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Abstract

The problem of deciding whether a given workflow net isk-sound for somek � 1 is known asstructural soundness. We
prove that structural soundness of workflow nets is decidable.
 2005 Elsevier B.V. All rights reserved.
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1. Introduction and preliminaries

Petri nets have a well-defined semantics, they p
vide a graphical language, are expressive, and m
properties and analysis techniques for Petri nets
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available. Thus, it is not surprising that for some tim
Petri nets have been used forworkflow modeling, see
[2] for a good introduction to the subject.

Proper termination, also calledsoundness is a cor-
rectness property of a workflow net. This property
formulated with respect to an initial and a final ma
ing which consists of a single token on the initial an
respectively, final place. The soundness propert
equivalent to liveness and boundedness, which are
cidable properties, thus it can be verified by stand
Petri net methods [1].

A natural extension of soundness, calledk-sound-
ness [5], allowsk tokens on the initial and final place
wherek � 1. This extension, which was proved dec
able in [5], gives rise to another two related soundn
concepts:generalized soundness [7], which means
k-soundness for allk � 1, andstructural soundness
[5], which meansk-soundness for somek � 1.
.
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Generalized soundness is decidable [8] and in
paper we will prove that structural soundness is de
able too.

Our study on structural soundness has multiple m
tivations. To begin with, we mention that generaliz
soundness is an important property of workflow n
but, unfortunately, hard to establish because it requ
k-soundness for allk. In practice, often it is sufficien
to know that a workflow net isk-sound for somek and
for a set of values related tok (i.e., it is structurally
sound).

Several techniques for enhancing the performa
of systems by allowing iteratively more cases to
ter the system and still preserve structural soundn
property have been proposed in [5] and in [4], a
in [3]. The main idea is to add “local controls” at ea
step and then to check the structural soundness o
new net obtained in this way. In some cases, such
iterative process eventually stops [4] (i.e., a step
reached where the local control added can be pla
by an already existing control). The main problem n
is to decide structural soundness of a workflow net
tained from an existing one by some transformatio

For circuit-free workflow nets, structural soundne
can be characterized by a kind of “structural bou
edness together with quasi-liveness and control
siphon property” [5]. However, this characterizati
does not lead to a decision procedure for struct
soundness, unless a decision procedure for “st
tural boundedness together with quasi-liveness
controlled-siphon property” is developed.

There is another reason which motivates our w
on structural soundness. As shown in the paper,
workflow net isk-sound for somek > 1, andk is the
smallest integer with this property, then the workflo
net is notk′-sound, for anyk′ which is not a multiple
of k. Therefore, this result tells us what cases in
above iterative process can be avoided and, as a re
checking structural soundness of the original wo
flow net and determiningk would reduce the problem
to k′-soundness tests, for somek′ multiple of k.

Finally, the study of structural soundness is stron
advocated by the necessity of a clear and comp
understanding of parameterized soundness. In a
tion to the decidability of structural soundness, o
note shows that a workflow net that is not gene
ized sound can bek′-sound only for multiples of som
value k that can be effectively computed. Therefo
,

once such a valuek is known, we implicitly know all
valuesk′ for which the workflow net is notk′-sound.
We believe that all these make a further step in und
standing parameterized soundness.

The rest of this section reviews some basic conc
and notations for Petri nets and workflow nets. S
tion 2 contains the proofs of our main result.

A Petri net [9] is a tupleΣ = (S,T ,F,W), where
S andT are two finite sets (ofplaces andtransitions,
respectively),S ∩ T = ∅, F ⊆ (S × T ) ∪ (T × S) is
the flow relation, and W : (S × T ) ∪ (T × S) → N
is the weight function of Σ verifying W(x,y) = 0
iff (x, y) /∈ F (N being the set of natural numbers
Givenx ∈ S ∪ T we denote•x = {y | (y, x) ∈ F } and
x• = {y | (x, y) ∈ F }.

A marking of Σ is any functionM ∈ NS from S

into N, usually denoted as anS-indexed vector. The
transition relation of a Petri netΣ states that a trans
tion t is enabled at a markingM , denoted byM[t〉Σ ,
if M(s) � W(s, t) for all s ∈ S. If t is enabled atM ,
then it can fire yielding a new markingM ′ given by
M ′(s) = M(s) − W(s, t) + W(t, s) for all s ∈ S; we
denote this byM[t〉ΣM ′. The transition relation is ex
tended usually to sequences of transitions. When t
is a sequencew ∈ T ∗ such thatM[w〉ΣM ′ we say that
M ′ is reachable (from M in Σ ). We denote by[M〉Σ
the set of all reachable markings (fromM) in Σ . When
no confusion may arise we simplify the notation[·〉Σ
to [·〉.

A workflow net [1] (WF net) is a Petri netΣ with
the following two properties:

(1) Σ has two special placesi ando called theinput
and respectively theoutput place of Σ . They sat-
isfy •i = ∅ ando• = ∅;

(2) Any nodex ∈ S ∪T in the graph ofΣ is on a path
from i to o.

