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Abstract

The problem of deciding whether a given workflow nekisound for somé > 1 is known asstructural soundness. We
prove that structural soundness of workflow nets is decidable.
0 2005 Elsevier B.V. All rights reserved.
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1. Introduction and preliminaries available. Thus, it is not surprising that for some time
Petri nets have been used foorkflow modeling, see

Petri nets have a well-defined semantics, they pro- [2] for @ good introduction to the subject.
vide a graphical language, are expressive, and many Proper termination, also calledsoundnessis a cor-

properties and analysis techniques for Petri nets are€Ctness property of a workflow net. This property is
formulated with respect to an initial and a final mark-

ing which consists of a single token on the initial and,
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Generalized soundness is decidable [8] and in this once such a valuk is known, we implicitly know all
paper we will prove that structural soundness is decid- valuesk’ for which the workflow net is not’-sound.
able too. We believe that all these make a further step in under-

Our study on structural soundness has multiple mo- standing parameterized soundness.
tivations. To begin with, we mention that generalized The rest of this section reviews some basic concepts
soundness is an important property of workflow nets and notations for Petri nets and workflow nets. Sec-
but, unfortunately, hard to establish because it requirestion 2 contains the proofs of our main result.
k-soundness for all. In practice, often it is sufficient A Petri net [9]is atupleX = (S, T, F, W), where
to know that a workflow net ig-sound for somé and S andT are two finite sets (gblaces andtransitions,
for a set of values related to (i.e., it is structurally respectively),SNT =0, FC(Sx T)U(T x S) is
sound). the flow relation, and W: (S x T) U (T x §) - N

Several techniques for enhancing the performance is the weight function of X verifying W(x,y) =0
of systems by allowing iteratively more cases to en- iff (x,y) ¢ F (N being the set of natural numbers).
ter the system and still preserve structural soundnessGivenx € S U T we denote?x = {y | (v, x) € F} and
property have been proposed in [5] and in [4], and x*={y | (x,y) € F}.
in [3]. The main idea is to add “local controls” at each A marking of X is any functionM e NS from §
step and then to check the structural soundness of theinto N, usually denoted as asrindexed vector. The
new net obtained in this way. In some cases, such antransition relation of a Petri netY states that a transi-
iterative process eventually stops [4] (i.e., a step is tion is enabled at a markingM, denoted byM[¢) 5,
reached where the local control added can be playedif M(s) > W(s,t) for all s € S. If ¢ is enabled aiV,
by an already existing control). The main problem now then it can fire yielding a new markiny’ given by
is to decide structural soundness of a workflow net ob- M'(s) = M(s) — W(s,t) + W(z,s) for all s € S; we
tained from an existing one by some transformations. denote this byM[z) 5 M’. The transition relation is ex-

For circuit-free workflow nets, structural soundness tended usually to sequences of transitions. When there
can be characterized by a kind of “structural bound- is a sequence € T* such thatM[w) x M’ we say that
edness together with quasi-liveness and controlled- M’ is reachable (from M in X). We denote by M) »
siphon property” [5]. However, this characterization the set of all reachable markings (fravf) in X'. When
does not lead to a decision procedure for structural no confusion may arise we simplify the notatiphy
soundness, unless a decision procedure for “struc-to[-).
tural boundedness together with quasi-liveness and A workflow net [1] (WF net) is a Petri ne’ with
controlled-siphon property” is developed. the following two properties:

There is another reason which motivates our work
on structural soundness. As shown in the paper, if a (1) X has two special placesando called theinput

workflow net isk-sound for somé > 1, andk is the and respectively theutput place of X'. They sat-
smallest integer with this property, then the workflow isfy *i =@ ando® = ¢;

net is notk’-sound, for any’ which is not a multiple (2) Any nodex € SUT in the graph of¥ is on a path
of k. Therefore, this result tells us what cases in the fromi too.

above iterative process can be avoided and, as a result,

checking structural soundness of the original work- Given a WF netX, a places of it, and a natural

flow net and determining would reduce the problem numberk > 1, we denote by, the marking given

to k’-soundness tests, for sorkiemultiple of k. by My (s) =k and My4(s") = 0 for all s # s. When
Finally, the study of structural soundness is strongly & =1 the notation is simplified ta/;.

advocated by the necessity of a clear and complete  k-soundness has been introduced in [5], but we will

understanding of parameterized soundness. In addi-follow the definition in [7,8]. The difference is that

tion to the decidability of structural soundness, our the definition in [7,8] does not require the absence of

note shows that a workflow net that is not general- dead transitions, focusing only on the proper termi-

ized sound can bE-sound only for multiples of some  nation property which is the crucial one. Therefore,

value k that can be effectively computed. Therefore, according to [7,8], a WF nef’ is called k-sound,
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wherek > 1, if every reachable markingf < [My;)
terminates properly, i.eM;, € [M). X is structurally
sound if it is k-sound for somé > 1.

