometrical pictures for the system (1) are drawn up in

the Poincaré circle. For every picture the necessary and sufficient conditions
for their realization, and the coeficients g, h, k, l, m, n of one exemple of
corresponding classe are written.

The following notation was used

A = I7, B = I8, C = I9, K = K1, L = K5,

M = K6, N = K7, α = B + C − 2A. (9)

Hereinafter the 32 geometrical pictures will be presented.
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(10)

Remark 2.[2] a) The pictures 2, 3, 4, 17 are topologically equivalent;
b) The pictures 6-8 are topologically equivalent;
c) The pictures 11-16 are topologically equivalent.
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From the proof of the Theorem 1 we get the following two lemas.
Lemma 1. If K5 ≡ 0, then K9 + β ≡ 0.
Lemma 2. If β ≡ 0, then K5 ≡ 0 and K5(K9 + β) ≡ 0.
It is possible to show, that the following takes place:
Lemma 3. If K5 ≡ 0, then I7 = I8 = I9 = α = β = 0.
Lemma 4. If K9 + β ≡ 0, then I7 = I8 = I9 = 0.
Lemma 5. If I7 = 0 or I8 = 0 or I9 = 0, then K9 + β ≡ 0.
Lemma 6. If I7 = I9 = 0, then I8 = 0.
Taking into account Lemma 2, Lemma 5 and pictures (10), we can prove

the following theorem.
Theorem 2. The dimension of GL(2,R)-orbits of systems, to which the

pictures 1-23 correspond, is equal to 4.
Let us analyse the following:
Case 24. Assume that

A = C = 0, KL = 0,
M

K2
∈ R � [0, 1] orK = B = 0, N = 0. (11)

In this case the system (1) have the form{
ẋ = gx2,
ẏ = lx2 + 2xy, (12)

for which
K = K1 = (g +m)x, M = K6 = (g2 + gm)x2,

N = K7 = (g2 +m2)x2, K9 = gm2y. (13)

Assume that K9 ≡ 0.

If m = 0, then from (13) it follows K = gx, M = g2x2, and
M

K2
= 1 (which

contradicts (11)). Therefore, m = 0.
If g = 0, then M = 0 (which contradicts (11)).
We obtain that K9 = gm2y ≡ 0 and K9 + β ≡ 0. Taking into account

Lemma 1 and Theorem 1 we obtain that in this case dimRO(a) = 4.
Remark 3. Similarly, (taking into account the Lemmas 1-6, it is possible

to show, that:
in the cases 26-28 dimRO(a) = 4;
in the cases 25, 29 dimRO(a) = 3;
in the cases 30, 31 dimRO(a) = 2.
The case 32 is evident: dimRO(a) = 0.
Theorem 3. Dimension of GL(2,R)-orbits, to which the pictures:
1-24, 26-28 correspond, is equal to 4;
25, 29 correspond, is equal to 3;
30, 31 correspond, is equal to 2;
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32 correspond, is equal to 0.
Taking into account the Remark 2, we can prove the following
Theorem 4. For the system (1) there are
17 GL(2,R)-orbits with dimension 4;
2 GL(2,R)-orbits with dimension 3;
2 GL(2,R)-orbits with dimension 2;
1 GL(2,R)-orbit with dimension 0.
The author is deeply grateful to prof. M. N. Popa for useful and fruitful

discussions of results of this paper.
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