Given a WF netΣ , a places of it, and a natura
numberk � 1, we denote byMks the marking given
by Mks(s) = k andMks(s

′) = 0 for all s′ 
= s. When
k = 1 the notation is simplified toMs .

k-soundness has been introduced in [5], but we
follow the definition in [7,8]. The difference is tha
the definition in [7,8] does not require the absence
dead transitions, focusing only on the proper ter
nation property which is the crucial one. Therefo
according to [7,8], a WF netΣ is called k-sound,
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wherek � 1, if every reachable markingM ∈ [Mki〉
terminates properly, i.e.,Mko ∈ [M〉. Σ is structurally
sound if it is k-sound for somek � 1.

2. Deciding structural soundness

We prove in this section that the structural sou
ness property for WF nets is decidable.

Definition 2.1. Let Σ = (S,T ,F,W) be a WF net and
k � 1.

(1) A k-initiated computation or a k-computation of
Σ is any computation of the formMki[u〉M ,
whereu ∈ T ∗ and M ∈ NS . Recall thati is the
input place and the markingMki has the follow-
ing properties:Mki(i) = k andMki(s

′) = 0 for all
s′ 
= i.

(2) A k-computationMki[u〉M is calledsound if there
existsv ∈ T ∗ such thatM[v〉Mko.

Now, it is clear that a WF netΣ is k-sound if and
only if all its k-computations are sound. Moreover, w
say thatΣ is quasi k-sound if Σ has at least one soun
k-computation (i.e.,Mko ∈ [Mki〉Σ ). If Σ is quasik-
sound for somek � 1, then we will say that it isstruc-
turally quasi-sound. The structural quasi-soundness
problem for WF nets is to decide whether a given W
net is structurally quasi-sound.

Lemma 2.1. The structural quasi-soundness problem
for WF nets is decidable.

Proof. Let Σ be a WF net. Construct the Pe
net Σ ′ = (S′, T ′,F ′,W ′) by adding to Σ places
p1,p2,p3 and transitionsr1, r2, r3, as shown in Fig. 1
Denote the markings ofΣ ′ as vectors(M,x, y, z),
whereM is a marking ofΣ , x, y, andz are the numbe
of tokens inp1, p2, andp3, respectively. The initia
marking ofΣ ′ is (0,1,0,0), where 0denotes a vecto
whose components are all 0.

We prove thatΣ is structurally quasi-sound if an
only if (0,0,0,1) is reachable inΣ ′.

If there exists k � 1 and w ∈ T ∗ such that
Mki[w〉ΣMko, then

(0,1,0,0)
[
rk
1

〉
Σ ′(Mki,1, k,0)[w〉Σ ′

(M ,1, k,0)
[
r rk

〉
(0,0,0,1)
ko 2 3 Σ ′
Fig. 1. The Petri netΣ ′.

is a valid computation inΣ ′ which shows tha
(0,0,0,1) is reachable.

Conversely, assume that(0,0,0,1) is reachable
in Σ ′. Then, there existsw ∈ T ′∗ such that
(0,1,0,0)[w〉Σ ′(0,0,0,1). w should contain at leas
one occurrence ofr2 and, therefore, at least one o
currence ofr1. Moreover,r2 occurs exactly once inw.
Let w = ur2v andk be the number of occurrence
r1 in u. It is easy to see thatr1 does not occur inv, r3
does not occur inu, and the number of occurrence
r3 in v is exactlyk. Let

(0,1,0,0)[u〉Σ ′(M,1, k,0)[r2〉Σ ′(M,0, k,1)[v〉Σ ′

(0,0,0,1),

for someM . Let u′ be the sequence obtained fromu
by removing allr1’s occurrences, andv′ obtained from
v by removing allr3’s occurrences. As the placei has
no input arc inΣ and the placeo has no output arc in
Σ , the following is a valid computation inΣ ′

(0,1,0,0)
[
rk
1u′〉

Σ ′(M,1, k,0)[r2〉Σ ′

(M,0, k,1)
[
v′rk

3

〉
Σ ′(0,0,0,1)

(i.e., all r1’s occurrences can be applied at the v
beginning and allr3’s occurrences can be applied
the very end).

Now, it is straightforward to see that the compu
tion

(0,1,0,0)
[
rk
1u′〉

Σ ′(M,1, k,0)

inducesMki[u′〉ΣM , and the computation

(M,0, k,1)
[
v′rk

〉
(0,0,0,1)
3 Σ ′
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inducesM[v′〉ΣMko. That is,Mki[u′v′〉ΣMko, which
shows thatΣ is structurally quasi-sound.

We conclude the proof by recalling that the rea
ability problem for Petri nets is decidable [6] an
therefore, the structural quasi-soundness problem
decidable. �

The Algorithm A1 decides whether a WF net
structurally quasi-sound.