2. Deciding structural soundness

We prove in this section that the structural sound-
ness property for WF nets is decidable.

Definition 2.1. Let ¥ = (S, T, F, W) be a WF net and
k>1.

(1) A k-initiated computation or a k-computation of
X is any computation of the formMy;[u)M,
whereu € T* and M € NS. Recall thati is the
input place and the markingyf;; has the follow-
ing propertiesMy; (i) = k and My; (s") = 0 for all
s'#i.

(2) A k-computationMy;[u) M is calledsound if there
existsv € T* such thatM [v) My, .

Now, it is clear that a WF neX is k-sound if and
only if all its k-computations are sound. Moreover, we
say thaty is quasi k-sound if X' has at least one sound
k-computation (i.e. My, € [My;)x). If X is quasik-
sound for somé > 1, then we will say that it istruc-
turally quasi-sound. The structural quasi-soundness
problem for WF nets is to decide whether a given WF
net is structurally quasi-sound.

Lemma 2.1. The structural quasi-soundness problem
for WF netsis decidable.

Proof. Let ¥ be a WF net. Construct the Petri
net ¥ = (8, T, F',W) by adding to X places
p1, p2, p3 and transitionss, ro, r3, as shown in Fig. 1.
Denote the markings of’ as vectors(M, x, y, z),
whereM is a marking of¥’, x, y, andz are the number
of tokens inp1, p2, and p3, respectively. The initial
marking of X’ is (0, 1, 0, 0), where Odenotes a vector
whose components are all 0.

We prove that¥ is structurally quasi-sound if and
only if (0, 0,0, 1) is reachable inx’.

If there existsk > 1 and w € T* such that
Mi[w) £ My,, then

(0,1,0,0)[r5) 5, (Myi, 1, k, O)[w) 5
(Mo, 1.k, 0)[r2r}),.,(0,0,0,1)

F.L. Tiplea, D.C. Marinescu / Information Processing Letters 96 (2005) 54-58

________________________________________________

________________________________________________

Fig. 1. The Petri net’.

is a valid computation inX’ which shows that
(0,0,0,1) is reachable.

Conversely, assume thaD, 0,0, 1) is reachable
in X’. Then, there existsw € T'* such that
(0,1,0,0)[w)x/(0,0,0,1). w should contain at least
one occurrence of; and, therefore, at least one oc-
currence of1. Moreover,;» occurs exactly once im.
Let w = urov andk be the number of occurrence of
r1in u. Itis easy to see that does not occur im, r3
does not occur i, and the number of occurrence of
r3in v is exactlyk. Let

(0,1,0,0[u) s/ (M, 1,k,0)[r2) 5/ (M, 0, k, D[v) 5
(0,0.0, 1),

for someM. Let u’ be the sequence obtained from
by removing all1's occurrences, and obtained from

v by removing allr3's occurrences. As the pla¢éas

no input arc inX and the place has no output arc in
X, the following is a valid computation i’

(0,1,0,0)[rfu') ., (M, 1.k, 0)[r2)
(M,0,k, 1)[v'r§),(0,0,0,1)

(i.e., all r1's occurrences can be applied at the very
beginning and alk3’s occurrences can be applied at
the very end).

Now, it is straightforward to see that the computa-
tion

(0,1,0,0)[rfu')5, (M, 1,k,0)
inducesMy;[u') x M, and the computation

(M,0,k, D[v'r}),,(0,0,0,1)

2/
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inducesM[v') x My,. That is, My; [u'v') x My,, which Lemma 2.3. Let X be a structural quasi-sound WF

shows that is structurally quasi-sound. net. If X isnot kx-sound, then X' is not mk x-sound,
We conclude the proof by recalling that the reach- for any m > 1.

ability problem for Petri nets is decidable [6] and,

therefore, the structural quasi-soundness problem iSproof. Assume thats = (S, T, F, W) is structurally

decidable. O quasi-sound but ndts-sound. Therefore, there exists

atransition sequenae € T* such thatM.; [w) Mk,

The Algorithm A; decides whether a WF net is  gnd there exists/ay-computationVy..; [u) M which is

structurally quasi-sound. not sound.

. Then, for anym > 1, the following is a valid com-
Algorithm A;. putation inX:
input: WFnetX; Mipgesilw™ tu) M’

out put: “Yes”if X is structurally quasi-sound, and

“No”, otherwise: where M’(0) = M (o) + (m — LDkx and M'(s) =

begi n M(s), for all s € § — {o}. NO transitiop sequence can
Constructy’ as in the proof of Lemma 2.1;  €@dM’ 10 My, becausedy,;[u) M is not a sound
if (0,0,0,1) is reachable ins’ then “Yes” kx-computation (the tokens in the plagelo not mat-
N ter because this place has no output arc). This shows
that the mk y-computation above is not sound and,
therefore, X is notmkx-sound. O

else “No”
end.

The Algorithm .4, has the same upper bound com-
plexity as the reachability problem for Petri nets. Corollary 2.1. Let X' be a structural sound WF net
If a WF net X is structurally quasi-sound then we and let k be the least positive integer such that X is
are able to find the leaktsuch that® is quasik-sound. ~ k-sound. Then, k = k.
Let k5 be thisk. Thatis,
o ' Proof. If k =1 thenks = 1 too. Assume that > 1.
kg =minfk > 1] My, € [(Myi) s} Thenks <k. If ks <k, then two cases are to be con-

Lemma 2.2. Let X be a structural quasi-sound WF sidered:

net. If kx > 1, then X is not k-sound, for any k €

(ks +jm>1 1<) <ks) (1) kis a multiple ofkx. As X is notkz-sound but it

is k-sound, this case contradicts Lemmag;2

(2) k is not a multiple ofkx. Then, this case contra-
dicts Lemma 22 becauseXr is notk s -sound but
it is k-sound.

Proof. Assume thaty = (S, T, F, W) is a structural
quasi-sound WF net,y > 1, and letw € T* such that
Mysi[w)My,.Letm > 1 andj suchthat K j < k.

The following is a valid computation iX': .
9 P Both cases lead to a contradiction and, therefore,

M iy jyi[w™ )M, we conclude that =kx. O

whereM (i) = j, M(0) = mkyx and M (s) = 0, for all

seS—1{iol Theorem 2.1. Let X' be a WF net. Then, X is struc-
As 1< j < ks, ¥ is not quasij-sound. There-  turally sound if and only if X is structurally quasi-

fore, no transition sequence can leadfrom M to sound and  x -sound.

Mnks+j)o Decause, otherwise, would have sound

Jj-computations (the tokens in the placeo not mat- Proof. From Lemma 2.1 and Corollary 2.1.0

ter because this place has no output arc). This shows

that the(mks + j)-computation above is not sound The Algorithm A, decides whether a WF net is

and, thereforeX' is not(mky + j)-sound. O structurally sound.
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Algorithm A,.

i nput: WFnetX;
out put: “Yes” if X is structurally sound, and
“No”,
otherwise;
begin
i f X is not structurally quasi-sound then “No”
el se begin
conput e ky;
i f X iskyx-soundt hen “Yes”
el se “No”
end
end.

The correctness of this algorithm follows easily
from Theorem 2.1 and from the fact thiasoundness
is decidable for WF nets [5]. The complexity of this
algorithm is dominated by the complexity of the reach-
ability problem [6] which is used to solve the structural

quasisoundness problem and by the problem of finding [7]

kx (in case that is structurally quasi-sound). We be-
lieve that the reachability algorithm for Petri nets can
be designed in such a way that it retuins as well,
when the input WF nef is bounded, but we do not
yet have a solution to this problem.

We conclude our paper with an open problem.

Open problem. If a WF net X is structurally sound,
then it iskx-sound. Ifkx > 1, then we know that’
is notk-sound for anyk < kx and anyk < mky + j,
wherem > 1 and 1< j < kx. Now, the problem is to
investigate thé-soundness ok fork =mky, m > 2.
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