Algorithm A1.

input: WF netΣ ;
output: “Yes” if Σ is structurally quasi-sound, an

“No”, otherwise;
begin

ConstructΣ ′ as in the proof of Lemma 2.1;
if (0,0,0,1) is reachable inΣ ′ then “Yes”
else “No”

end.

The AlgorithmA1 has the same upper bound co
plexity as the reachability problem for Petri nets.

If a WF netΣ is structurally quasi-sound then w
are able to find the leastk such thatΣ is quasik-sound.
Let kΣ be thisk. That is,

kΣ = min
{
k � 1 | Mko ∈ [Mki〉Σ

}
.

Lemma 2.2. Let Σ be a structural quasi-sound WF
net. If kΣ > 1, then Σ is not k-sound, for any k ∈
{mkΣ + j | m � 1, 1� j < kΣ }.

Proof. Assume thatΣ = (S,T ,F,W) is a structural
quasi-sound WF net,kΣ > 1, and letw ∈ T ∗ such that
MkΣi[w〉MkΣo. Letm � 1 andj such that 1� j < kΣ .
The following is a valid computation inΣ :

M(mkΣ+j)i[wm〉M,

whereM(i) = j , M(o) = mkΣ andM(s) = 0, for all
s ∈ S − {i, o}.

As 1 � j < kΣ , Σ is not quasij -sound. There-
fore, no transition sequence can leadΣ from M to
M(mkΣ+j)o because, otherwise,Σ would have sound
j -computations (the tokens in the placeo do not mat-
ter because this place has no output arc). This sh
that the(mkΣ + j)-computation above is not soun
and, therefore,Σ is not(mkΣ + j)-sound. �
Lemma 2.3. Let Σ be a structural quasi-sound WF
net. If Σ is not kΣ -sound, then Σ is not mkΣ -sound,
for any m � 1.

Proof. Assume thatΣ = (S,T ,F,W) is structurally
quasi-sound but notkΣ -sound. Therefore, there exis
a transition sequencew ∈ T ∗ such thatMkΣi[w〉MkΣo,
and there exists akΣ -computationMkΣi[u〉M which is
not sound.

Then, for anym > 1, the following is a valid com-
putation inΣ :

MmkΣi[wm−1u〉M ′,

where M ′(o) = M(o) + (m − 1)kΣ and M ′(s) =
M(s), for all s ∈ S − {o}. No transition sequence ca
leadM ′ to MmkΣo becauseMkΣi[u〉M is not a sound
kΣ -computation (the tokens in the placeo do not mat-
ter because this place has no output arc). This sh
that themkΣ -computation above is not sound an
therefore,Σ is notmkΣ -sound. �
Corollary 2.1. Let Σ be a structural sound WF net
and let k be the least positive integer such that Σ is
k-sound. Then, k = kΣ .

Proof. If k = 1 thenkΣ = 1 too. Assume thatk > 1.
Then,kΣ � k. If kΣ < k, then two cases are to be co
sidered:

(1) k is a multiple ofkΣ . As Σ is notkΣ -sound but it
is k-sound, this case contradicts Lemma 2.3;

(2) k is not a multiple ofkΣ . Then, this case contra
dicts Lemma 2.2 becauseΣ is not kΣ -sound but
it is k-sound.

Both cases lead to a contradiction and, theref
we conclude thatk = kΣ . �
Theorem 2.1. Let Σ be a WF net. Then, Σ is struc-
turally sound if and only if Σ is structurally quasi-
sound and kΣ -sound.

Proof. From Lemma 2.1 and Corollary 2.1.�
The Algorithm A2 decides whether a WF net

structurally sound.
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Algorithm A2.

input: WF netΣ ;
output: “Yes” if Σ is structurally sound, an

“No”,
otherwise;

begin
if Σ is not structurally quasi-sound then “No”

else begin
compute kΣ ;
if Σ is kΣ -soundthen “Yes”
else “No”

end
end.

The correctness of this algorithm follows eas
from Theorem 2.1 and from the fact thatk-soundness
is decidable for WF nets [5]. The complexity of th
algorithm is dominated by the complexity of the reac
ability problem [6] which is used to solve the structu
quasisoundness problem and by the problem of find
kΣ (in case thatΣ is structurally quasi-sound). We b
lieve that the reachability algorithm for Petri nets c
be designed in such a way that it returnskΣ as well,
when the input WF netΣ is bounded, but we do no
yet have a solution to this problem.

We conclude our paper with an open problem.

Open problem. If a WF netΣ is structurally sound
then it iskΣ -sound. IfkΣ > 1, then we know thatΣ
is notk-sound for anyk < kΣ and anyk < mkΣ + j ,
wherem � 1 and 1� j < kΣ . Now, the problem is to
investigate thek-soundness ofΣ for k = mkΣ , m � 2.
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